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Abstract

A progressive failure model including dynamic effects and thermal residual stresses able

to simulate the failure and damage development of hybrid unidirectional polymer com-

posites under fibre tensile loading is presented. The model is used to study the influence

dynamic effects and thermal residual stresses have on the development of clusters of fi-

bre breaks and the failure process of different hybrid composites. The results obtained

show that while the dynamic effects change cluster formation, nonetheless they do not

significantly alter the final failure of the material. Overall, the influence is greater for the

more brittle materials. Although the thermal residual stresses do not affect the formation

of clusters, they can delay damage initiation and final failure by inducing compressive

stresses into the fibres.
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1. Introduction1

Fibre hybridization, obtained by mixing a Low Elongation (LE) fibre with a High2

Elongation (HE) fibre in a single matrix, is a promising strategy that can overcome the3

inherent quasi-brittle behaviour and low toughness of Fibre Reinforced Polymers (FRP)4

that leads to fibre tensile failure with hardly any prior damage symptoms [1–5]. With a5

certain hybridization, the failure process of the material can be altered, leading to hybrid6

effects and an increase in ductility [3, 4, 6–16]. At present, changes in failure devel-7

opment, thermal residual stresses and dynamic effects are the main explanations for the8

so-called effects [6, 17–19].9
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The tensile strength of brittle fibres is not deterministic and can be characterized with10

a statistical distribution. When a fibre breaks, the fibre loses its load carrying capacity11

over a distance known as ineffective length. Along this length, the neighbouring intact12

fibres are subjected to stress concentrations. Intrinsically, this stress redistribution is dy-13

namic. When a fibre fails, the strain energy sustained by the fibre is released in the form14

of a stress wave which dampens after some time. During this period, dynamic stress15

concentrations, which exceed the static, appear in intact fibres around the broken fibre16

[18, 20–24]. Currently, it has been reported that the dynamic stress concentration can be17

between 10% to 110% higher than the static depending on the configuration of the ma-18

terial [24]. As the load is increased, clusters of broken fibres start to form, which will19

eventually lead to final failure. It is, however, unclear if final failure is triggered due to20

the accumulation of damage or the unstable propagation of a large critical cluster [1]. In a21

non-hybrid composite this failure process occurs quickly, leading to a catastrophic failure.22

Nonetheless, in a hybrid composite, the formation of clusters can be altered thanks to the23

difference between the elastic and geometrical properties of the two fibre populations in24

the hybrid, leading to hybrid effects [3, 4, 7–9, 11, 15, 16].25

Two main modelling approaches can be found in the literature to predict the fibre ten-26

sile failure of composites. Global Load Sharing (GLS) [2, 10, 11, 25–28], which cannot27

capture the formation of clusters, and Local Load Sharing (LLS) [3, 4, 8, 9, 11, 12, 24, 29–28

35] which are able to do so. In general, models can predict the failure strength within an29

accuracy of around 20%, but overpredict the fibre break density at failure and underpre-30

dict the formation of co-planar clusters. In addition, compared with experiments, most31

models predict the formation of larger clusters too late. These issues have been mainly32

attributed to the omission of the dynamic effects due to fibre failure [1, 3, 5, 36].33

To study their importance, Bullegas [35], incorporated for the first time, the dynamic34

effects in the tensile failure process of non-hybrid composites using a simplified approach.35

A 10% decrease in strength was found. Moreover, the average distance between consec-36

utive breaks decreased when using the dynamic model. Such findings should have made37

the modelling results closer to the experiments. Unfortunately, they did not provide a38

direct measure of the number of co-planar clusters. Recently, Tavares et al. [24], incorpo-39

rated the dynamic effects in a spring element model using a random distribution of fibres.40
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The dynamic Stress Concentration Factor (SCF) with a plastic matrix in a non-hybrid41

composite was on average 43.2% higher, whereas it was 83.2% higher with an elastic42

matrix. Even though the dynamic effects caused an earlier formation of larger clusters,43

the number of co-planar clusters and the fibre break density did not significantly improve44

compared to the static model when an elasto-plastic matrix was considered. However, the45

authors did not study the influence the dynamic effects have on the hybrid composites.46

Therefore, the role of the dynamic phenomenon on the fibre tensile failure and cluster47

development of hybrid composites remains unexplored. Moreover, if the dynamic SCF is48

smaller in hybrid composites than in non-hybrids, hybrid effects may occur [18], but the49

importance of this has not yet been clarified.50

Another common assumption in models is to neglect the thermal residual stresses51

resulting from the manufacturing process, which appear because of the different thermal52

expansion coefficient of the constituents. Different authors have demonstrated that the53

thermal residual stresses are secondary, since they can only account for up to 10% of the54

hybrid effects [17, 37, 38]. Nonetheless, their influence on cluster development has yet to55

be studied.56

In this work, a progressive failure model [3, 4, 36], including thermal residual stresses57

and dynamic effects, is formulated. Their influence on the tensile failure process of hy-58

brid composite materials is then investigated. The paper is organized as follows: firstly,59

the progressive failure model, including dynamic effects and thermal residual stresses, is60

presented. After that, some hybrid materials are simulated under fibre tensile loading to61

assess their influence and finally some conclusions are drawn.62

2. Modelling approach63

In this section the modelling strategy of this work is presented. Firstly, an analytical64

equation to determine thermal residual stresses for each fibre population derived from65

the manufacturing process is developed. Secondly, a progressive failure model [3, 4]66

is reviewed and modified by including thermal residual stresses and dynamic effects. To67

take the dynamic effects into account, a simple approach is considered based on Bullegas’68

work [35]. After a fibre fails, a dynamic iteration is performed in which the static SCF69

caused by the new failures is increased by a given dynamic factor. If at the end of the70
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iteration no new failures occur, then the SCF values are reverted into the static conditions.71

2.1. Analytical determination of thermal residual stresses72

To determine the thermal residual stresses in a hybrid composite, two main hypothesis73

are applied following the approach in Prussak et al. [39]. Firstly, the force equilibrium in74

the fibre direction should lead to the summary of the force of all constituents (each fibre75

population and matrix) equal to zero, thus leading to76

Vf1σ
r
f1 + Vf2σ

r
f2 + Vmσ

r
m = 0 (1)

Secondly, both fibre populations and matrix should have the same strain (including me-77

chanical and thermal), thus78

σr
f1

Ef1
+ αf1 (T − Tr) =

σr
f2

Ef2
+ αf2 (T − Tr) =

σr
m

Em
+ αm (T − Tr) (2)

where Vf1, Vf2, Vm are the volume fractions (Vf1 + Vf2 + Vm = 1), σr
f1, σr

f2, σr
m are the79

longitudinal residual stresses, Ef1, Ef2 and Em are the Young’s modulus whilst, αf1, αf280

and αm are the coefficient of thermal expansion, where sub-indices f1, f2 and m refer to81

fibre populations 1 and 2, and the matrix, respectively, whereas T is the test temperature82

and Tr is the stress-free reference temperature (usually the cure temperature). By mixing83

Eq. (1) and (2), the residual stresses become84

σr
f1 = Ef1

Vf2Ef2 (αf2 − αf1) + VmEm (αm − αf1)
Ef1Vf1 + Ef2Vf2 + EmVm

(T − Tr)

σr
f2 = Ef2

Vf1Ef1 (αf1 − αf2) + VmEm (αm − αf2)
Ef1Vf1 + Ef2Vf2 + EmVm

(T − Tr)

σr
m = Em

Vf1Ef1 (αf1 − αm) + Vf2Ef2 (αf2 − αm)
Ef1Vf1 + Ef2Vf2 + EmVm

(T − Tr)

(3)

while the residual strains can be determined with εr
f1 = σr

f1/Ef1, εr
f2 = σr

f2/Ef2 and εr
m =85

σr
m/Em. Note that for a non-hybrid composite the same equations can be applied by86

simply setting the quantities of one of the fibre populations equal to zero and thus leading87

to the same equations shown elsewhere as [40, 41].88

2.2. Progressive Failure Model89

The Progressive Failure Model (PFM) [3, 4, 36] is based on the chain of bundles90

approach and consists of a Representative Volume Element (RVE) of width a, height b91

and length L which contains a random distribution of fibres of a given radius. The fibres92
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are divided into elements of length l along their longitudinal direction. For each element a93

different strength is assigned according to a statistical distribution. This leads to a domain94

of parallel tensile springs divided into planes in series. Each fibre is denoted with the95

sub-index q ∈
[
1, ..., Nq

]
, which determines the position along the X and Y axes, while96

each plane is denoted with the sub-index p ∈
[
1, ..., Np

]
, which determines the position97

along the Z axis, where Nq and Np are the number of fibres and planes respectively, see98

Fig. 1. When an element fails, the stress redistribution around the break is simulated by99

applying damage along the ineffective length of the broken fibre and stress concentration100

onto the neighbouring intact fibre elements. This approach allows fibre clustering and the101

stiffness loss of composite materials to be captured in a more computationally efficient102

way than other more sophisticated models [4, 36].103

2.2.1. Constitutive equation104

The constitutive equation which relates the element stress, σp,q, and the strain, εp,105

taking into account the residual strain now becomes106

σp,q =
SCFp,q

Ωp
Eq

(
1 − Dp,q

) (
εp + εr

q

)
(4)

where SCFp,q is the stress concentration factor (SCF) of element p, q, Eq is the Young’s107

modulus of fibre q, Dp,q is the damage state variable which is equal to 1 for broken ele-108

ments, equal to 0 for intact elements and in between for elements in any stress recovery,109

εp is the mechanical strain of the plane (which is assumed to be the same for all elements110

of plane p), εr
q is the fibre’s thermal residual strain determined with Eq. (3) and Ωp is a111

stress ratio which enforces load equilibrium at each plane.112

Calculating Ωp and εp depends on a load equilibrium condition, whereas calculating113

Dp,q and S CFp,q depends solely on an analytical model that is entered into the PFM. In114

theory, any model can be applied to predict both of them. Nonetheless, the models used115

should be consistent between them to obtain reliable results [36].116

To take into account the dynamic effects, it is assumed here that the dynamic effects117

act by increasing the static SCF by a magnification factor, as has been proposed in other118

work [35]. Thus, after a fibre element fails, a dynamic iteration is performed and the119

static SCFs caused by the new failures are increased by a given factor. If at the end120

of the iteration no new failures occur, then the SCFs are reverted into the static values.121
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Therefore the dynamic effects are included in the calculation of the SCF. In the following,122

the remaining modelling equations and model process are explained.123

2.2.2. Load equilibrium124

Because the amount of damage may be different at each plane, each plane has its own125

mechanical strain, εp. Thus, εp is evaluated according to the stiffness of the RVE, the126

current strain applied at infinity, ε0, and the residual strains. To do so, first the stiffness of127

each element, kp,q, is calculated by Hooke’s law with128

kp,q = Eq

(
1 − Dp,q

) Aq

l
(5)

where Aq is the fibre’s cross-sectional area. The stiffness of each plane, kp, and the stiff-129

ness of each plane for fibre populations 1 and 2 (f1 and f2), are then computed by assum-130

ing all elements and the matrix in the plane work in parallel131

kp1 =

Nq∑
q∈f1

kp,q kp2 =

Nq∑
q∈f2

kp,q kp = kp1 + kp2 + km (6)

where km is the matrix stiffness, km = EmAm/l, Em is the matrix Young’s modulus and132

Am the matrix’s cross-sectional area, Am = a b −
∑Nq

q=1 Aq. Next, the total stiffness of the133

system is computed by assuming all planes work in series134

K =

 Np∑
p=1

1
kp


−1

(7)

Finally, εp can be obtained by load equilibrium, as the total mechanical and thermal135

force of each plane, Fp = kpεpl + kp1ε
r
f1l + kp2ε

r
f2l + kmε

r
ml, must be equal to the force136

applied, F = Kε0L, leading to137

εp =
Kε0

kp

L
l
−

kp1ε
r
f1 + kp2ε

r
f2 + kmε

r
m

kp
(8)

where ε0 is the applied strain and εr
f1, εr

f2 and εr
m are the residual strains of fibre populations138

1 and 2, and the matrix, respectively, determined with Eq. (3).139

To maintain local load equilibrium, the aggregation of the loads of the fibres and the140

matrix at each plane, p, must be equal to the load of the plane Fp. This condition allows141
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the stress ratio Ωp to be obtained with142

Fp =

Nq∑
q=1

(
S CFp,q

Ωp
Eq

(
1 − Dp,q

) (
εp + εr

q

)
Aq

)
+

(
εp + εr

m

)
EmAm

Ωp =

∑Nq

q=1 SCFp,qEq

(
1 − Dp,q

) (
εp + εr

q

)
Aq(

kpεp + kp1ε
r
f1 + kp2ε

r
f2 − kmεp

)
l

(9)

2.2.3. Ineffective length and damage143

The ineffective length of broken fibres depends mainly on the matrix behaviour, which144

can be elastic or plastic, as debonding is omitted here [4, 36]. The matrix behaviour145

is a key factor in the modelling predictions as it changes the ineffective length and the146

magnitude of the SCF over the intact fibres [4, 12, 36, 42].147

For a plastic matrix, the model is modified as to include the residual strain. There-148

fore, the ineffective length corresponds to a modified Kelly-Tyson shear-lag model [43].149

The ineffective length includes a scaling factor, H, which scales the ineffective length ac-150

cording to the cluster size [44]. This cluster is calculated assuming that two broken fibre151

elements belong to the same cluster (c), if the distance between the centres of both fibres152

is below four times the smallest fibre radius and both elements are on the same plane p153

[4, 36]. Each cluster of plane p is represented with the sub-index p, c, with c ∈
[
1, ..., Nc

p

]
154

where Nc
p is the total number of clusters on plane p. Thus, the ineffective length of a155

broken fibre element in cluster p, c is156

Lin
p,q =

RqEq

2τq
Hp,c

(
εp + εr

q

)
=

np,cπR2
qEq

Cp,cτq

(
εp + εr

q

)
(10)

where τq is the matrix shear yield stress, Rq is the fibre radius, Cp,c = 4s√np,c, and157

where np,c is the number of broken fibres on cluster p, c and s is the overall mean distance158

between fibre centres, s = [(Rf1Vf1 + Rf2Vf2) /Vf]
√
π/Vf, where Rf1 and Rf2 are the fibre159

radius of fibre populations 1 and 2 respectively and Vf is the overall fibre volume fraction,160

Vf = Vf1 + Vf2. The damage of element p, q due to each break in the fibre q at each plane161

i is computed following the ineffective length curve as162

Dp,q =


max

Lin
i,q − |i − p| l

Lin
i,q

 ∀i :
(
Di,q = 1

)
∪

(
|i − p| l < Lin

i,q

)
0 otherwise.

(11)

If an elastic matrix is assumed, then the ineffective length is based on Cox’s shear-lag163
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model [45, 46]. For this scenario, the ineffective length depends neither on the residual164

strain nor on the mechanical strain [36], and is given by [4]165

Lin
p,q = Hp,c

√
EqRq

2Gm

(
s − 2

Rf1Vf1 + Rf2Vf2

Vf

)
ln

(
1

1 − ζ

)
(12)

where Gm is the matrix shear modulus. It is worth mentioning that this length corresponds166

to a recovery of ζ percent of the nominal fibre stress (in this work ζ = 99.9% of the167

nominal fibre stress [4, 36]). The damage is then computed with168

Dp,q =


max

exp

−
|i − p| l

Hp,c

√√√√√ 2Gm

EqRq

(
s − 2

Rf1Vf1 + Rf2Vf2

Vf

)

 ∀i :

(
Di,q = 1

)
∪

(
|i − p| l < Lin

i,q

)
0 otherwise.

(13)

Nonetheless, as was demonstrated in Guerrero et al. [4], the use of an elastic ma-169

trix may lead to inaccurate results when modelling hybrid composites. Consequently, in170

this work the matrix is assumed to be plastic and the ineffective length and damage are171

calculated with Eqs. (10) and (11).172

2.2.4. Stress concentration factor and dynamic effects173

To predict the static SCF around breaks, different models can be found in the literature174

[5, 44, 47, 48]. In this work, the proposed model, which has been used in previous studies175

and is based on the work of St-Pierre et al. [44], is applied [4]. The model is very powerful176

as it can predict the static SCF around a cluster i, c of broken fibres located on the same177

plane, taking into account the cluster size, RVE size, volume fractions, fibre radius and178

elastic properties of each fibre population. Furthermore, it can be calibrated to take into179

account different effects not present in the model [4].180

The complex dynamic effects are simulated in this work in a simple and efficient way181

by adapting the approach proposed in Bullegas [35]. When a new element fails, a dynamic182

iteration is started. The static increment of SCF produced by the cluster i, c, to which the183

broken element belongs to, is multiplied by a factor larger than 1, Md. This factor is only184

applied to the SCF produced by clusters i, c with new breaks, while it is equal to 1 for185

all other clusters i, c with no new broken elements. If no new elements fail at the end186

of the dynamic iteration, then all factors are set equal to 1 and the model reverts to static187

conditions. However, if new elements fail, then a new dynamic iteration is started. Hence,188
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the static SCF caused by any cluster i, c with new broken fibres is multiplied by Md.189

It should be noted that the proposed approach does not allow the entire dynamic pro-190

cess to be captured, as unlike other models [24], the time variable is omitted. Within this191

approach, only the instant of time at which the maximum dynamic effect is produced is192

considered. Notwithstanding, that is the only time instant of interest as any new failures193

will occur when the SCF is maximum. Therefore, this method allows for a more efficient194

simulation process. In addition, it is assumed that the behaviour is quasi-static, since dy-195

namic effects only occur as a result of new breaks and not to the applied load. Further to196

this, it is considered that the dynamic factor, Md, is independent of the number of simul-197

taneous breaks that occur in the cluster i, c, in accordance with the results of Tavares et198

al. [24].199

The static increment of SCF for an intact element p, q due to cluster i, c is given by200

∆S CF = δ·λ, where δ and λ are two functions [4]. The function δ is related to the in-plane201

distance
(
rq−c

)
between the geometrical centre of coordinates of cluster i, c and intact202

element p, q, while λ is related to the plane position along the ineffective length. Because203

an intact element can receive SCF from broken fibres from the same or other population,204

and each cluster can contain broken fibres of each population, four combinations for δ205

occur206

δ11(q−c) = I11i,c

(
Ri,c

rq−c

)α
δ22(q−c) = I22i,c

(
Ri,c

rq−c

)α
δ12(q−c) = I12i,c

(
Ri,c

rq−c

)α
δ21(q−c) = I21i,c

(
Ri,c

rq−c

)α (14)

Similarly, each cluster i, c has two ineffective lengths, the ineffective length of broken207

elements of type 1, Lin
1i,c

, and that of broken elements of type 2, Lin
2i,c

. Therefore, two208

combinations for λ occur209

λ1(p−i) =



Lin
1i,c
− l |i − p|

Lin
1i,c

∀(i, c) : l |i − p| < Lin
1i,c

Plastic matrix

exp

−
|i − p| lCi,c

2πni,cR2
f1

√√√√√ 2GmRf1

Ef1

(
s − 2

Rf1Vf1 + Rf2Vf2

Vf

)
 ∀(i, c) : l |i − p| < Lin

1i,c
Elastic matrix

λ2(p−i) =



Lin
2i,c
− l |i − p|

Lin
2i,c

∀(i, c) : l |i − p| < Lin
2i,c

Plastic matrix

exp

−
|i − p| lCi,c

2πni,cR2
f2

√√√√√ 2GmRf2

Ef2

(
s − 2

Rf1Vf1 + Rf2Vf2

Vf

)
 ∀(i, c) : l |i − p| < Lin

2i,c
Elastic matrix

(15)
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where δ11(q−c) and δ22(q−c) correspond to the static increment of SCF that an intact el-210

ement from fibre populations 1 and 2, respectively, receives due to broken fibres of211

its own type in cluster i, c, while δ12(p−i) and δ21(p−i) are the static increments of SCF212

that an element of fibre populations 1 and 2, respectively, receives due to broken fi-213

bres of a different type in cluster i, c. λ1(p−i) is the evolution of δ11(q−c) and δ21(q−c) along214

Lin
1i,c

, while λ2(p−i) is the evolution of δ22(q−c) and δ12(q−c) along Lin
2i,c

. Ri,c is the equivalent215

radius of the cluster, πR2
i,c = ni,cS 2

i,c, S i,c is the average fibre spacing of the cluster,216

S i,c =
[(

n1i,cRf1 + n2i,cRf2

)
/ni,c

] √
π/Vf, n1i,c and n2i,c are the number of broken fibres in217

populations 1 and 2, respectively, in cluster i, c, and ni,c = n1i,c + n2i,c . The exponent α is218

an input parameter which governs the maximum value of SCF and the shape of the curve.219

Its value can be adopted as α = 2 for a plastic matrix or α = 3.8 for an elastic matrix220

[4, 36, 44]. As this work assumes a plastic matrix, α = 2 will be used.221

The terms I are constants which differ for each cluster i, c and are given by222

I11i,c =


n1i,cR

2
f1R2

f2

2R2
i,c ln

(
Rt/Ri,c

) (
R2

f1Vf2 + R2
f2Vf1

) for α = 2

n1i,cR
2
f1R2

f2R−αi,c (α − 2)

2
(
R2−α

i,c − R2−α
t

) (
R2

f1Vf2 + R2
f2Vf1

) otherwise,

I21i,c =


Ef1n1i,cR

4
f1

2Ef2R2
i,c ln

(
Rt/Ri,c

) (
R2

f1Vf2 + R2
f2Vf1

) for α = 2

Ef1n1i,cR
4
f1R−αi,c (α − 2)

2Ef2

(
R2−α

i,c − R2−α
t

) (
R2

f1Vf2 + R2
f2Vf1

) otherwise,

I22i,c =


n2i,cR

2
f1R2

f2

2R2
i,c ln

(
Rt/Ri,c

) (
R2

f1Vf2 + R2
f2Vf1

) for α = 2

n2i,cR
2
f1R2

f2R−αi,c (α − 2)

2
(
R2−α

i,c − R2−α
t

) (
R2

f1Vf2 + R2
f2Vf1

) otherwise,

I12i,c =


Ef2n2i,cR

4
f2

2Ef1R2
i,c ln

(
Rt/Ri,c

) (
R2

f1Vf2 + R2
f2Vf1

) for α = 2

Ef2n2i,cR
4
f2R−αi,c (α − 2)

2Ef1

(
R2−α

i,c − R2−α
t

) (
R2

f1Vf2 + R2
f2Vf1

) otherwise,

(16)

where Rt is the RVE equivalent radius, Rt =
√

(a · b) /π.223

To take into account the interaction between different clusters, a superposition rule is224

considered. The total SCF for an intact fibre element is obtained by the linear superposi-225

tion of the SCF it receives from all clusters i, c. Nonetheless, to achieve stress continuity226
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between elements inside any ineffective length (elements where 0 < Dp,q < 1) that are not227

affected by the SCF, and subsequent intact elements (Dp,q = 0), which can be overloaded228

by the SCF, the SCF of an element is limited according to shear-lag transfer [3, 4, 36].229

Thus, the total SCF of an intact element p, q is230

SCFp,q =

 min
(
SCF0

p,q, SCFL
p,q

)
∀p, q : Dp,q = 0

1 otherwise,
(17)

where SCF0
p,q is the SCF predicted by the linear superposition of the contribution of all231

clusters, taking into account the dynamic effect using the previous δ and λ functions with232

SCF0
p,q = 1 +

Np∑
i=1

Nc
i∑

c=1

M1i,cδ11(q−c)λ1(p−i) + M2i,cδ12(q−c)λ2(p−i) ∀i, c : ni,c > 0 & q ∈ f1

SCF0
p,q = 1 +

Np∑
i=1

Nc
i∑

c=1

M2i,cδ22(q−c)λ2(p−i) + M1i,cδ21(q−c)λ1(p−i) ∀i, c : ni,c > 0 & q ∈ f2

(18)

where f1 and f2 are fibre populations 1 and 2, respectively, while M1i,c and M2i,c are the233

dynamic factors caused by new breaks in populations 1 and 2, respectively, in cluster i, c.234

As detailed at the beginning of this subsection, these factors are equal to 1 for any cluster235

i, c in which no new breaks occurred. Nevertheless, if any new broken elements of type236

1 appear in cluster i, c, then M1i,c = Md. Similarly, if new broken elements of type 2237

appear then M2i,c = Md. Therefore, many different combinations may occur because, an238

intact element may receive dynamic SCF from the two populations in the cluster or from239

only one of them, or it may receive dynamic SCF from one cluster and static SCF from240

another different cluster. Finally, SCFL
p,q is the SCF limitation for broken fibre q, and it is241

calculated as in previous work [3, 4, 36]:242

SCFL
p,q = min

 1
Lin

i,q

|i − p| l

 ∀i : Di,q = 1 (19)

2.2.5. Numerical implementation243

A uniaxial strain controlled simulation is performed along the fibre longitudinal di-244

rection by slowly increasing the applied strain, ε0. In this way, a progressive and stable245

damage process can be simulated. A step-by-step implementation of the model is shown246

in Algorithm 1. Before starting the simulation, the strength of each element is generated247

following a given statistical distribution, and if they are to be considered the thermal resid-248

ual stresses are estimated, as given in lines 1-2 of the algorithm. After that, a new loading249
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step is started by applying a uniaxial strain, see line 3. At each new iteration, y, of the250

model, the objective is to compute the stress of each element by following the procedure251

shown in lines 5-11 of the algorithm. Next, the stresses are compared with the strengths,252

as given in line 12. At this point two possibilities may arise: 1) new elements fail and,253

consequently, lines 13-16 of the algorithm are applied, or 2) no new elements fail, and254

thus lines 18-20 are employed. If no new elements fail, then the algorithm applies static255

conditions, i.e. M1p,c = 1 and M2p,c = 1 for all clusters p, c. Then a new static step, is256

started by increasing the applied strain. However, if new elements fail, a damage factor257

equal to 1 is assigned to all new broken elements. Then, all clusters p, c are determined.258

For the clusters p, c with new breaks of type 1, M1p,c = Md. Similarly for the clusters p, c259

with new breaks of type 2, M2p,c = Md is assigned. For all clusters with no new breaks260

M1p,c = 1 and M2p,c = 1. The algorithm then starts a dynamic iteration by repeating the261

whole process. The process shown continues until either all elements in a plane are bro-262

ken, or the average fibre stress of the HE fibre population has decreased in a single step,263

t, by a pre-defined percentage of the maximum load value. A small decrease of 10%, is264

enough to capture the final failure of the material and also allows computational time to265

be reduced.266

3. Methodology267

To study the influence both thermal residual stresses and dynamic phenomenon have268

on the tensile failure of hybrid composites, different materials are simulated using the269

PFM. To quantify their importance separately, the tensile behaviour is simulated three270

times: a) under static conditions (i.e. Md = 1) and without thermal residual stresses, b)271

under static conditions with thermal residual stresses, and c) under dynamic conditions272

(i.e. Md , 1) and without thermal residual stresses. For the dynamic cases, the value of273

Md is varied between 1.25, 1.43, 1.6 and 2. These values are taken from the literature:274

1.43 corresponds to the average result given in Tavares et al. [24] using a plastic matrix,275

while 1.6 corresponds to the result of Hedgepeth [20] and 2 is a theoretical maximum276

factor for a spring-mass system without damping [35]. Likewise for the thermal residual277

stresses, two extreme values (a lower bound and an upper bound) for the coefficient of278

thermal expansion of both LE and HE fibres in the materials are used to observe their279
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impact. To calculate them, the test temperature is assumed to be T = 25◦C, whereas the280

stress-free temperature is Tr = 150◦C.281

To observe the impact of the dynamic phenomenon and thermal residual stresses with282

diverse material properties, different intrayarn hybrid unidirectional composites are simu-283

lated by combining various carbon and glass fibres. These hybrids correspond to X5-T300284

(Carbon-Carbon), T300-Eglass (Carbon-Glass) and X5-Eglass (Carbon-Glass). These285

material combinations are interesting as, in all cases, the failure strain of both fibre pop-286

ulations should be fairly well apart, and all LE fibres have a relatively small Weibull287

modulus which is known to be positive for the hybrid effect [9–11]. In all cases, the ma-288

trix is always Epoxy with properties Em = 3760 MPa, τq = 50 MPa and αm = 58 · 10−6
289

◦C−1 [11, 49]. The corresponding properties of each fibre can be seen in Table 1.290

A modified version of Melro’s random fibre generator [11, 50] is used to create an291

RVE of width, thickness and length of (respectively) 75 × 75 × 300 times the largest292

fibre radius on the RVE. The element length, l, is equal to the smallest fibre diameter in293

the RVE. The overall volume fraction (Vf) is always 60%. However, because the hybrid294

volume fraction (HVF) is known to have a considerable impact on the tensile response of295

hybrid composites [4, 8, 10, 11, 51], each hybrid is simulated with an HVF of 10, 20, 30,296

40, 50 and 75%. Here, the HVF is the percentage of LE fibre volume fraction (VLE) over297

the total volume fraction (Vf), HVF = (VLE/Vf). In addition, a non-hybrid composite of298

each fibre type is also simulated.299

As in other work [3–5, 12, 36], the strength of each element in the RVE is given by a300

Weibull distribution [52]. To generate them, a random number between 0 and 1 is assigned301

for each element, Pp,q. The strength of the element, σu
p,q, is then computed according to302

the Weibull distribution function with Pp,q = 1 − exp
(
− (l/L0)

(
σu

p,q/σ0

)m)
, using the303

corresponding Weibull properties, σ0, m, L0 of the fibre given in Table 1. Because of304

the random nature of the fibre strength and the random position of the fibres, 8 runs are305

performed for each case in study. For each run, a new RVE and new element strengths are306

generated. However, the same RVEs and fibre strengths are used for the static, dynamic307

and thermal residual stress cases to allow for a fair comparison between them.308

To compare the results between simulations, different metrics are used [4]. Firstly, the309

failure strength, σult, which corresponds to the maximum stress reached by the material.310
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Secondly, the failure strain, εult, which corresponds to the strain at σult. Thirdly, the yield311

stress (σy), which is defined as the knee point at a strain of 0.1% where the stress-strain312

curve deviates from the initial linear elastic region. And fourthly, the pseudo-ductile strain313

(εd = εult − σult/E0), where E0 is the initial Young’s modulus of the composite given by314

the rule of mixtures.315

The fifth metric is the maximum cluster of broken fibres in the RVE, Nc, at failure. To316

track these clusters along the simulation, it is assumed that two broken elements belong317

to the same cluster if their distance between centres is smaller than 4 times the smallest318

fibre radius and the distance between break planes is less than 10 times the smallest fibre319

radius [4, 5, 9, 12, 36]. A cluster is assumed to be co-planar if the axial distance between320

all brake planes in the cluster is smaller than or equal to one element length, otherwise it321

is a diffuse cluster [5, 12]. It should be noted that, the maximum cluster size shown in the322

results is different from the cluster definition that was used in section 2.2.3 to calculate the323

SCFs and ineffective length. This was done to allow the damage evolution to be measured324

in the same way as it has been done in the literature.325

It is worth mentioning that the RVE volumes used in this study, which are as small as326

0.26 × 0.26 × 1.05 mm and as large as 0.6 × 0.6 × 2.4 mm, and contain as few as 1100327

fibres and as many as 4500 fibres, are small compared to a real material specimen. Due328

to the size effects present in composite materials, the strengths obtained, σult, may not be329

representative of real composites. Moreover, the Weibull distribution used to calculate the330

fibre strengths is extrapolated to the element length, l, which is very small. This is known331

to cause an overprediction of the strength. Further discussion related to size effects and332

Weibull distribution issues can be found elsewhere [36, 42].333

4. Results334

In this section the influence both thermal residual stresses and dynamic effects have335

on the failure process and cluster development of broken fibres for the different hybrids336

simulated is analysed. All results correspond to the average of 8 runs.337

4.1. Dynamic effects338

Overall, the maximum cluster size, shown in Fig. 2 a)-c), increases with the dynamic339

factor. In general, this increase seems to be larger for the composites that are less damage340
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tolerance, i.e. the non-hybrid composites and the hybrids with larger HVF. Nevertheless,341

the formation of co-planar clusters shown in Fig. 2 d)-f) presents a negligible variation342

for the dynamic factor.343

The influence of the dynamic effects on the failure strain and ductile strain is shown344

in Fig. 3. Overall, there is a minor decrease in the failure strain when the dynamic factor345

is increased. For both the X5-Eglass and X5-T300 composites, shown in Fig. 3 b) and346

c), the decrease in failure strain is larger for the non-hybrid composites than it is for the347

hybrids. However, this does not occur with the T300-Eglass composite shown in Fig.348

3 a), which presents a larger decrease of failure strain for the hybrid composites with349

HVF = 10% and HVF = 20% than it does for the non-hybrids when Md = 2. Regarding350

the ductile strain, similar trends are highlighted. In general, there is a minor decrease in351

the ductile strain when the dynamic factor is increased. This decrease is seen to be larger352

for the T300-Eglass hybrid composites with HVF = 10% and HVF = 20%.353

The failure stress and yield stress of the simulated composites is shown in Fig. 4. As354

with the failure strain, the failure strength also presents a small decrease when increasing355

the dynamic factor, although the decrease is mostly negligible. In regards to the yield356

stress, no changes at all are observed for the hybrid composites.357

The tensile behaviour predicted for each composite is seen to be very different and to358

be heavily dependent on the HVF, as illustrated in Fig. 5. A large pseudo-ductile strain of359

0.6-0.8% is predicted with the X5-T300 hybrid for an HVF of between 10-50%, whilst at360

larger HVF, brittle behaviours are obtained. An even larger pseudo-ductile strain of 1.25-361

1.5% can be observed for the X5-Eglass composite for an HVF of between 10-30%. For362

the last hybrid studied, T300-Eglass, a ductile strain of 0.6-0.8% for an HVF of between363

10-20% is found. As has been discussed, the dynamic effects lead to a slightly earlier364

failure, but do not significantly change the tensile behaviour.365

4.2. Thermal residual stresses366

The influence thermal residual stresses have on the formation of clusters is shown in367

Fig. 6. Overall the thermal residual stresses do not have a significant impact on cluster368

formation. The maximum variation in cluster size can be seen for the X5-Eglass hybrid369

composite for HVF = 30%, showing a change of 10 fibres compared to the case without370
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thermal residual stresses. For the co-planar clusters, the variation is less than 1% for all371

composites.372

The influence of thermal residual stresses on the failure and ductile strains is shown in373

Fig. 7. In some composites a minor variation of these two strains is seen when the residual374

stresses are considered. For the X5-T300 composite, the failure strain and ductile strain375

present a minor increase when αLE = 7 · 10−6 ◦C−1 and αHE = −7 · 10−6 ◦C−1 and a376

small decrease for the opposite combination. For the other two combinations of αLE and377

αHE, the results lie somewhere in between. The same trend is seen for the X5-Eglass and378

T300-Eglass composites. The ductile composites, corresponding to HVF = 10 − 30%,379

experience an increase in failure strain and ductile strain when αLE = 7 · 10−6 ◦C−1 and380

αHE = 5 · 10−6 ◦C−1, and a decrease when αLE = −7 · 10−6 ◦C−1 and αHE = 10 · 10−6 ◦C−1.381

In regards to the failure stress and yield stress shown in Fig. 8, a minor variation382

can also be observed with the thermal residual stresses. For the X5-T300 composite, the383

strength and yield stress are the largest when αLE = −7 · 10−6 ◦C−1 and αHE = 7 · 10−6
384

◦C−1, while they are the smallest when αLE = 7 · 10−6 ◦C−1 and αHE = −7 · 10−6 ◦C−1.385

Similarly, for the X5-Eglass and T300-Eglass the maximum occurs when αLE = −7 · 10−6
386

◦C−1 and αHE = 10 · 10−6 ◦C−1 and the minimum for the opposite combination. For the387

other combinations of coefficient of thermal expansion, the results lie between these.388

The tensile behaviour obtained is not shown since it is qualitatively the same as that389

illustrated in Fig. 5.390

5. Discussion391

5.1. Influence of dynamic effects392

As proved in Fig. 2, the maximum cluster size increases as the dynamic factor does.393

This can be easily understood. Since increasing the dynamic factor leads to higher SCF,394

the probability of creating larger clusters is also greater. These findings imply that the395

dynamic effects change the damage development of the materials, leading to an earlier396

formation of larger clusters in the dynamic model than in the static model. This empha-397

sizes the importance of including dynamic effects. Considering them should, in theory,398

lead to a more realistic formation of clusters compared to experiments. Nevertheless, the399
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formation of co-planar clusters is seen to be unaffected by the dynamic effects. Thus, in-400

creasing the dynamic factor does not increase the formation of co-planar clusters, as was401

supposed in the literature [5, 42]. This corresponds well to the recent findings of Tavares402

et al. [24]. Such outcomes suggest that, the underprediction of co-planar clusters seen in403

most of the models in the literature may not be related to the omission of dynamic effects.404

It should be noted that the formation of clusters depends on the specific RVE and fibre405

strengths of each run. In other words, owing to the variability of the results, some of the406

curves in Fig. 2 may intersect.407

As evidenced in Fig. 3, a minor decrease in the failure strain and ductile strain occurs408

when considering dynamic effects. In some hybrid composites such as the X5-Eglass and409

X5-T300, the decrease in failure strain is larger for the non-hybrid composites than for410

the hybrids, which suggests the presence of a small positive hybrid effect caused by the411

dynamic effects. However, this does not occur with the T300-Eglass composite which412

presents a larger decrease of failure strain for the hybrid composites comprising a low413

HVF. These results suggest that, although the dynamic effects change the formation of414

clusters, they do not have any significant influence on the final failure or on the ductility415

of the composite. This is something that corresponds well to the findings of Tavares et al.416

[24] in non-hybrid composites using an elasto-plastic matrix.417

A minor decrease in strength is also seen when considering the dynamic effects as418

illustrated in Fig. 4. The yield stress presents no changes at all due to the dynamic effects.419

This is because the yield stress depends mainly on the initiation of damage when the420

number of breaks is still small. At that point, the dynamic effects are not important.421

The tensile behaviour predicted for each composite, shown in Fig. 5, proves that a422

ductile failure process can be achieved via fibre hybridization. A very large ductile strain423

between 1.25-1.5% is obtained with the X5-Eglass composite for an HVF between 10-424

30%. That large pseudo-ductile strain is possible thanks to the fact that the failure strain425

of the two fibres in the hybrid is well apart, and the failure process is continuous. In any426

case, it can be seen that the dynamic effects lead to a slightly earlier failure, but do not427

significantly change the tensile behaviour.428

The results obtained show that the dynamic phenomenon has an effect on the forma-429

tion of clusters, leading to larger clusters at smaller strains compared to the static model.430
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Nonetheless, final failure is not significantly altered, as the failure strain and strength are431

marginally smaller in the dynamic model. The tensile behaviour is also seen to be unaf-432

fected. This contradicts the general belief in the literature that the dynamic effects consid-433

erably influence final failure [5, 42]. Additionally, if the dynamic factor is smaller in the434

hybrid composites than that of the baseline non-hybrid composites, as the work of Xing435

et al. [18] suggests, hybrid effects should occur due to the dynamic phenomenon. How-436

ever, the results presented by varying the dynamic factor, Md, show a very reduced effect.437

Therefore, the contribution the dynamic phenomenon makes to the hybrid effect seems438

to be very small. These results have been obtained by using a plastic matrix approach.439

Using an elastic matrix should lead to the dynamic effects having a greater influence on440

final failure, as pointed in Tavares et al. [24]. Nonetheless, a plastic matrix should be a441

more realistic representation of the failure process [4]. Adding the dynamic effects should442

allow a more accurate formation of clusters and, consequently, should be a step forward443

in modelling predictions.444

5.2. Influence of thermal residual stresses445

As evidenced in Fig. 6, the thermal residual stresses do not change damage progres-446

sion. However, as shown in Fig. 7, they can have a minor influence on the failure and447

ductile strains. In some material combinations, the failure strain and ductile strain increase448

when the thermal residual stresses are considered. These changes can be understood as449

being due to the magnitude of the thermal residual stresses. For the X5-T300 hybrid com-450

posites, when αLE = 7 · 10−6 ◦C−1 and αHE = −7 · 10−6 ◦C−1, the HE fibre residual stress451

is either compressive, or it is tensile albeit smaller than in the other combinations. This,452

in turn, causes a delay in the initiation of damage for the HE fibre compared to the other453

scenarios, thus leading to an increase in the failure strain and ductile strain. However,454

since the magnitude of the thermal stresses is small, the variation in the final failure is455

very reduced. A similar effect occurs with the X5-Eglass and T300-Eglass composites.456

When αLE = 7 ·10−6 ◦C−1 and αHE = 5 ·10−6 ◦C−1, smaller residual stresses in the HE fibre457

are again induced compared to the other combinations when the HVF is low. Therefore,458

either inducing compressive stresses or smaller tensile stresses into the HE fibre should459

delay the initiation of damage in the HE fibre, leading to an increase in failure strain and460

ductile strain.461
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A similar effect is seen with the failure strength and yield stress. This is again con-462

trolled by the magnitude of the thermal residual stresses. Introducing compressive stresses463

into the LE fibre increases the yield stress and failure strength because the initiation of464

damage in the LE fibre is delayed. This in itself should also increase the hybrid effect, as465

pointed out in the literature [17, 37, 38].466

The results obtained suggest that the thermal residual stresses have a negligible effect467

on cluster formation and damage evolution. Nonetheless, they can have a minor effect on468

final failure [6, 17, 38]. Inducing compressive residual stresses for the LE fibre increases469

the failure strength and yield stress of the material. Likewise, introducing compressive470

stresses into the HE fibre increases the failure and ductile strains. A combination of the471

two cases should lead to the best overall behaviour.472

6. Conclusions473

In this work, a progressive failure model including dynamic effects and thermal resid-474

ual stresses was developed. The model was used to study the effect the dynamic phe-475

nomenon and thermal residual stresses have on the fibre tensile failure process and cluster476

development of intrayarn hybrid unidirectional composite materials.477

Different metrics were used to characterize the failure process of the materials studied:478

ductile strain, failure strain, yield stress, failure stress, maximum cluster size and the per-479

centage of co-planar clusters. The different hybrids simulated presented a different tensile480

behaviour, exhibiting a ductile response at low LE hybrid volume fractions. Composites481

with larger hybrid volume fractions were found to fail in a brittle manner.482

The addition of thermal residual stresses had a negligible effect on cluster evolution483

and damage development. However, they can have some effect on the final failure of484

the material. Adding compressive residual stresses delays the damage initiation for the485

LE fibre, leading to an increase in the failure strength and yield stress of the material.486

That in itself leads to an hybrid effect. Likewise, adding compressive stresses to the HE487

fibre delays the initiation of damage in the HE fibre, increasing both the failure strain488

and ductile strain. Combining both scenarios in the right measure should lead to the best489

overall behaviour.490

The dynamic effects were found to have a considerable influence on cluster forma-491
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tion and damage evolution compared to the static model. When the dynamic model was492

employed, larger clusters were always obtained. Thus, the formation of larger clusters493

occurred earlier in the dynamic model. This should lead to a more realistic formation of494

clusters compared to experiments, as was pointed out by Swolfs et al. [5]. Nonetheless,495

the influence on final failure was very minor, with a negligible decrease in failure strain496

and strength being noted. Despite their minor effect on final failure, a remarkable fact497

is that some hybrid composites experienced a smaller influence of the dynamic effects498

compared to the baseline non-hybrid composites, which suggests a small positive hybrid499

effect caused by the dynamic phenomenon. Therefore, the influence of the dynamic ef-500

fects on final failure is very dependent on the material system. Although, the impact of501

the dynamic effect on final failure was negligible, adding dynamic effects should allow a502

more realistic prediction of cluster formation, thus closing the gap between models and503

experiments. However, at this point it is impossible to further validate the results from504

this work due to the lack of experimental data. The literature needs more experimental505

results, especially with hybrid composites, to be able to improve the available models.506
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Figure 1: Schema of the RVE employed in the PFM: a) isometric view, b) plane view.
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T300-Eglass X5-Eglass X5-T300

Figure 2: Effect of the dynamic factor on the formation of clusters. From a) to c), the maximum cluster
size, in number of broken fibres, is shown within the T300-Eglass, X5-Eglass and X5-T300 composites re-
spectively. From d) to f), the percentage of co-planar clusters are shown within the T300-Eglass, X5-Eglass
and X5-T300 composites respectively. The average of 8 runs is shown for each material configuration.
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a) b) c)

d) e) f)

T300-Eglass X5-Eglass X5-T300

Figure 3: Effect of the dynamic factor on the failure strain and ductile strain. From a) to c), the failure
strain is shown within the T300-Eglass, X5-Eglass and X5-T300 composites respectively. From d) to f),
the ductile strain is shown within the T300-Eglass, X5-Eglass and X5-T300 composites respectively. The
average of 8 runs is shown for each material configuration.

a) b) c)

d) e) f)

T300-Eglass X5-Eglass X5-T300

Figure 4: Effect of the dynamic factor on the failure stress and yield stress. From a) to c), the failure stress
is shown within the T300-Eglass, X5-Eglass and X5-T300 composites respectively. From d) to f), the yield
stress is shown within the T300-Eglass, X5-Eglass and X5-T300 composites respectively. The average of 8
runs is shown for each material configuration.
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Figure 5: Simulated stress-strain curves with each hybrid composite material for different dynamic factors,
Md.
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a) b) c)

d) e) f)

T300-Eglass X5-Eglass X5-T300

Figure 6: Effect of the thermal residual stresses on the formation of clusters. From a) to c), the maxi-
mum cluster size, in number of broken fibres, is shown within the T300-Eglass, X5-Eglass and X5-T300
composites respectively. From d) to f), the percentage of co-planar clusters are shown within the T300-
Eglass, X5-Eglass and X5-T300 composites respectively. The average of 8 runs is shown for each material
configuration.

a) b) c)

d) e) f)

T300-Eglass X5-Eglass X5-T300

Figure 7: Effect of the thermal residual stresses on the failure strain and ductile strain. From a) to c), the
failure strain is shown within the T300-Eglass, X5-Eglass and X5-T300 composites respectively. From d)
to f), the ductile strain is shown within the T300-Eglass, X5-Eglass and X5-T300 composites respectively.
The average of 8 runs is shown for each material configuration.
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a) b) c)

d) e) f)

T300-Eglass X5-Eglass X5-T300

Figure 8: Effect of the thermal residual stresses on the failure stress and yield stress. From a) to c), the
failure stress is shown within the T300-Eglass, X5-Eglass and X5-T300 composites respectively. From d)
to f), the yield stress is shown within the T300-Eglass, X5-Eglass and X5-T300 composites respectively.
The average of 8 runs is shown for each material configuration.
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Fibre type
Fibre properties Weibull parameters

Ef [GPa] Rf [µm]
αf [◦C−1]

m [-] σ0 [MPa] L0 [mm]
Low High

T300 232 3.5 −0.7 · 10−6 0.7 · 10−6 5.10 3170 25
X5 520 5.05 −0.7 · 10−6 0.7 · 10−6 6.1 2500 25

Eglass 72 8 5 · 10−6 10 · 10−6 13 2500 25

Table 1: Fibre properties.
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Algorithm 1 Progressive Failure Model algorithm
Input: RVE domain and model data (material properties, model options, etc.)
Output: Stress-strain curve, break density, cluster progression, etc.

1: Generate the strength of each element, σu
p,q

2: Calculate thermal residual stresses with Eq. (3) if considered
3: Start new step t + 1: increase ε0

4: Start new iteration y + 1
5: Estimate kp,q, kp1 , kp2 , kp,K, εp with Eqs. (5)–(8) using the latest known values of

damage, Dp,q

6: if There are broken elements then
7: Calculate Lin

p,q,Dp,q of broken fibres with Eqs. (10) and (11) if the matrix is plastic,
or Eqs. (12) and (13) if it is elastic

8: Calculate SCF with Eqs. (14)–(19) using the latest known values of M1p,c and
M2p,c

9: Re-calculate kp,q, kp1 , kp2 , kp,K, εp with Eqs. (5)–(8) using the updated values of
damage, Dp,q

10: end if
11: Calculate Ωp and σp,q with Eqs. (4) and (9)
12: if Any σp,q > σ

u
p,q then

13: Set Dp,q = 1 to all new broken elements
14: Determine all clusters p, c
15: For all clusters p, c in which new broken elements of type 1 appeared, M1p,c = Md.

For all clusters p, c in which new broken elements of type 2 appeared, M2p,c = Md.
For all clusters with no new breaks, M1p,c = 1 and M2p,c = 1

16: Start dynamic iteration: go to line 4 if end criteria is not met, otherwise go to line
22

17: else
18: Set all M1p,c = 1 and M2p,c = 1
19: Reset iteration counter: y = 0
20: Start new static iteration: go to line 3 if end criteria is not met, otherwise go to

line 22
21: end if
22: Output simulation data and stop
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