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ABSTRACT

The effects of the nongray absorption (i.e., atmospheric opacity varying with wavelength) on the possible
upper bound of the outgoing longwave radiation (OLR) emitted by a planetary atmosphere have been examined.
This analysis is based on the semigray approach, which appears to be a reasonable compromise between the
complexity of nongray models and the simplicity of the gray assumption (i.e., atmospheric absorption independent
of wavelength). Atmospheric gases in semigray atmospheres make use of constant absorption coefficients in
finite-width spectral bands. Here, such a semigray absorption is introduced in a one-dimensional (1D) radiative–
convective model with a stratosphere in radiative equilibrium and a troposphere fully saturated with water vapor,
which is the semigray gas. A single atmospheric window in the infrared spectrum has been assumed.

In contrast to the single absolute limit of OLR found in gray atmospheres, semigray ones may also show a
relative limit. This means that both finite and infinite runaway effects may arise in some semigray cases. Of
particular importance is the finding of an entirely new branch of stable steady states that does not appear in
gray atmospheres. This new multiple equilibrium is a consequence of the nongray absorption only. It is suspected
that this new set of stable solutions has not been previously revealed in analyses of radiative–convective models
since it does not appear for an atmosphere with nongray parameters similar to those for the earth’s current state.

1. Introduction

The heat engine corresponding to the general circu-
lation of the climate in a terrestrial planet is essentially
determined from the balance between the outgoing long-
wave radiation (OLR) and the absorbed sunlight. In gen-
eral, atmospheric gases may attenuate both long- and
shortwave energy fluxes and emit longwave radiation
only. Then, it is reasonable to expect a vertical variation
of radiative fluxes throughout the atmosphere. In ad-
dition, convective processes may originate at the surface
of the planet, so that material (i.e., nonradiative) energy
fluxes may also propagate vertically. Because of these
features, one-dimensional vertical models have played
an important role in the analysis of the global climate
by means of simple mathematical models.

Pioneering studies of one-dimensional vertical at-
mospheres dealt with the gray absorption assumption
(i.e., equal absorption at all wavelengths), being applied
to planetary atmospheres (e.g., Simpson 1927), as well
as to stellar interiors (e.g., see Chandrasekhar 1960, and
the references therein). Pure radiative equilibrium at-
mospheres especially designed for the earth’s current
state were later developed (e.g., Manabe and Möller
1961), where the absorption of several atmospheric gas-
es was expressed in terms of mean absorptivity param-
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eters and transmissivity functions. The introduction of
convective processes was first based on an empirical
technique, which assumed a constant lapse rate within
the convective layer (Manabe and Strickler 1964; Man-
abe and Wetherald 1967). Semiempirical techniques for
expressing the physics of convection in one-dimensional
radiative–convective models have also been developed
(e.g., Ramanathan and Coakley 1978; Lindzen et al.
1982; Emanuel 1994, and the references therein).

For quantitative analyses, the gray assumption was
clearly rejected in favor of detailed nongray calculations
requiring numerical solutions (e.g., Arking 1972;
Houghton 1986). Recently, however, the gray assump-
tion has been adopted in the development of compre-
hensive radiative–convective models focused on under-
standing the role of convective processes in the global
climate (e.g., Hu and Randall 1995; Kelly et al. 1999;
Lindzen et al. 2001). Radiative–convective gray models
have also been used to analyze the fundamentals of the
atmospheric radiation limits (Nakajima et al. 1992) and
their implications to climate dynamics (Pierrehumbert
1995). Important contributions to the subject of atmo-
spheric radiation limits are due to Simpson (1927), Ko-
mabayasi (1967), and Ingersoll (1969), who indepen-
dently found that the OLR emitted by a planetary gray
atmosphere fully transparent to sunlight could not ex-
ceed a given upper bound (hereafter called SKI limit).

The existence of the SKI limit is of particular im-
portance when analyzing planetary evolution problems
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(e.g., Pollack 1971; Kasting et al. 1984; Kasting 1988)
since, in equilibrium, the OLR is equivalent to the ab-
sorbed solar radiation and the solar flux increases with
time from the theory of star evolution (see, e.g., Crowley
and North 1991). For a value of the absorbed solar
radiation below the SKI limit, the condensable and ab-
sorbing gas in a gray planetary atmosphere is in equi-
librium with its liquid (or solid) phase at the surface
(see Ingersoll 1969). In contrast, for a value of the ab-
sorbed solar radiation exceeding the SKI limit, the
amount of vapor is so high (i.e., the greenhouse effect
is so intense) that the radiation emitted by the atmo-
sphere cannot balance that absorbed, and the vapor–
liquid (or vapor–solid) equilibrium at the surface is not
possible. Then, the liquid phase would evaporate en-
tirely. Hence, the SKI limit is known as the runaway
greenhouse point.

The existence of an atmospheric radiation limit (i.e.,
of an upper bound in OLR) may also imply a multi-
plicity of steady states. Note that we may plot the OLR
as a function of the surface temperature. Since, in most
cases, the SKI limit is reached at a finite temperature,
we may expect two different values of surface temper-
ature, at least, for the same value of OLR (,SKI limit).
Multiple equilibria are a common feature of simple ver-
tically averaged latitude-dependent climate models with
ice albedo feedback (e.g., North et al. 1981). In one-
dimensional radiative–convective models, however, the
multiplicity of steady states is rare to find. Li et al.
(1997) have recently shown that multiple equilibria arise
in a simple one-dimensional pure radiative vertical mod-
el with ice albedo feedback. Of more fundamental in-
terest are the multiple equilibria found by Rennó (1994,
1997) in radiative–convective models with an explicit
hydrological cycle, and the bimodal solutions in a pure
radiative model found by Ide et al. (2001).

The purpose of the present paper is to revisit the
thorough analysis of the runaway greenhouse effect (i.e.,
on the fundamentals of the SKI limit) carried out by
Nakajima et al. (1992) by introducing a basic nongray
(semigray) absorption in the way suggested by Simpson
(1928) and Weaver and Ramanathan (1995) and defined
in section 2. We make use of a simple nongray for-
mulation, since complex nongray models are difficult
to interpret and may hide the intrinsic behavior of the
system. Note that the semigray approach employed here
would be only of merely academic interest if the results
were not substantially different from the gray model
assumption. This is not the case since radiation limits
due to either stratospheric (section 3) or tropospheric
(section 4) conditions indicate the possibility of a finite
runaway effect not found in gray atmospheres that may
have implications in the theory of planetary evolution.
In addition, we have found an entirely new set of mul-
tiple equilibria not found in previous one-dimensional
vertical models that arises from the inclusion of the
nongray absorption only (see the discussion in section
5). The results are summarized in section 6.

2. Simple nongray model

For simplicity, we assume a plane-parallel atmo-
sphere completely transparent to shortwave radiation
and divided into two layers. The upper layer, or strato-
sphere, is assumed to be in radiative equilibrium where-
as the lower layer, or troposphere, is in radiative–con-
vective equilibrium. The transition level between the
two layers is referred to as the tropopause. The atmo-
sphere contains two gases only. One of them is non-
condensable and fully transparent to both short- and
longwave radiation, whereas the other is condensable
and absorbs in the infrared with a region of low ab-
sorption (atmospheric window). We use a very crude
approximation for the nongray absorption by assuming
constant values of the monochromatic mass absorption
coefficient ky of the absorbing gas in finite-width spec-
tral bands

k 5 k [u(y 2 y ) 1 u(y 2 y)]y 1 u l

1 k [u(y 2 y) 2 u(y 2 y)], (1)0 u l

where y l and y u define the lower- and the upper-fre-
quency values of the atmospheric window, and u being
Heaviside’s theta function. In Eq. (1), k0 and k1 are
constants and define the mass absorption coefficients
inside and outside the atmospheric window, respective-
ly. The gray atmosphere is obtained either with k0 5 k1

or y l 5 y u. Note that k0 5 0 implies a null absorption
within the atmospheric window. In this case, a fraction
of the radiation emitted at the surface directly escapes
to the space (see, Simpson 1928; Weaver and Raman-
athan 1995).

The atmospheric opacity not only depends on the
mass absorption coefficient ky (1), but also on the
amount of the absorbing gas. Following Nakajima et al.
(1992), the variation of the monochromatic optical depth
ty , when the specific intensity of infrared radiation Iy

of frequency y crosses an atmospheric layer of thickness
dp, p being the pressure, is

k x my c cdt 5 dp, (2)y m g

where xc is the mole fraction of the absorbing (and con-
densable) gas (5pc/p, pc being the partial pressure of
the condensable component), g is the acceleration of
gravity, and mc and are the molecular weights of them
condensable and averaged components, respectively.

The radiative transfer equation which determines the
variation of Iy that crosses the atmospheric layer of
thickness dp can be written as (see, e.g., Goody and
Yung 1989)

dIym 5 I 2 B , (3)y ydty

where m is the cosine of the zenith angle, and By is
Planck’s function. In (3), we implicitly assume local
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thermodynamic equilibrium (LTE) conditions (Kondra-
tyev 1969).

In general, the specific intensity of radiation Iy is a
function of m. For simplicity, we apply the two-stream
approximation, which assumes two hemispherically av-
eraged angular intensities (upper hemisphere) and1I y

(lower hemisphere; Liou 1992). Then, the equation2I y

of radiative transfer (3) may be expressed in terms of
the longwave energy flux of radiation Fy [52pm0( 21I y

), where m0 5 1/Ï ; see Liou 1992] and the spher-2I 3y

ically averaged intensity of radiation Jy [5( 1 )/2;1 2I Iy y

see Liou 1992]. Equation (3), applied to both upward
and downward streams, is then equivalent to1 2I Iy y

dF 4pk x my y c c5 (J 2 B ), (4)y ydp mg

dJ k x my y c c5 F , (5)y2dp 4pm mg0

where we have employed (2) so that pressure can be
used as the vertical coordinate.

Here, Fy is constant in a stratosphere under mono-
chromatic radiative equilibrium conditions, from which
the lhs of (4) is zero (i.e., dFy /dp 5 0 ∀ y). Then, the
integration of (5) over pressure leads to

F k x my y c cJ 5 p 1 m , (6)y 021 24pm mg0

since the downward infrared intensity is zero at the top
of the atmosphere [TOA; i.e., (p 5 0) 5 0, or equiv-2I y

alently, Jy (0) 5 Fy /(4pm0) from the text above (4)].
Note that in (6) we have assumed a constant value of
xc in the stratosphere (Nakajima et al. 1992).

From (1), the integration of (6) over frequencies ap-
plied to the tropopause level (i.e., p 5 ptp) yields

k x m p k x m p F1 c c tp 0 c c tpJ 5 (F 2 F ) 1 F 1 , (7)w w2 24pm mg 4pm mg 4pm0 0 0

whereas that over the atmospheric window is

F k x m pw 0 c c tpJ 5 1 m , (8)w 021 24pm mg0

where J and F refer to the integrated values of Jy and
Fy over the whole infrared spectrum, whereas Jw and
Fw refer to the integrated values of Jy and Fy over the
atmospheric window (i.e., from y 5 y l until y 5 y u).

On the other hand, the integration of (4) over the
whole infrared spectrum yields

4pk x m1 c c0 5 (J 2 B 2 J 1 b B)w wmg

4pk x m0 c c1 (J 2 b B), (9)w wmg

whereas that over the atmospheric window (i.e., from
y 5 y l to y 5 y u) gives

4pk x m0 c c0 5 (J 2 b B). (10)w wmg

The coefficient bw in (9)–(10) is a measure of the
effective width of the atmospheric window, defined as
(see, Weaver and Ramanathan 1995)

y u

dyBE y

y l

b 5 . (11)w `

dyBE y

0

Note that the denominator of the rhs in (11) is B 5
sT 4/p, s being the Stefan–Boltzmann constant. Once
we fix the value of the OLR (5F), Eqs. (7)–(10) form
a set of four equations with four unknowns (J, Jw, Fw,
and B). Our purpose is to solve this algebraic system
for the variable B (which is directly proportional to T 4).
This is carried out in the next two sections for both dirty
and clean window cases.

a. Nonzero absorption within the atmospheric
window

Previous analyses of semigray atmospheres (Simpson
1928; Weaver and Ramanathan 1995; Thomas and
Stamnes 1999) assume a completely transparent window
(i.e., k0 5 0). Nevertheless, the case with k0 ± 0 is
expected to represent actual conditions better since a
water vapor absorption continuum is found within the
atmospheric window (see, e.g., Houghton 1986). We
will analyze solutions for different ratios k0/k1, since
Kasting et al. (1984) point out an extreme sensitivity of
the climate with respect to changes in the opacity of the
atmospheric window.

The vertical temperature distribution in this case is
obtained as follows. We express Fw in terms of Jw from
(8). The expression is substituted in (7) from which we
obtain a single equation in terms of J, Jw, and F. Note
that Eq. (10) implies Jw 5 bwB, from which Eq. (9)
gives J 5 B. Then, Eq. (7) may express B in terms of
F as

(t k 1 m )(t k 1 m ) Fk 1 0 k 0 0pB 5 , (12)
2[t k b 1 t k (1 2 b ) 1 m ] 4mk 1 w k 0 w 0 0

where tk 5 xcmcptp/( g).m
The classical gray result (see, e.g., Liou 1992) is ob-

tained from (12) if k0 5 k1. Gray solutions are also
obtained either with bw 5 0 (mass absorption coefficient
equal to k1) or bw 5 1 (mass absorption coefficient equal
to k0).

b. Null absorption within the atmospheric window

In this case (k0 5 0), Eq. (10) is identically satisfied.
An additional equation is obtained by noting that now
the flux of radiation integrated over the atmospheric
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FIG. 1. Cubic polynomial fit (dashed line) to the b function [solid
line; see Eq. (11)]. Values of the coefficients are listed in the text.

FIG. 2. Optical depth divided by the mass absorption coefficient tk

as a function of the tropopause temperature Ttp. The dashed line
corresponds to the vapor–liquid equilibrium curve. Solid lines refer
to radiative equilibrium curves with the same OLR (F 5 433 W m22)
and for different levels of absorption in the atmospheric window (ratio
k0/k1, where k0 and k1 are the mass absorption coefficients inside and
outside the atmospheric window, respectively). The case with k0/k1

5 1 is the gray assumption. The intersection points between both
curves (circles) are states in both radiative and vapor–liquid equilib-
ria.

window Fw is equal to that emitted at the surface [Fw

5 2m0bswpBs, where Bs 5 B(Ts) and bsw 5 bw(Ts), Ts

being the surface temperature]. From this condition, and
(7)–(9), we obtain

(t k 1 m ) F b pBk 1 0 sw spB 5 2 . (13)
21 2(1 2 b ) 4m 2mw 0 0

The tropopause temperature in an atmosphere with a
clear window is not only a function of the OLR F (or,
equivalently, absorbed solar radiation at the surface),
but also of the surface temperature Ts. Equation (13)
with bsw 5 bw 5 0 corresponds to the radiative equi-
librium solution in a gray atmosphere. Note that (13) is
not equal to (12) in the limit k0 → 0.

3. Radiation limits from stratospheric conditions

We use water as the main condensable atmospheric
gas with absorption in the infrared. Hence, the spectral
limits of the atmospheric window are 8 and 12 mm in
wavelength (Kondratyev 1969). We adjust a cubic poly-
nomial fit to bw(T) as a function of temperature and
valid within the 200–600-K range (see Fig. 1). The
coefficients of the cubic polynomial are 20.737 774,
0.006 705 92 K21, 1.394 86 3 1025 K22, and 9.029 09
3 1029 K23, which produce an error smaller than 3%.
Calculations use k1 5 0.01 m2 kg21 (Ingersoll 1969;
Nakajima et al. 1992), and the vapor–liquid equilibrium
curve for the condensable component follows that of
water. Then, the saturation water vapor pressure isp*c
obtained from the Clausius–Clapeyron equation (see
Nakajima et al. 1992)

l
p*(T ) 5 p* exp 2 , (14)c 0 1 2RT

where 5 1.4 3 1011 Pa, l is the latent heat of thep*0
condensable component (543 655 J mol21), and R is
the universal gas constant (58.314 J mol21 K21). The

mole fraction in a saturated troposphere is xc 5 /p,p*c
where p is the total pressure. At the tropopause, xc 5

(Ttp)/ptp, where Ttp represents the tropopause temper-p*c
ature. From the above, we may express the coefficient
tk [see the text below (12)] that appears in the equations
for the tropopause temperature (12) and (13) as

p*(T )c tpt (T ) 5 , (15)k tp g

since, for simplicity, we have assumed the same mo-
lecular weight for both condensable and noncondens-
able components (i.e., mc 5 mn 5 ).m

The coefficient tk is nothing but the optical depth
divided by the mass absorption coefficient in each in-
frared band. Note that its value is independent of wave-
length. The values of Ttp and tk that satisfy the vapor–
liquid equilibrium condition at the tropopause level [Eq.
(15)] follow the dashed line shown in Fig. 2. Solid lines
in Fig. 2 correspond to the values of Ttp and tk that
satisfy the radiative equilibrium condition at the tro-
popause [Eq. (12)] for a fixed value of OLR ([F 5
433 W m22) and different values of the k0/k1 ratio. The
solution for k0/k1 5 1 reverts to the classical gray case
analyzed by several investigators (Ingersoll 1969;
Goody and Yung 1989; Nakajima et al. 1992). Note that
we do not include the values of Ttp and tk for k0 5 0,
since Eq. (13) also involves the surface temperature Ts

(i.e., we would need to specify the convective regime).
This case (as well as those for k0 ± 0) is analyzed in
section 4 (radiation limits from tropospheric conditions).
We also point out that the dashed line in Fig. 2 is not
a function of the OLR F (or, equivalently, of the ab-
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FIG. 3. Tropopause temperature for the states in both radiative and
vapor–liquid equilibria as a function of the OLR F for different levels
of absorption in the atmospheric window. Solid (dashed) lines cor-
respond to branches where an increase in the OLR leads to an increase
(decrease) in the tropopause temperature.

sorbed solar radiation). In contrast, it is clearly seen
from (12) that an increase of F for a fixed value of tk

leads to a higher value of Ttp. This means that the solid
curves in Fig. 2 move towards the right of the diagram
as F increases.

The intersection points between both dashed and solid
curves correspond to values of Ttp and tk at the tropo-
pause in both radiative and vapor–liquid equilibria. The
gray atmosphere shows only one solution (closed cir-
cle). In this case, the value of the OLR corresponds to
the SKI limit since the solid curve for F . FSKI (5433
W m22) would not intersect the dashed line at any point
(the solid line would entirely lie in the vapor phase
region of the diagram as discussed above). (The at-
mospheric radiation limits obtained from stratospheric
conditions will now be referred to as SKI limits.) For
values of OLR lower than FSKI, two possible solutions
(i.e., two intersection points between the solid line and
the dashed line) for the gray case would be obtained,
though only one would be stable and attainable from
an evolutionary viewpoint (Goody and Yung 1989). In
contrast, three solutions in radiative as well as in vapor–
liquid equilibria may be obtained for a ratio k0/k1 K 1.
As an example, open circles show the three solutions
found in Fig. 2 for the k0/k1 5 1023 case.

Figure 3 shows the Ttp values as a function of the
OLR for tropopause conditions that satisfy both radia-
tive and vapor–liquid equilibria (e.g., as circles in Fig.
2 for F 5 433 W m22). Solid (dashed) lines in Fig. 3
indicate branches where the OLR increases when in-
creasing (decreasing) Ttp. Ingersoll (1969), Goody and
Yung (1989), Nakajima et al. (1992), and Rennó (1997)
argue that the dashed lines are unstable. Note the single
SKI limit found for the gray case (also for the k0/k1 5
1/10 case). In comparison, the case with k0/k1 5 1022

shows an absolute SKI limit at low Ttp and a relative
SKI limit at high ones. For a more transparent window

(e.g., k0/k1 5 1023), the absolute SKI limit is at high
Ttp and the relative one at low Ttp .

From an evolutionary viewpoint, an increase in the
incoming shortwave radiation over geologic time is ex-
pected from the fundamentals of star evolution (see, e.g.,
Crowley and North 1991). As a consequence, and since
for simplicity we neglect changes in planetary albedo,
the vertical axis in Fig. 3 may be understood as a non-
linear axis in time once the initial phase of planetary
outgassing has finished, and the vapor–liquid equilib-
rium has been finally reached. Then, as time evolves,
the tropopause temperature increases along the solid
(stable) branch in the lower left corner of Fig. 3. The
greenhouse runaway effect arises if the absorbed solar
flux exceeds either the single SKI limit found in at-
mospheres with a very dirty window (e.g., k0/k1 5 1),
or the absolute SKI limit found in atmospheres with a
partially transparent window where the relative SKI lim-
it appears at higher temperatures (e.g., k0/k1 5 1022).
The climate state jumps to the second solid (stable)
branch when the absorbed solar radiation exceeds the
relative SKI limit and the absolute one is at higher tem-
peratures (see the atmospheres with a very clean win-
dow, e.g., k0/k1 5 1023, in Fig. 3). Note that the vapor–
liquid equilibrium condition still holds in the new stable
branch found at high values of tropopause temperatures.

4. Radiation limits from tropospheric conditions

The assumption that a convective regime sustains a
pseudoadiabatic (or adiabatic) profile is only valid in
an inviscid fluid (see Rennó and Ingersoll 1996). How-
ever, and for simplicity, we use a prescribed vertical
temperature profile in a fully saturated troposphere. This
empirical technique devised to characterize the atmo-
spheric convective layer has been widely used in simple
vertical models (e.g., Nakajima et al. 1992). The pseu-
doadiabatic vertical temperature gradient (g s 5 dT/dp)
follows (Iribarne and Godson 1981)

RT l xc1
c p c p xp p ng ø , (16)s 2c x l xpy c c1 1 1

2c x c RT xp n p n

where cp (53.5R) and cpy (54R) are the mole specific
heats at constant pressure of the noncondensable and
condensable components, respectively; xn is the mole
fraction of the noncondensable component (51 2 xc).
Implicitly in (16) is the assumption that condensed water
precipitates immediately.

For a fixed value of the surface temperature Ts, we
find the corresponding value of OLR F (or absorbed
solar radiation) using the following procedure. First, we
choose an arbitrary value of the tropopause level ptp,
and the energy flux of radiation F [52pm0(I1 2 I2)]
is computed from the integration over frequencies of
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FIG. 4. OLR F as a function of surface temperature in semigray
atmospheres with fully saturated tropospheres. The degree of opacity
of the atmospheric window is defined by the ratio k0/k1. A water
vapor–only atmosphere is assumed. The blackbody radiation (i.e.,
emission in an atmosphere totally transparent to infrared radiation)
is also shown.

ptp

1I (p ) 5 B exp k x m dp /(mgm )y tp sy E y c c 0[ ]
p0

ptp k x m B dpy c c y2 E mgm0p0

ptp

3 exp k x m dp9/(mgm ) , (17a)E y c c 0[ ]
p

Fy2I (p ) 5 J (p ) 2 . (17b)y tp y tp 4pm0

Equation (17a) follows from solving the radiative
transfer equation (2) for the upward stream (Kourganoff
1952), where p0 and Bsy are the surface pressure and
Planck function at the surface temperature, respectively.
Equation (17b) follows directly from the definitions of
Jy and Fy [see the text above (4)]. Note that the inte-
gration over pressure of the last term in the rhs of (17a)
can be obtained once the tropopause level is fixed and
the vertical distribution of temperatures is calculated
from (16). The mole fraction of the condensable com-
ponent xc in the troposphere is equal to /p wherep*c

follows the saturation vapor pressure (14) (we as-p*c
sume a saturated troposphere). The integration of (17b)
over frequencies is obtained from the value of J deduced
in (7) with (8) and (10). Then, we obtain a first value
of F at the tropopause deduced from (17a–b).

On the other hand, the value of Ttp obtained by in-
tegrating (16) from p0 to ptp is substituted in (12) [or
(13)] to obtain a second value of F. The pressure level
ptp is tuned until both values of F coincide. For each
value of Ts, a single value of ptp is found.

a. Atmosphere with water vapor only

In this case, there is no noncondensable gas in the
atmosphere (i.e., xn 5 0, or equivalently, pn0 5 0 Pa,
pn0 being the partial pressure of the noncondensable gas
at the surface). Surface temperatures for the climate
states in both radiative–convective and vapor–liquid
equilibria are shown in Fig. 4 for different values of the
k0/k1 ratio. The behavior for the gray case (i.e., k0/k1 5
1) agrees with that found by Nakajima et al. (1992),
although the numerical values differ slightly, since we
use the two-stream approximation instead of the Ed-
dington’s approach applied by Nakajima et al. (1992).
The blackbody radiation emitted at the surface temper-
ature (52m0s within the two-stream approximation;4T s

see Liou 1992) is also plotted.
At low values of the surface temperature Ts, the at-

mosphere is so optically thin that the effect of the win-
dow is indistinguishable (all cases predict almost the
same result in Fig. 4 at low Ts). In contrast, the dirtiness
of the atmospheric window is a parameter of importance
at high values of Ts. In this case, the atmosphere may
be so optically thick that the OLR is insensitive to the

structure of the lower atmospheric layers and, in par-
ticular, to Ts (Kasting et al. 1984; Nakajima et al. 1992).
This is the reason the solutions shown in Fig. 4 level
out at high values of surface temperature. As Nakajima
et al. (1992) have already pointed out, the radiation limit
for a gray atmosphere is smaller than the absolute SKI
limit found in Fig. 3. This is not the case for atmospheres
with quasi-transparent windows at moderate values of
surface temperature, since the value of the relative SKI
limit found in Fig. 3 for ratios k0/k1 # 1023 is the same
as the relative limit obtained in Fig. 4. As a consequence,
we find one of the main results of the present paper,
which is the multiplicity of states for a fixed value of
OLR (5F) due to the nongray absorption.

In Fig. 4, the slope of the curves corresponds to the
effective radiative damping coefficient Beff (i.e., Beff 5
]F/]Ts; see North et al. 1981), or to the inverse of the
climatic sensitivity l. From the stability theory applied
to simple climate models, branches with a negative ra-
diative damping coefficient Beff are classified as unstable
(see, e.g., North et al. 1981, and the references therein).
Note that on such branches, an increase of the absorbed
solar radiation at the surface (or, equivalently, OLR)
would imply an unexpected decrease of the surface tem-
perature. Branches with unstable solutions are, there-
fore, unattainable for the real climate system. For a giv-
en value of OLR, two stable and one unstable solutions
may be found depending on the value of the k0/k1 ratio.
A single (stable) solution not bounded is found for an
atmosphere with null absorption within the atmospheric
window.

b. Atmosphere with two components

In this case, the partial pressure of the noncondens-
able (and transparent) ideal gas at the surface pn0 equals
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FIG. 5. As in Fig. 4, except for an atmosphere with a partial pressure
of the noncondensable and transparent component at the surface equal
to 105 Pa. Symbols denote the states whose vertical structure is de-
tailed in Fig. 6.

FIG. 6. Vertical temperature profiles of semigray atmospheres with
different degree of opacity within the atmospheric window (k0/k1

ratio). Symbols at the surface correspond with those shown in Fig.
5 (F 5 425 W m22). Closed circles indicate the tropopause level.

105 Pa, roughly that of the earth’s current state. Results
of the OLR as a function of the surface temperature are
shown in Fig. 5. (Symbols at the 425 W m22 level show
the states whose vertical structures are depicted in Fig.
6.)

The introduction of a noncondensable gas reduces the
atmospheric opacity at low temperatures since it in-
creases the lapse rate (16). Then, the OLR for a fixed
value of Ts is higher than in an atmosphere with water
vapor only (compare Figs. 4 and 5 at low values of Ts).
For very high values of surface temperature Ts, the par-
tial pressure of water vapor will exceed that of the non-
condensable component. Thus, the two component at-
mosphere would invariably behave like a water vapor–
only atmosphere (compare Figs. 4 and 5 at high values
of Ts). Therefore, the intermediate radiation limit found
in Fig. 5 (and not in Fig. 4) for atmospheres with opaque
windows is due to the influence of the noncondensable
component on the tropospheric lapse rate. Then, the
maximum value for this radiation limit would be ob-
tained by applying the dry adiabatic lapse rate (see,
Nakajima et al. 1992). It turns out that this radiation
limit is greater than the SKI one from the values of the
parameters used in the present model. Therefore, an
atmosphere with a very high partial pressure for the
noncondensable gas (greater than 105 Pa) would reach
the SKI limit shown in Fig. 3 at intermediate values of
surface temperatures, but would tend to the asymptotic
limit shown in Fig. 4 at high values of Ts.

Figure 6 depicts the vertical structure of the atmo-
sphere for those states denoted by symbols in Fig. 5.
Closed circles indicate the tropopause level, shown in
km. All the profiles tend to the same TOA temperature
(ø238.7 K), since the OLR is equal to 4 m0sT 4 within
the two-stream approximation (Liou 1992). For the k0/
k1 5 1021 case, the atmosphere is so optically thick that
tropopause temperatures lie in the solid line branch in

Fig. 3 only. The low amount of absorber within the
atmospheric window in the k0/k1 5 1022 case thins the
atmosphere and permits two different tropopause tem-
peratures for the same amount of OLR, the highest being
in the unstable branch of Fig. 3. Three different profiles
with three different tropopause values are found for the
k0/k1 5 1023 case. Note that profiles with an unstable
tropopause temperature (Ttp in dashed branches in Fig.
3) also lead to a surface temperature with a negative
Beff in Fig. 5. In these cases, the lapse rate just below
the tropopause is smaller than that just above.

We stress the high variation of stratospheric temper-
atures (up to 82 K in the highest Ts profile for the k0/
k1 5 1023 case shown in Fig. 6) occurred when the
tropopause level reached the second stable branch in
Fig. 3. In the gray case, the variation in the unique
branch is so small that the approximation of an iso-
thermal stratosphere is valid (Kasting 1988). However,
this assumption cannot hold in some semigray atmo-
spheres.

5. Discussion

The simplifications assumed in the present model ex-
clude a quantitative analysis of the results. A more phys-
ically based model should include a treatment of the
water vapor as a nonideal gas, use a nonsimplified tro-
pospheric lapse rate, and, for example, include the crit-
ical point of the water vapor (e.g., Abe and Matsui 1988;
Kasting 1988). Note, also, that the continuum absorption
of water vapor within the atmospheric window is pro-
portional to its partial pressure (Kasting et al. 1984), so
the ratio k0/k1 is not constant but varies with tempera-
ture. At high values of surface temperature the atmo-
spheric window would close so the solution would tend
to the gray case.

A planetary atmosphere with a transparent window
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FIG. 7. OLR F as a function of surface temperature in semigray
atmospheres with fully saturated tropospheres. The atmospheric win-
dow, with an effective width bw, is totally transparent to infrared
radiation (k0 5 0). The partial pressure of the noncondensable trans-
parent component at the surface is equal to 105 Pa.

FIG. 8. Tropopause heights as a function of the OLR F for the
results shown in Fig. 5. Closed circles shown in Fig. 6 correspond
to heights at F 5 425 W m22.

(i.e., k0 5 0) may also exhibit a finite runaway effect,
though not an infinite one. Figure 7 shows the OLR as
a function of the surface temperature for atmospheres
with k0 5 0, pn0 5 105 Pa, and different values of bw

(constant). A multiplicity of stable states (i.e., of branch-
es with positive Beff) may be found for a number of
‘‘infrared holes’’ in the atmosphere smaller than a
threshold value. In this case, the finite runaway effect
depends on the tropospheric structure, so a water vapor–
only atmosphere does not show such a multiplicity of
states. For bw ø 0.3, a single not-bounded solution is
found (see Fig. 7), which agrees with Simpson (1928)
and Weaver and Ramanathan (1995), since these authors
use a transparent window.

The multiplicity of states shown in Figs. 4, 5, and 7,
resembles the classical multiple equilibria obtained from
simple energy balance models (EBMs) when including
the ice albedo feedback (see, e.g., North et al. 1981).
However, both types of solutions are essentially differ-
ent. In EBMs, the multiplicity of steady states refers to
global conditions (i.e., the entire planet is either in one
stable branch or in another), whereas in the present one-
dimensional radiative–convective model, the equator
may be in one stable branch and the poles in another.
Note that different branches not only differ in the values
of their surface temperature (see Fig. 5), but also in the
depth of their convective layers. Figure 8 shows the
height of the tropopause (km) as a function of the OLR
emitted at TOA for the cases shown in Fig. 5. For the
sake of argument, let us assume an atmosphere with low
absorption within the atmospheric window (for exam-
ple, k0/k1 5 1023). Then, the equatorial atmosphere
would jump to the second stable branch shown in Fig.
5, if the absorbed solar radiation exceeded the relative
SKI limit found in Fig. 3. However, no change would
be found if the absorption in polar regions was below
the SKI limit. In this case, tropical and polar tropopause

heights would be substantially different (see Fig. 8). In
the previous scenario we have neglected dynamical ef-
fects, which would be of particular importance by ex-
porting heat from the Tropics to the extratropics.

For the earth’s current state, the ratio k0/k1 is about
1022 (see Kasting et al. 1984), and the equator would
be in a ‘‘local’’ runaway state (see Pierrehumbert 1995).
(The condition of local runaway state cannot be directly
deduced from Fig. 4 and the annual mean equatorial
absorption, since our model was derived for qualitative
purposes only.) Pierrehumbert (1995) suggests that dry
tropical regions maintained by subsidence reduce the
tropical sensitivity and keep the tropical atmosphere
from falling into a runaway state. Indeed, the stabilizing
effect of these dry pools can be seen from Figs. 5 and
7, here used as stability charts. Thus, the effective ra-
diative damping coefficient Beff (or the slope of the
curves in Figs. 5 and 7) is higher in dry (transparent)
conditions (analogous to k0/k1 5 0 in Fig. 5, or to high
bw values in Fig. 7) than in wet (opaque) ones (anal-
ogous to k0/k1 5 1 in Fig. 5, or to low bw values in
Fig. 7).

6. Conclusions

We have developed a simplified radiative–convective
model to investigate the effects of the nongray absorp-
tion in the radiation limits that may exhibit a planetary
atmosphere. The model follows that of Nakajima et al.
(1992), but including an atmospheric window in the
infrared spectrum. This simple modification leads to
completely new results, summarized as follows.

1) The single (absolute) SKI limit found in gray at-
mospheres is not obtained in nongray atmospheres
with fully transparent infrared regions. A relative
radiation limit may be found for atmospheres with
very narrow windows (see Fig. 7). However, the
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longwave radiation emitted by any nongray atmo-
sphere with fully transparent infrared regions is not
bounded (i.e., the infinite runaway greenhouse point
does not exist; see also Fig. 7).

2) Relative and absolute SKI limits are found in at-
mospheres with low (but finite) absorption within
the atmospheric window (see Fig. 3). The atmo-
sphere experiences a finite runaway effect when the
absorbed solar radiation exceeds the relative SKI
limit. Exceeding the absolute SKI limit would lead
to an infinite runaway effect.

3) SKI limits arise, by definition, from stratospheric
conditions (i.e., from the consistency between the
vapor–liquid equilibrium condition and the pure ra-
diative equilibrium one; see Figs. 2–3). However,
radiation limits obtained in a radiative–convective
atmosphere may be smaller than the SKI limits (see
Nakajima et al. 1992). The asymptotic limit of the
OLR, reached at very high values of surface tem-
perature in a radiative–convective atmosphere with
a fully saturated troposphere and a noncondensable
and transparent gas that exerts a partial pressure of
105 Pa at the surface, is smaller than the absolute
SKI limit (compare Fig. 5 with the radiation limits
in Fig. 3).

4) One of the main results of the present paper is the
finding of a multiple solution in semigray radiative–
convective atmospheres (see Figs. 4–5). Stable
branches differ in their tropopause temperatures and
heights. The multiplicity of stable states allows for
the existence of a warm ocean in a very opaque
atmosphere and a small value of absorbed solar ra-
diation.

Under conditions of multiple stable equilibria, the
surface temperature follows a hysteresis-like cycle as a
function of the OLR. Since we assume a steady increase
of OLR as a function of time (neglect cloud effects and
changes in albedo), we implicitly reject the existence of
an oscillatory behavior of the system with an alternation
of states from different stable branches.

Multiple equilibria in a simple vertical model has
been recently obtained by assuming a surface albedo
feedback (e.g., Li et al. 1997). These results, however,
are essentially different to those found here. We have
shown that the nongray absorption by itself may gen-
erate multiple stable states, and therefore, identical sur-
faces (emitting the same OLR) may lie on different
stable branches. Our results also differ from the intrigu-
ing multiple equilibria found in radiative–convective
models with hydrological cycle (Rennó 1994, 1997), as
well as from the bimodal solutions recently obtained in
a pure radiative equilibrium model by Ide et al. (2001).
We suspect that the multiplicity of stable states here
found has not been previously revealed since the se-
migray atmosphere for the earth’s current state (i.e., b
ø 0.3, k0/k1 ø 1/100) predicts a single stable state with
surface temperatures smaller than 380 K (see Fig. 5).

Then, the nongray absorption by itself may not be
enough to produce a multiple set of stable solutions for
the earth’s current state. Nevertheless, and besides re-
vealing a fundamental behavior of nongray atmo-
spheres, the multiple equilibria here obtained may still
be of particular importance for other planetary atmo-
spheres.
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