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A B S T R A C T

A recurring problem when curing thick specimen carbon-fibre-reinforced polymers is the formation of thermal 
gradients. Thermal gradients can lead to heterogeneous properties, overcuring and, in some cases, matrix 
degradation. To address this problem, we have developed a general-purpose analytical solution that allows one 
to predict the maximum temperature difference within a specimen when the curing reaction takes place under 
isothermal conditions. The analytical solution is specifically tailored to deal with standard conditions in the 
manufacture of composites and can be applied to different resins and prepregs. In addition, it allows one to 
determine the conditions for when a thermal runaway will occur. The analytical solution was validated by 
comparing the analytical predictions with numerical and experimental results.

1. Introduction

Thick fibre-reinforced polymer (FRP) laminates are of practical in
terest for manufacturing pressure vessels for hydrogen storage [1], 
pressure pipes, for the aerospace industry [2–4], or to strengthen 
structural elements [5]. However, the combination of a high exothermal 
curing reaction together with the low thermal conductivity of epoxy 
resins can lead to thermal gradients forming within a specimen. In this 
context, manufacturers’ recommended curing cycles (MRCC) commonly 
used for thin FRP panels may not be valid for thick laminates, thus 
resulting in undesirable effects such as overheating or even an over
shoot. In addition, long curing cycles increase manufacturing costs and, 
consequently, in some applications high cure temperatures are used to 
promote fast curing and thus increase productivity [6]. Nonetheless, 
accelerating the cure cycle increases the rate of heat release during the 
cure cycle and can lead to the formation of thermal gradients, even in 

thin sections. Local overheating caused by a non-homogeneous curing 
process is detrimental to the mechanical properties. Besides, this can 
lead to residual stresses, surface waviness, matrix degradation and 
delamination, even for short-time processing [7–11]. In addition, when 
overheating exceeds a critical value, the heat generated locally by the 
curing process exceeds its dissipation, thus leading to a heat build-up 
that then further accelerates the curing process. As a result, the curing 
reaction becomes uncontrolled, with the local temperature increasing by 
tens or even hundreds of degrees. In this situation, the local temperature 
may exceed the degradation temperature, leading to a diminution of the 
mechanical properties or rejection of the component [7,12]. As such, 
developing a realistic analytical model to predict the degree of over
heating as a function of the processing parameters is paramount, espe
cially when working with thick parts or rapid curing cycles.

The common approach employed to deal with local overheating re
lies on numerical simulations [7,9,10,13–18] that consider heat 
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diffusion through the specimen, heat transport at the boundaries, and 
heat generation. Bogetti and Gillespe [10] developed a 2D numerical 
simulation that revealed that thermal gradients may appear in thick- 
sections resulting in a non-uniform curing process. Twardowski et al. 
[9] using a 1D simulation reproduced the thermal gradients observed in 
a 5-cm-thick sample. In addition, they showed that it is reasonable to 
assume that the thermal properties of the resin and of the fibre during 
the curing process can be considered independent of the temperature 
and extent of reaction. Using numerical simulations and experimental 
data, Ruiz and Trochu [17] showed that curing at high temperature 
results in the build-up of temperature gradients that lead to critical in
ternal stresses. Using a 3D simulation, Oh et al. [13] successfully 
reproduced the thermal gradients observed experimentally. They also 
showed that the thickness of the mould had little influence on the 
thermal behaviour of the system. Furthermore, they created a numerical 
optimization of the cure cycle to reduce temperature overshoot. Dolkun 
et al. [15] developed a cure cycle numerical optimization for thick parts 
based on a finite element analysis, while Leistner et al. [19] also 
generated a numerical simulation based on finite elements that consid
ered the dependence on temperature and cure degree of the heat ca
pacity and heat conductivity. Tifkitsis et al. [14] developed a multi- 
objective cure optimization methodology to minimize the overshoot 
using an autocatalytic kinetic model that also takes the effect of diffu
sion into account.

Although numerical simulations are accurate and provide reliable 
simulations, their implementation is complex, and computationally 
expensive to run. Conversely, analytical methods might be less precise 
but improve the knowledge about the process, thus allowing for an 
easier analysis of the effects of curing cycle parameters on the process, 
providing relevant information on the optimisation of the curing cycle, 
and facilitating decision-making concerning the design of the curing 
process of thick laminates or for fast curing laminates. Indeed, the 
analytical models simplify and accelerate the design of the curing cycles. 
To the best of our knowledge, to date only a single analytical criterion 
for the thermal runaway has been developed for polymer composites 
[20]. However this analytical model is limited to the prediction of the 
thermal runaway and does not consider convective losses.

In this work, we develop an analytical model that allows us to 
determine the critical thickness required to avoid the formation of a 
chosen temperature gradient for an isothermal curing cycle. The 
analytical solution is based on a heat diffusion model that takes con
vection heat losses into account. Besides, the model also provides the 
critical thickness required to prevent a thermal runaway. The model is 
validated against numerical simulations and experimental data from the 
curing process of a carbon-fibre-reinforced polymer (CFRP) with 
VTC401 epoxy component prepreg (“pre-impregnated” fibres with a 
partially cured polymer matrix).

2. Materials and methods

2.1. Composite’s curing

The materials used in the experiments are CFRP laminates made of 
carbon epoxy prepreg VTC401 of 193 g/m2 areal weight, carbon fibre 
sheet T700 and 42 % resin weight content from SHD Composite Mate
rials Ltd (reference VTC401-C193-PW-T700-12 K-42 %RW-1270). We 
prepared seven 105 × 105 × w mm3 panels, where w is 14.8, 21.5 or 
26.5 mm − corresponding to 56, 82 and 110 layers, respectively. The 
prepreg sheets were deposited layer by layer. After depositing each 
layer, we use a roller to compress the panel and after each deposition of 
ten layers, we apply vacuum to ensure good compaction. The thick
nesses given in Table 1 are the average values of four thicknesses 
measured at different positions. In all cases, the difference between the 
measured values and the average thickness is less than 0.3 mm.

The panels were fabricated with five embedded thermocouples 
(labelled 1 to 5 in Fig. 1) to measure the temperature evolution at 

different positions during the curing process. The thickness of the 
thermocouple is 1.2 mm. One thermocouple was placed on top of the 
first layer, another located below the last layer, and three more were 
equidistant within the laminate cross-section (see schematic in Fig. 1). 
Thermocouples are slightly offset from the centre of the cross-section to 
minimize panel distortion. To improve thermalisation during the curing 
experiments, the panels were placed on top of a 200 × 200 × 30 mm3 

steel plate. Two thermocouples were used to measure the temperature of 
the steel plate at two different positions (labelled 6 and 7 in Fig. 1).

Curing experiments were performed by placing the laminate inside 
an oven that was kept at a constant target temperature. To minimize the 
drop in temperature when the laminate was placed in the furnace, the 
steel plate was also preheated inside the furnace to ensure that it was 
also at the target temperature when the laminate was introduced into 
the oven. With this configuration, the temperature drop in the steel plate 
when the laminate was introduced into the furnace was around 0.5 ◦C. 
Table 1 summarises the experiments carried out, as well as the 
maximum overheating recorded. The temperature evolutions recorded 
are shown in the supplementary information.

The thermal conductivity of the prepreg was measured with a 
homemade Poensgen apparatus (see supplementary information, 
Fig. S1). Two polymethyl methacrylate plates, one 4.10 mm and the 
other 3.75 mm thick, were used as reference material. A 2.60 mm thick 
uncured laminate was heated under a controlled heat flux until a sta
tionary regime was reached. At steady state, the temperature at the 
bottom and top of the laminate was 40.3 and 37.7 ◦C, respectively. 
Given the planar geometry of the system, the heat losses through the 
thickness of the plate are negligible and the thermal conductivity was 
obtained from the one-dimensional expression of Fourier’s law. 
Following this method, a thermal conductivity of k = 0.23 W/(m⋅K) was 
obtained.

The specific heat capacity, c, was measured using the method 
described in [21,22]. The heat capacity experiments were carried out 
using a Mettler Toledo DSC822e. For differential scanning calorimetry 
(DSC) measurements, a sample mass of 3.177 mg was placed inside a 40 
μl aluminium crucible. During the measurements, a flow rate of 40 ml/ 
min of high purity N2 was established. A sapphire crystal of 26.06 mg 
was used as calibration material. The DSC curves of the sapphire and the 
laminate, and the heat capacities at temperatures of 50, 60 and 70 ◦C 
have been included in the supplementary information (Figs. S2 and S3, 
and Table S1).

The density was obtained by measuring the mass and volume of the 
manufactured laminates. We obtained very similar values for the nine 
manufactured panels; the standard deviation was 10 kg/m3 and the 
density ρ = 1210 ± 7 kg/m3. This low standard deviation indicates that 
the panel production was reproducible.

The experiments were performed in a convective furnace; the air 
velocity inside the furnace was around 10 m/s. Under these conditions, 
the apparent convective coefficient h is around 40 W/(m2⋅K) [23]. The 
thermal, kinetic and physical properties of the VTC401 prepreg are 
summarized in Table 2.

Table 1 
Maximum overheating measured in the laminate curing experiments together 
with the maximum overheat calculated by the numerical simulations.

Thickness 
mm

Cure 
temperature ◦C

Measured 
Overheating / ◦C

Calculated 
Overheating / ◦C

14.8 63 0.5 0.97
14.8 81 8 7.65
14.9 85 15 13.4
21.5 72 6 6.26
21.7 77 10 12.6
21.4 84 35 37.6
27.3 74 16 18.4
27.0 80 41 45.4
26.3 82 57 57.5
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2.2. Determining the specific heat of reaction and kinetic 
parameters

To determine the specific heat of reaction and kinetic parameters, 
five DSC measurements were taken at heating rates, β ≡ dT

dt of 0.6, 1.25, 
2.5, 5 and 10 K/min. The time step for the data acquisition was 0.03 s. 
The DSC measurements were carried out on a TA Instruments Q2000 
apparatus. Samples of mass around 2.3 mg were placed in sealed 
aluminium T-zero pans and the measurements were taken under a high 

purity nitrogen flow of 50 ml/min.
From the integration of the DSC signal we determined the specific 

heat of reaction; the average value was: q = (1.60 ± 0.05) × 105 J/kg. 
Likewise, under the assumption that the rate of reaction is proportional 
to the heat released, it was possible to determine the degree of curing 
from the DSC signal [24,25] – Eq. 1: 

dα
dt

=
1
q

dq
dt
, (1) 

where α is the degree of curing (0 ≤ α ≤ 1) and dq/dt is the heat flow 
measured by the DSC. Fig. 2.a shows the evolutions of the degree of cure 
for the five experiments carried out at different heating rates.

Once the evolution of the degree of curing had been determined, the 
kinetics could be characterised using isoconversional kinetic methods. 
Isoconversional methods are commonly preferred over mode-fitting 
methods because no assumptions have to be made about the reaction 
model [26,27]. Furthermore, the isoconversional methods have been 
successfully used to characterize the curing kinetics of resins [28–37]. 
Based on the isoconversional approach [38], the kinetics can be 
described by the following relationship (Eq. 2): 

Fig. 1. (a) Manufactured 105 × 105 × 21.5 mm3 CFRP panel with five embedded thermocouples. (b) Diagram of the cross-section of the laminate placed on a steel 
plate and (c) diagram of the positions of the two thermocouples placed on the steel plate.

Table 2 
Measured physical parameters used in the numerical simulations and analytical 
calculations.

Property Value

Thermal conductivity out-of-plane at 40 ◦C, k, W/(m⋅K) 0.23
Specific heat capacity at 60 ◦C, c, J/(kg K) 1250
Apparent convective coefficient, h, W/(m2⋅K) 40
Density, ρ, kg/m3 1210
Specific heat of reaction, q, J/kg 1.60 × 105

Activation energy, Ea, J/mol 8.84 × 104

Pre-exponential factor, A, 1/s 1.0 × 109

Fig. 2. (a) Curing degree evolution obtained from DSC experiments (squares) and predicted evolution according to Eq. 4 (solid lines). (b) Activation energy 
determined using Friedman isoconversional analysis and R2 coefficient of determination of the Friedman linear fitting.
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dα
dt

⃒
⃒
⃒
⃒

α
= Aαexp

[

−
Eα

RGTα

]

f(α). (2) 

where T is the temperature, Eα is the activation energy at a certain 
conversion degree α, RG is the gas constant, Aα is the preexponential 
term, and f(α) is the conversion function standing for the kinetic model 
of the reaction. Thus, the kinetics is fully described by the parameters Eα 
and Aαf(α).

In particular, we have used Friedman’s isoconversional method [39]
which is the most straightforward method coming directly from the rate 
equation (Eq. 2). First, we discretised the degree of curing: αj = jΔα, 
where j is a positive integer number, 0 ≤ j ≤ 1001, and Δα = 0.001. As 
we performed five experiments at different heating rates, βi, from each 
experiment we were able to determine the temperature, Tj,i, and a 

transformation rate dα
dt

⃒
⃒
⃒
⃒
j,i 

corresponding to a cure degree αj. Thus, ac

cording to Eq. 2: 

ln
dα
dt

⃒
⃒
⃒
⃒
j,i
= −

Ej

RTj,i
+ ln(Af(α) ) |j. (3) 

Therefore, there is a linear relationship between lndα
dt

⃒
⃒
⃒
⃒
j,i 

and the 

reciprocal of Tj,i. From the slope and the intercept of a linear fit we were 
able to determine the activation energy and Aαf(α) related to a con
version degree αj. In Fig. 2.b we have plotted the resulting activation 
energy together with the coefficient of determination R2 of the linear fit.

The evolution of the activation energy shows that the curing process 
involves several stages: the high initial values of the activation energy 
may correspond to the uncatalyzed reaction, while the increase in the 
activation energy in the latter stages can be attributed to the diffusional 
delay caused by the increase in viscosity [40].

Once the kinetic parameters have been determined, we can then 
predict the evolution of the curing reaction for an arbitrary temperature 
program [41,42]: 

αk+1 = αk +Af(α) |k • e−
Ek
RT Δtk, (4) 

where Tk = T(tk) is the discretization of the temperature program, αk, Ek 
and Af(α) |k are α, Eα and Aαf(α) for a given temperature Tk, and Δtk is 
the time interval between Tk and Tk+1. To validate the kinetic analysis, 
we compared the predicted evolution with that obtained from the DSC 
measurement using the one measured by the DSC as thermal history; the 
Tk data set is obtained directly from the DSC recording. Fig. 2.a confirms 
that there is a good agreement between the measured and expected 
evolution of the curing reaction.

To verify that the isoconversional analysis is able to predict the re
action kinetics for an arbitrary temperature program, we have per
formed two different DSC experiments consisting of a constant 
temperature rise at 10 K/min up to a given temperature (130 ◦C or 
150 ◦C) followed by an isothermal dwell time until a full degree of cure 
is achieved. The time required for full cure is determined from the iso
conversional prediction. The results are shown in the supplementary 
information, see Figs. S4 and S5, and show a good agreement between 
the predicted and measured evolutions. In addition, we have also 
measured the glass transition temperature, Tg, to confirm that the 
samples are fully cured. For the experiments performed up to 130 ◦C and 
150 ◦C we obtained a Tg of 133 ◦C and 128.5 ◦C respectively. According 
to the manufacturer, the maximum Tg of this prepreg is 130 ◦C, so we 
can confirm that in both cases the samples are fully cured. In Fig. S6 
(supplementary information) we have plotted the DSC curves used to 
determine the Tg.

Note that the isoconversional analysis does not account for resin 
vitrification, so Eq. 4 will give inaccurate predictions for isothermal 
treatments below the maximum glass transition temperature. However, 
overheating occurs for cure rates around the maximum rate, typically for 

cure rates below 0.6. Therefore, to predict the overheating we need a 
reliable kinetic model for cure degrees below 0.6. To approach vitrifi
cation for a degree of cure of less than 0.6 we need to cure at a tem
perature far from those used in panel manufacturing. For example, for 
VTC401 we need to cure at temperatures below 50 ◦C and this means 
that the time we need to reach a degree of cure of 0.6 is more than 280 h. 
Therefore, to determine the overheating, it is reasonable to disregard 
vitrification.

2.3. The continuum model

In this section, we introduce a classical continuum model from which 
the approximate analytical model is derived in the next section. To 
check the accuracy of the analytical model, we compare it to the nu
merical integration of this continuum model. This model takes into ac
count heat generation by the curing reaction and heat propagation. 
During curing, heat dissipation is more efficient in the outer parts of a 
panel than in its centre, so that the maximum local overheating is 
located in the centre of the panel [10,13,19,42]. For relatively flat 
panels, due to symmetry, in the central part of the panel, the thermal 
gradients in the laminate plane are negligible compared to the gradients 
along the direction perpendicular to the fibres (see temperature con
tours in [13]). Furthermore, Ren et al. [43] have shown that for high 
width to thickness ratio, in the central region the accuracy of the one- 
dimensional curing simulation can satisfy the engineering re
quirements. A validity criterion for the one-dimensional heat flow 
assumption is presented in the appendix. Thus, to determine the 
maximum overheating, the heat balance during the curing process can 
be described by a one-dimensional model [5,9,16,17,44–47]: 

ρc
∂T
∂t

= k
∂2T
∂x2 + ρq

∂α
∂t

(5) 

where x is the coordinate along the thickness of the film – see Fig. 3. The 
temperature and the degree of transformation are functions of time and 
position, T(x, t) and α(x, t).

According to the isoconversional approach, the evolution of the 
curing reaction is given by: 

∂α
∂t

= Aαf(α)exp
[

−
Eα

RGTα

]

(6) 

where Eα and Aαf(α) are determined by interpolation from discretised 
set of data Ej and Af(α) |j that have been obtained from the Friedman 
isoconversional analysis, Fig. 2.b. That is, we use the result of the 
Friedman isoconversional analysis to calculate the evolution of the 
curing reaction.

For the boundary conditions, we considered that one side of the 
laminate is in perfect thermal contact with the mould, while on the other 
side heat transport is governed by thermal convection since at the 
typical curing temperature the contribution of thermal radiation is 
negligible: 

Fig. 3. Schematic representation of the geometry of the model.
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T(w) = Tm, k
∂T
∂x

⃒
⃒
⃒
⃒
x=0

= h(T(0) − Tm ) (7) 

where w (0 ≤ x ≤ w) is the laminate thickness, and Tm is the mould 
temperature. These boundary conditions also cover the case of perfect 
insulation (h = 0), as well as perfect thermal contact on both sides since, 

by symmetry, the condition T(0) = Tm is equivalent to ∂α
∂t

⃒
⃒
⃒
⃒
x=0

= 0 for a 

laminate of thickness 2w ( − w ≤ x ≤ w).
Eqs 5–7 can be rearranged in a dimensionless form; something which 

has been successfully employed to analyse the critical condition for a 
thermal runaway [48–50], Eq. 8: 

∂θ
∂τ =

∂2θ
∂χ2 + θT

∂α
∂τ,

∂α
∂τ =

1
θT

e
θ

1+εθ, θ
( ̅̅̅

δ
√ )

= 0,
∂θ
∂χ

⃒
⃒
⃒
⃒

χ=0
= θ(0)

Bi̅̅
̅
δ

√ (8) 

where θ ≡ Ea
R

T− Tm
T2

m 
is the dimensionless temperature, τ ≡ t q

c
Ea

RT2
m

Ae− Ea/RTm 

is the dimensionless time and χ ≡ x
̅̅
δ

√

w the dimensionless coordinate.
Thus, the model is completely described by four dimensionless pa

rameters, viz.: the Arrhenius parameter ε ≡ RTm
Ea

, the Todes parameter 
θT ≡

q
c

Ea
RT2

m
, the Frank-Kamenetskii, FK, parameter δ ≡ ρ q

k
Ea

RT2
m
w2Ae− Ea/RTm 

and the Biot number Bi ≡ h w
k.

To numerically simulate the continuum model, we made use of a 
fully implicit finite differences scheme [51]. We imposed the relative 
error between two iterations to be less that 10− 14. We use a spatial grid 
of 1000 equal-width intervals. Fully implicit schemes are known to be 
accurate, fast and stable. The latter is essential to deal with thermal 
runaway.

In Fig. 4, we have plotted the result of a numerical integration using 
the physical parameters summarized in Table 2 for a 27 mm thick 
laminate, which was initially thermalized at 20 ◦C and subsequently, the 
mould temperature set at 80 ◦C. We have also plotted the evolution of 
the temperature at the positions indicated in Fig. 3. For comparison, in 
Fig. 4 we have represented the measured evolution of the temperatures 
at the selected positions indicated in Fig. 1 for a 27 mm thick laminate 
and a furnace temperature of 80 ◦C. From Fig. 4 we can see that the 
numerical simulation was able to obtain a maximum overheating that 

agrees with the experimental one: i.e., the principal objective of this 
model. Table 2 also provides evidence of the agreement between the 
calculated and experimental overheating, with a standard deviation 
between the measured overheat and the corresponding numerical sim
ulations of 3.2 ◦C for the nine experiments. In the supplementary ma
terial (Figs. S7-S15) we have also plotted the nine measured evolutions 
as well as the related numerical simulations.

3. The analytical model

Beyond a critical thickness, heat dissipation cannot compensate heat 
generation, and the reaction becomes unstable, resulting in thermal 
runaway. Below this critical thickness, a thermal gradient is formed so 
that heat dissipation is equal to heat generation and the system reaches a 
steady state: the so-called subcritical state [48,49]. The maximum 
temperature difference related to this thermal gradient depends on the 
thickness of the panel. In this section we determine the critical thickness, 
wc, related to a given overheat, ΔTMax = TMax − Tm, as well as the 
maximum overheat before the steady state becomes unstable.

3.1. Critical thickness related to a given overheat, wc

Determining the thickness related to a given overheating, ΔTMax, is 
reduced to determining the dependence of the critical FK parameter, δc, 
as a function of ε, θT, Bi and θMax = ΔTMax

εTm
.

To develop the analytical model we have assumed a constant acti
vation and preexponential term [20]: 

∂α
∂t

= Ae− Ea/RT (9) 

It should be noted that the choice of the particular model is not 
essential because the critical condition occurs for a rather narrow in
terval of α.

To determine the constant activation energy and pre-exponential 
factor, we have taken the average values of Ea and Aαf(α) in the α 
range from 0.1 to 0.4. We have obtained an activation energy of 88.4 kJ/ 
mol and a pre-exponential factor of 1.0 × 109 s− 1. It should be noted that 
these values are very similar to those obtained for another prepreg 
having the same epoxy resin VTC401 [25].

In practical conditions, the maximum allowable overheat should be 
below 20 K, ΔTMax ≤ 20K, and, since Tm is typically between 400 and 
500 K, then εθ will typically be below 0.05, so to develop the analytical 
model we consider that εθ≪1. To check the validity of this approxi
mation we perform numerical calculations for different values of ε and 
compare the numerical and analytical analysis.

Besides this, to separate the contribution of the different parameters, 
we first consider the limiting case of highly exothermic reactions 
(infinite Todes parameter) and perfect upper insulation (Bi = 0). Then, 
we develop a second model that considers finite Todes values, and 
finally, a general model that also takes into account convective heat 
losses.

Case a) Highly exothermic reaction: θT→∞, εθ≪1 and Bi = 0
If we assume θT→∞, and perfect thermal insulation at the top side 

(Bi = 0), Eq. 8 reduces to Eq. 9: 

∂θ
∂τ =

∂2θ
∂χ2 + eθ, θ

( ̅̅̅
δ

√ )
= 0,

∂θ
∂χ

⃒
⃒
⃒
⃒

χ=0
= 0 (9) 

Eq. 9 has an exact analytical solution for the stationary state, ∂θ
∂τ = 0 

[42,50]: 

θ = 2ln
[

C2sech
(

C2
̅̅̅
2

√ (χ + C1)

)]

(10) 

where C1 and C2 are integration constants to be determined from the 
two boundary conditions. Note that the maximum temperature corre

Fig. 4. Solid lines: numerical evolution of the temperature (integration of Eqs. 
5–7) at the positions identified in Fig. 3. The physical parameters used in the 
integration are summarized in Table 2 and for a thickness of 27 mm and a 
mould temperature of 80 ◦C. Symbols: evolution of the temperature measured 
experimentally during the curing process of a 27 mm thick laminate when the 
oven temperature is 80 ◦C. The position and the labels of the thermocouples 
(see Fig. 1) are indicated in the legend.
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sponds to sech
(

C2̅̅
2

√ (χ + C1)

)

= 1, thus C2 = eθMax/2. Besides, from the 

condition ∂θ
∂χ

⃒
⃒
⃒
⃒
χ=0

= 0 the maximum being located at χ = 0 can be ob

tained, thus C1 = 0. Therefore, the stationary solution is: 

θ = 2ln
[

eθMax/2sech
(

eθMax/2
̅̅̅
2

√ χ
)]

, (11) 

In Fig. 5 we have plotted the temperature profile for θMax = 0.329. It 
can be seen that the temperature increases steadily from the side that is 
in thermal contact with the mould (χ =

̅̅̅
δ

√
) to the insulated side (χ =

0).
Finally, the critical condition is obtained after imposing the bound

ary condition θ
( ̅̅̅

δ
√ )

= 0: 

δc,∞,0,0 = 2e− θMax arcosh2( eθMax/2), (12) 

where the subscripts ∞ and 0 of δc,∞,0,0 stand for θT→∞, ε = 0 and Bi =

0. In Fig. 6 we compare the critical value of the FK parameter deter
mined from the analytical model (Eq. 12), and by numeric integration of 
the continuous model. The numerical data is obtained from the inte
gration of Eq. 8 with θT = 106, ε = 0.004, Bi = 0 and 
0.01 ≤ δ ≤ 0.8833. The agreement between the analytical solution and 
the numerical simulations is remarkable; the deviations are mainly 
related to the fact that the Todes parameter has a finite value.

To determine the dependence of the critical thickness on ε, we have 
integrated Eq. 8 for different values of ε and θMax in the limit of θT→∞; 
the result is shown in Fig. 7.a. Each point in Fig. 7.a is obtained by fixing 
the value of ε and determining the value of FK parameter related to the 
given θMax overheating. Afterwards, we have performed a non-linear fit. 
From the non-linear fit we can obtain the critical value δc,∞,0,0, and 
subsequently, the critical thickness from the definition of the FK 
parameter, 

wc,∞,0 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

δc,∞,0,0(1 + 0.72εθ2
Max)

a
A

1
θT

e1/ε

√

(13) 

where a = k/(ρc) is the thermal diffusivity.
Case b) Moderate exothermal. Finite values of θT.
To determine the critical thickness for finite values of θT and Bi = 0, 

wc,0, we have integrated Eq. 8 for different values of θT and θMax; the 
result of which is shown in Fig. 7.b. Each point in Fig. 7 is obtained by 

fixing the values of θT and ε, and determining the FK value related to the 
given θMax overheating. Once we know the δc,0 we can easily determine 
wc,0 from the definition of the FK parameter. In total, we have analysed 
more than 10,000 numerical cases. The numerical analysis covers a large 
range of parameters: 0.02 ≤ θT ≤ 106 and 0.01 ≤ θMax ≤ 1.1. We have 
fitted the numerical data to a power function, so the approximate 
dependence of the critical thickness on the system parameters for Bi = 0 
is: 

wc,0 = wc,∞,0

[

1+0.76
(

θMax

θT

)3.5− 1.4θMax
]

(14) 

where wc,∞,0 is the critical thickness for θT→∞ and Bi = 0, Eq. 13.
Case c) General solution, Bi ∕= 0.
In this subsection, we will quantify the effect of not having a 

perfectly insulating end. In this case, Eq. 10 also holds and C2 = eθMax/2 

but C1 ∕= 0. Indeed C1 is related to the Bi number. When Bi = 0, C1 = 0. 
Moreover, as we have discussed in the previous section, a perfect ther
mal contact on both sides is equivalent to a laminate of thickness 2w, 
then for Bi = ∞, C1 = −

̅̅̅
δ

√
/2. Thus −

̅̅
δ

√

2 < C1 < 0. Furthermore, as can 
be seen in Fig. 5, the position at which the temperature reaches its 
maximum depends on Bi: χMax = − C1, thus it shifts from the insulated 
end when Bi = 0 to the center of the laminate when Bi = ∞.

To determine the dependence of the analytical solution on the Bi 
number and on θMax we have determined C1 in Eq. 10 by imposing the 
general boundary conditions, Eq. 9. We considered four values of θMax: 
0.24, 0.6, 0.8 and 1.1, which cover most of the achievable range of 
values (0 < θMax < 1.19). As for the Bi number, we have taken the range 
from 0.001 to 1000; the result is shown in Fig. 8. As noted earlier, by 
symmetry, the case of a perfect thermal contact is equivalent to an 
insulating boundary of a double-thickness laminate, therefore the ratio 
between the critical thickness, wc, and the critical thickness for the same 
parameters but with Bi = 0, wc/wc,0, evolves from 1 when Bi = 0 to 2 for 
Bi = ∞. Moreover, Fig. 8 shows that the dependence of wc/wc,0 on θMax 

is negligible, so we can fit this dependence to a function that depends 
only on Bi wc,0

w : 

wc = wc,0

[

2 −

(

1 + 0.63
[
h

wc,0

k

]1.2
)− 1

]

(15) 

where wc,0 is the critical thickness for Bi = 0, Eq. 14.
Notice that in Fig. 8 and Eq. 15, we have taken a different 

Fig. 5. Stationary temperature profiles, Eq. 11, for different values of Biot 
parameter, θMax = 0.329 and δc,0 = 0.5.

Fig. 6. Critical value of the FK parameter as a function of the dimensionless 
overheating. Solid line theoretical prediction for θT→∞, ε = 0 and Bi = 0, Eq. 
12. Stars, numerical analysis for θT = 106, ε = 0.004 and Bi = 0.
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dimensionless parameter Bi wc,0
w = h wc,0

k instead of taking the number Bi as 
a parameter. The reason for this is to simplify the critical thickness 
calculation. If we had used the number Bi instead of h wc,0

k , determining 
wc would have been more complex because the number Bi also depends 
on wc, so that the two terms on both sides of the equality depend on wc. 
In contrast, using h wc,0

k as a parameter allows us to determine wc directly 
from Eq. 15.

To check the validity of Eq. 15, we calculated numerically the ratio 
wc/wc,0 for a Todes parameter θT = 6.486 and for three different over
heating values. The results are plotted in Fig. 9, confirming a perfect 
agreement between Eq. 15 and the numerical analysis despite the fact 
that the numerical data has been obtained for a θT far from the condition 
θT→∞. Consequently, the validity of Eq. 15 goes beyond the limit case 
θT→∞.

3.2. Critical thickness for a thermal runaway, wTR

Fig. 6 shows that for the limit case θT→∞ there is a maximum FK 
parameter value of δTR,∞ = 0.878458, i.e., for FK parameter values 
above this maximum there is no solution for the subcritical steady state. 
This means that for δ > δTR,∞ the system becomes unstable and it un
dergoes a thermal runaway (the subscript TR stands for thermal 
runaway). This value is the well-known critical FK parameter [52] that is 
related to a critical thickness, wTR,∞: 

wTR,∞ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

0.878(1 + 0.72εθ2
Max)

a
A

1
θT

e1/ε

√

(16) 

For thicknesses above wTR,∞, i.e., for δ > δTR,∞, the reaction becomes 
unstable, and the system undergoes a thermal runaway.

This critical FK parameter value is related to a critical overheat, 
θMax,TR = 1.19, see Fig. 6. This means that there is a maximum overheat 
above which the system becomes unstable, and the temperature increase 
approaches the adiabatic one. From the definition of the dimensionless 
temperature, we can determine this maximum overheat, ΔTMax,TR: 

ΔTMax,TR = 1.19
RT2

m
Ea

(17) 

For example, for a mould temperature of 500 K and an activation 
energy of 100 kJ/mol, the maximum overheat is 24.7 K. In other words, 
if during the curing process the local overheat exceeds 24.7 K, the re
action becomes unstable, and the temperature suddenly rises to a much 
higher overheat. Note, that in reference [20] parameter β corresponds to 
the FK parameter, thus the critical condition developed in ref. [20] is 
equivalent to Eq. 16, i.e., our limit condition for the limit case θT→∞.

The critical values of δTR,∞ and wTR,∞ correspond to the limit case 
θT→∞. To determine the critical thickness for finite values of Todes 
parameter, wTR, we have used Eq. 14 but replaced θMax with θMax,TR: 

Fig. 7. (a) δc,∞,0,0 symbols: 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
δc,∞,0/δc,∞,0,0

√
determined from numerical simulations for θT = 106 and different values of θMax and ε: 0.01 ≤ θMax ≤ 1.19 and 

0.004 ≤ ε ≤ 0.1. Solid line: non-linear fit. (b) Symbols: critical thickness determined from numerical simulations for ε = 0.04 and different values of θT and θMax: 
0.02 ≤ θT ≤ 106 and 0.01 ≤ θMax ≤ 1.1. Solid line: non-linear fit, Eq. 14.

Fig. 8. Lines: theoretical critical thickness as a function of the Bi number for 
different values of the temperature overheat, θMax. Symbols: fitted solution, 
Eq. 15.

Fig. 9. Symbols: critical thickness determined from numerical simulations and 
for three different temperature overheats. Line: analytical solution Eq. 15.
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wTR,0 = wTR,∞

[

1+0.76
(

1.19
θT

)1.8
]

(18) 

Finally, to determine the critical thickness for Bi ∕= 0 we use Eq. 15: 

wTR = wTR,0

[

2 −

(

1 + 0.63
[
h

wTR,0

k

]1.2
)− 1

]

(19) 

To check the validity of our solution, we used Eq. 18 to determine δTR 

as a function of Todes parameter and compare it to the most relevant 
models available in the literature [42,53–57], the result of which is 
shown in Fig. 10. Note that all models show a perfect agreement when 
θT→∞ but the differences between the models are significant for finite 
values of Todes parameter. The reason for this is that these models have 
been developed for explosive or highly energetic materials, i.e., the re
actions analysed by these models exhibit large values of Todes param
eter. However, in the case of the curing reaction of resins or prepregs, 
the values of the Todes parameter are quite low. For instance, typical 
values for an epoxy resin are: q between 30 × 105 and 50 × 105 J/kg, c is 
between 1000 and 1500 J/(kg⋅K), Ea is between 50 and 80 kJ/mol and 
curing temperatures are between 300 and 400 K [34,58–61]. Thus, the 
Todes parameter for resins is generally well below 50 (1/θT > 0.02). In 
the case of prepregs, the presence of the carbon fibre significantly re
duces the specific heat of reaction, and so the value of the Todes 
parameter is lower than that of the resin [7]. For instance, in our case 
(Table 2) the Todes parameter ranges from 9 to 12.5 in the temperature 
interval from 60 to 120 ◦C. From Fig. 10 it is clear that our model and 
that of Gebart [20] are the ones that best predict the numerical data. 
Indeed, both models have been developed to deal with the occurrence of 
thermal runaway during the curing reactions, however, our model has 
the advantage that it also takes into account convection losses and non- 
zero Arrhenius values, while Gebart’s model assumes ε = 0 and Bi = 0. 
Finally, from the agreement between our analytical model and the nu
merical simulation, we observed that the analytical solution covers a 
wide range of parameters ranging from highly energetic materials to the 
curing process of an epoxy resin.

4. Experimental validation

Once the analytical solution had been developed, we are now able to 

construct a transformation map relating the curing temperature to the 
critical thickness for different overheating and for thermal runaway. The 
result for the physical parameters of the laminates used in the experi
ments (Table 2) is shown in Fig. 11. In the supplementary material, we 
have included the Matlab/Octave code used to build this map 
(Table S2). In addition, in Fig. 11 we have indicated curing temperature, 
film thickness, and the measured overheating for the nine experiments 
performed (see Table 1). From Fig. 11, a perfect agreement between the 
predicted and measured overheating – within the experimental accuracy 
– can be confirmed.

We have also constructed this map for a different system (supple
mentary material, Fig. S16), and again we have obtained a good 
agreement between our numerical prediction and the numerical simu
lations reported in [7].

5. Conclusions

In the present work, a simple 1D model to determine the formation of 
thermal gradients within a planar geometry sample during the 
isothermal curing process of an epoxy resin was developed. The model 
considers the heat generated by the curing process, the heat dissipated 
through the sample, and different boundary conditions: perfect con
duction on one side and convective losses on the other.

Due to the simplicity of the reaction model, this model is not able to 
accurately predict the course of the curing reaction, but it is able to 
accurately determine the overheating.

From the model, we have developed analytical equations able to 
predict the critical thickness to reach a given overheating or thermal 
runaway. The analytical equations and the numerical integration of the 
model show a remarkable agreement. This analytical approach reveals 
the dependence of this critical thickness on the physical parameters: 
curing temperature, thermal conductivity, specific heat capacity, 
apparent convective coefficient, density, specific heat of reaction, acti
vation energy and pre-exponential factor.

The numerical and analytical models have been checked against 
experimental data. In total, nine experiments were carried out with 
laminates made from a commercial prepreg. Different laminate thick
nesses and curing temperatures have been analysed. The results show a 
good agreement between the experimental data, the numerical analysis 

Fig. 10. Red solid line: dependence of δTR on Todes parameter, Eq. 14. Black 
solid line dependence obtained numerically from the integration of Eq. 8 
imposing θMax = 1.19. Symbols analytical predictions of Thomas [53], Frank- 
Kamenetskii [55], Kassoy and Liñan [54], Gray and Lee [56], Babushok et al. 
[57], Sánchez-Rodríguez et al. [42] and blue line Gebart [20].

Fig. 11. Lines: analytical prediction of the curing temperatures to reach a given 
overheating, Eqs. 14 and 15, or thermal runaway, Eqs. 18 and 19, as a function 
of the laminate thickness. Table 2 shows the physical parameters used in the 
analytical prediction. The stars indicate curing temperature and thickness for 
the experiments summarized in Table 1. The label attached to the symbol in
dicates the observed overheating.
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and the analytical model.
The analytical model has been used to construct a thickness- 

temperature diagram to determine overheating and whether or not 
thermal runaway will occur, as a function of curing temperature and 
sample thickness.

The agreement between numerical simulations and analytical pre
diction covers a wide range of parameters, from highly energetic ma
terials to the curing process of an epoxy resin, so it can be applied to a 
wide variety of systems.
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Appendix A. One-dimensional heat flow criterion

To establish a bound on the width to thickness ratio for the validity of the hypothesis that heat flows in the thickness direction, we consider that 
heat flow results from the parallel combination of two different paths: the transverse path and the in-plane path. The time required for heat to dissipate 
by thermal conduction is proportional to the square of the path length divided by the thermal diffusivity. Thus, for the in-plane direction 

tl∝
l2

al 

where l is the width of the sample and al is the thermal diffusivity, al = kl/(ρc), and kl is the thermal conductivity in the in-plane direction. Likewise, 
for the transverse direction: 

tt∝
w2

at 

where w is the thickness of the sample and at is the thermal diffusivity, at = kt/(ρc), and kt is the thermal conductivity in the transverse direction. The 
heat flow through the in-plane direction will be negligible if the time required for the heat to dissipate through the in-plane direction is much greater 
than through the transverse direction: 

l2

al
≫

w2

at 

Thus, the condition for the width to thickness ratio is: 
(

l
w

)2at

al
≫1 

In our case, for the thickest panel we have a ratio l
w = 4 and if we assume that for a prepreg made of carbon fibres the thermal conductivity in the in- 

plane direction is three times that of the transverse direction [7], the condition becomes: 
(

l
w

)2at

al
≃ 5 

For the thickest panel the condition is satisfied but we approach the bound. In case the heat dissipated through the in-plane direction is not 
negligible, the heat accumulated in the central region will be lower than that predicted by the one dimensional model, and therefore the actual 
overheating will be lower than that obtained from the simulated data using the one dimensional model. From the comparison between numeric 
simulations and experimental results (Figs. S13-S15), and within the data dispersion, we cannot asses a tendency to lower overheating for the 
experimental data. Thus, the contribution of the heat transport through the in-plane direction is smaller than the experimental inaccuracies.

Appendix B. Supplementary data

Supplementary data to this article can be found online at https://doi.org/10.1016/j.compositesa.2025.108815.
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Data availability
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