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ABSTRACT This article presents the design and implementation of a complex-order fractional proportional–
resonant (COFPR) controller. The proposed COFPR controller is an evolution of the fractional proportional–
resonant (FPR) controller suitable for high-frequency tracking. The best performance of the COFPR
controller is obtained by reducing the excitation region promoted by FPR controllers and proportional–
resonant (PR) controllers. The COFPR controller is analyzed in the frequency domain. For comparison
purposes, proportional–resonant with harmonic compensator, FPR, and COFPR controllers are designed
for the current regulation of a voltage-source converter. They are compared considering the same controller
gain tuning criteria and the same phase margin. A set of simulations and experimental results on a 3.6-kVA
gallium nitride inverter is discussed. The proposed COFPR controller performs superiorly at high frequencies
when the same gains for the controllers are used. The COFPR controller can reduce excitation regions in
PR controllers tuned with a similar phase margin without losing close tracking capability. This advantage
promotes the COFPR controller as a proper alternative regarding program memory and execution time
required, as it can be properly implemented within a specific frequency range by an approximation of third
or fourth order.

INDEX TERMS Current control, fractional exponents, grid-following inverters, resonant controllers.

NOMENCLATURE
∼ Approximation.

AC Alternative current.
COFPR Complex-order fractional proportional–

resonant.
COFR Complex-order fractional resonant.
COPID Complex-order proportional–integral–

derivative.
CO Complex-order.
DC Direct current.
DSP Digital signal processor.
FOC Fractional-order control.
FPR Fractional proportional–resonant.
FR Fractional resonant.

GaN Gallium nitride.
GM Gain margin.
HC Harmonic compensator.
IMC-CFOPID Internal model control complex fractional-

order proportional integral derivative.
IMC Internal model control.
Mod-CFOPID Modified internal model control complex

fractional-order proportional integral deriva-
tive.

PD Proportional derivative.
PID Proportional integral derivative.
PIHC Proportional integral with harmonic compen-

sator.
PI Proportional integral.
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PLL Phase-locked loop.
PM Phase margin.
PRHC Proportional–resonant with harmonic com-

pensator.
PR Proportional–resonant.
RO Real order.
VSC Voltage-source converter.
ZOH Zero-order hold.

I. INTRODUCTION
Alternative magnitude tracking, such as voltage and current
in VSCs, poses significant challenges that are crucial for in-
dustrial applications, such as active filters, integration, and
battery–grid integration, among others.

Many control strategies have been developed to address
these challenges, including hysteresis control, IMC, and ro-
tating reference frame control [1], [2], [3]. However, PI and
PR controllers are more commonly used controllers for regu-
lation. Furthermore, PI and PR controllers are known for their
narrow bandwidth control capabilities, making them selective
to tuned frequency tones [4], [5]. One extended strategy to
overcome the PI limitations is to use a synchronous reference
frame to move ac magnitudes into dc [6]. This is done using
PLL algorithms. However, conventional PLLs are limited to
a single frequency value and determine the outcome dynam-
ics [7], [8]. Various approaches, such as the use of PIHC or
PRHC, have been proposed to mitigate the mentioned band-
width narrowness [9], [10], [11]. These alternatives increase
complexity, computational burdens, and tuning difficulties,
impacting the stability and robustness analysis.

Fractional calculus, introduced in control in the late 1990s,
offers additional degrees of freedom for control objectives.
Fractional-order calculation, dating back to Leibniz and Hôpi-
tal in 1695, utilizes noninteger orders, including complex
values [12]. FOC has been applied to improve modeling, en-
hance control, and provide additional degrees of freedom [13],
[14], [15]. Recent efforts focus on robust tuning criteria and
industrialization of FOC controllers [15], [16], [17], [18].

In ac regulation applied to VSCs, FOC has shown promise,
as seen in examples that improve time response and dis-
turbance rejection in PI controllers [19], [20], [21], [22].
The FPR controller was introduced in 2016 [23] and later
renamed as fractional ideal PR controller in 2021 [24].
Studies have shown how FPR increases control bandwidth
with a lower computational burden compared to PRHC con-
trollers [25]. The existing studies primarily focus on current
regulation [21], [24], [25]. However, FPR controllers present
an excitation region where certain frequency components are
coupled to the desired output current. This consequence im-
pacts the quality of the delivered current.

This article aims to extend the use of FOC controllers,
focusing on the current ac regulation challenge. In this case,
an extended formulation for the FR controller is proposed
based on the form sα/(s2 + ω2

0 ). In the FR conventional form,
α is a real value, and ω0 corresponds to the desired resonant
frequency. The proposed extension uses a complex exponent

for the sα-Laplace variable, becoming sγ with γ constituted
by real and complex terms. This way, the COFPR controller
is defined when proportional and integral gains are added to
the FPR controller, assuming sγ . Results demonstrate that the
COFPR controller can better track high frequencies without
losing tracking capability at the low-frequency range com-
pared with FPR controllers. Moreover, the COFPR controller
overcomes the excitation region issue of RO-FPR, PR, or
PRHC controllers. This enhancement is achieved using a
COFPR controller with a lower order blue or similar order
compared to an equivalent PRHC when the same controller
gains or the same PMs are imposed. The low-order implemen-
tation enables the use of this controller in applications where
cyclic execution time is critical.

The rest of this article is organized as follows. Section II
introduces the contribution of this article. This section defines
the state of the art of noninteger controllers, poses the basics
of CO s-Laplace operators, and proposes the COFPR con-
troller and the plant to which the COFPR controller is applied.
Section III presents a control analysis based on the frequency
domain and exposes a procedure to obtain the approximated
form of the controller. Section IV stages the simulated and
experimental tests, followed by a qualitative discussion of the
results in Section V. Finally, Section VI concludes this article.

II. CONTRIBUTION
A. STATE OF THE ART OF NONINTEGER CONTROLLERS
A COFPR controller is an extension of the FR controller
based on the sα/(s2 + ω2

0 ) transfer function. The extension
is achieved by expanding the orders of the derivative term
to include complex numbers and by including gains on the
controller.

Many control applications have exploited fractional-order
controllers to achieve new controller formulas. This fractional
alternative opens new degrees of freedom usable for tuning
purposes. A summary table of the FOC formulas used by
different authors in control applications can be seen in Ta-
ble 1 [12], [25], [26], [27]. In Table 1, the orders n, λ, μ,
and α of controller actions are real numbers in the range
of 0 and 2, the term kx represents the controller gains, and
ωx represents angular pulsations used for tuning purposes.
Only IMC-CFOPID, Mod-CFOPID, and COPID controllers
explore the use of the imaginary part on the operator sx. The
authors proposing to use CO on the s-Laplace operator have
concluded that these controllers outperform the real equiv-
alent controllers but increase the complexity of the design
process. This difficulty resides in extra degrees of freedom to
tune and use approximations to obtain a programmatic form.

To the best of the authors’ knowledge, as seen in Table 1,
there are no existing studies on applying CO forms to resonant
controllers, as proposed in this article. Consequently, intro-
ducing the complex term provides new opportunities to utilize
an additional degree of freedom for managing the system’s
frequency response.

44 VOLUME 6, 2025



TABLE 1. State of the Art of Noninteger Controllers

B. BASICS OF THE COMPLEX FRACTIONAL-ORDER
OPERATOR sγ

The fractional-order γ differentiator in the Laplace domain is
typically defined by

Gd (s) = sγ (1)

with γ being described by α + jβ. Note that (1) comes from

L{aDγ
t f (t ); s} = sγ F (s) (2)

where

aDγ
t f (t ) = 1

�(n − α)

dn

dxn

∫ x

a
(x − tn−α−1) f (t )dt (3)

as indicated in [28]. When dealing with COs, the derivative
may show oscillatory characteristics because of the imaginary
component (β), while the fractional part introduces memory
effects (α). Integrating fractional order and CO makes op-
erators responsive to functions’ local and overall properties,
allowing them to capture finer details of a function’s behavior
over a given range. These properties can be applied to the
control theory, obtaining new and advanced dynamic system
responses or novel modeling alternatives.

The corresponding isochronous form from (1) is

Gd ( jω) = jαωαe−β π
2 (cos(β ln ω) + j sin(β ln ω)). (4)

From (4), it is possible to analyze the effect on the frequency
behavior when α and β are swept in [0, 1] and [−1, 1],
respectively. For easy understanding, in Figs. 1 and 2, only
one of the complex γ components, α or β, is swept. On the
one hand, when β is null, the module of (4) yields

|Gd ( jω)| = ωα [abs] (5)

while the phase is

arg (Gd ) = α
π

2
[rad] . (6)

On the other hand, when α is null, the magnitude is defined
by

|Gd ( jω)| = e−β π
2 [abs] (7)

and the phase by

arg (Gd ( jω)) = β ln(ω) [rad] . (8)

It can be deduced that any fractional alternative provides an
extra degree of freedom to modify the frequency response of
the system from (5) to (8). The α and β components allow
the modification of the phase in a controlled way to use this
variability to lead or lag the delay introduced by the controller.
In terms of gain, the α term introduces an increasing gain over
the frequency, while the β term manages the controller gain
constantly in the full frequency range.

C. PROPOSED COFPR CONTROLLER
A causal RO-FR controller, i.e., α ≤ 2, with the transfer func-
tion

GFR(s) = sα

s2 + ω2
0

(9)

is used as the basis for its extended version, the COFR con-
troller. First, Fig. 3 recalls the affectation of α with null β

in the frequency domain when ω0 is set to 100π rad/s [25].
It can be deduced from Fig. 3 that positive α values help to
hugely increase the gain in the vicinity of ω0. In terms of
phase, positive α values lead the phase response at all the
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FIG. 1. Bode diagrams for sα, α ∈ [0, 1]. (a) Gain. (b) Phase.

frequency ranges, as introduced by (6). Strictly, the phase of
the FR controller is modified concerning a conventional PR
controller by

φFR = φPR + α
π

2
[rad] . (10)

Once the FR controller is outlined, the COFR controller can
be defined and analyzed. Thus, the FR controller is expanded
to a COFR controller as

GCOFR(s) = sα+ jβ

s2 + ω2
0

. (11)

As presented in Section II-B, the inclusion of the imaginary
part to (9) adds high nonlinearity. Due to this high nonlinear-
ity, the Bode diagram of the COFR controller is presented in
two ranges: β from −1 to 1 (see Fig. 4) and β from −0.1
to 0.1 (see Fig. 5). The α value is held constant and set to

FIG. 2. Bode diagrams for s jβ, β ∈ [−1, 1]. (a) Gain. (b) Phase.

1.5. Similar conclusions can be deduced for any α ∈ (1, 2).
Thus, from Fig. 4, it can be concluded that positive β values
increase the full range gain at both sides of ω0, while negative
values produce the opposite effect. This effect is similar to
the one obtained using the α component. However, using
the imaginary β component affects the phase response more
intensively. It can be seen in Fig. 4 that it is not possible to
define a unique lag/lead behavior corresponding to the β value
itself, not even due to the sign of β. However, if β is small
enough, i.e., β < |0.1|, some deductions can be drawn (see
Fig. 5). When β is small, the COFR controller offers a sign
bias resonance phase at ω0. This bias matches in sign with the
polarity of β. Also, the phase always increases or decreases
in absolute terms according to the sign of β: the positive
sign indicates that the phase increases, and the negative sign
indicates that it decreases.
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FIG. 3. Bode diagrams of (9) for α ∈ [−1, 1]. (a) Gain. (b) Phase.

Finally, once the effect of a complex noninteger FR con-
troller is analyzed, the COFPR controller emerges as

GCOFPR(s) = kp + ki
sα+ jβ

(s2 + ω2
0 )

(12)

where kp and ki are the corresponding controller gains.

D. MATHEMATICAL MODEL OF THE PLANT
The proposed COFPR controller will be designed to control
the output current of an inverter, iL(t ). This current flows
through an inductive coupling filter with a transfer function

Gp(s) = IL

Vs
(s) = 1

Ls + RL
(13)

where L is the inductance (in henries), RL is the equivalent
series resistance of L (in ohms), IL(s) is the current through

FIG. 4. Bode diagrams for the COFR controller of (11) for β ∈ [−1, 1]. (a)
Gain. (b) Phase.

the inductance (in amperes), and Vs(s) is the voltage drop of
the inductance (in volts).

For computations, and without loss of generality, it will be
considered a real system with specific parameters as a case
study. This system is the output inductive filter of a GaN
inverter switched at 120 kHz. Upon identifying the system, its
parameters are defined by L = 80 μH and RL = 10 m
. As the
control of the GaN inverter will be intrinsically discrete, (13)
is converted to discrete using ZOH transformation, yielding

Gp(z) = eRLTs/L − 1

RL
(
eRLTs/Lz − 1

) = 0.10384

z − 0.9938
(14)

for further validation.
Note that according to [29] and [30], the phase lag caused

by the inductive filter almost reaches a constant value of
π/2 rad a decade above a frequency named as f90. This
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FIG. 5. Bode diagrams for the COFR controller of (11) for β ∈ [−0.1, 0.1].
(a) Gain. (b) Phase.

frequency can be computed as

f90[Hz] = 5RL

L
. (15)

f90 results in more than 4 kHz for the selected parameters.
Also, in [29] and [30], it is exposed that two samples are
required to compensate the phase for solving instability prob-
lems that appear for

f1h

fs
> 0.1 (16)

where h is the harmonic component, f1 is the fundamental
frequency, and fs is the sampling frequency. In this case,
h is 240, i.e., the phase for solving instability will start at
about 12 kHz. Since the control bandwidth will be focused
on frequencies below 12 kHz, the phase compensation of the
plant is not considered in this work.

TABLE 2. List of Controllers Used for Comparison Reasons

III. ANALYSIS AND DESIGN
A. FREQUENCY-DOMAIN ANALYSIS BASED ON THE SAME
CONTROLLER GAINS
This section aims to analyze the closed-loop tracking capa-
bility of the proposed COFPR in contrast with two other
controllers, i.e., an FPR controller and a PRHC controller, all
listed in Table 2.

In this section, all controllers consider the same gains. This
approach enables the evaluation of the controllers’ intrinsic
properties, establishing a consistent and common baseline
for control performance across different controllers. All the
controllers will use k1 set at 2, k2 set at 200, and ω0 set at
100π rad/s. These gains have been obtained following the
procedure described in [31] for PR controllers. In [31], it is
described as an option to tune the PR controllers using the
desired dynamic at 50 Hz. Then, the settling time for 50 Hz is
set to 0.3 ms and the damping coefficient to 0.45 (low damping
factors are adequate for grid synchronization [30]). The har-
monic components are tuned by scaling the fundamental gain
according to the harmonic order (n). Since the fundamental
frequency typically carries the most significant portion of the
signal’s power, dividing the harmonic gains by the factor n
ensures that the components are properly balanced and not
overcompensated relative to the fundamental frequency.

Furthermore, for the FPR and COFPR controllers, the α

value is common and set at 1.5. A procedure to select a proper
α can be found in [25]. In this case, the α value of 1.5 results
in a tradeoff between evolving a PR controller into an FPR
one without compromising in excess the stability margins.

As described in Table 2, the PRHC controller uses n equal
to 3, which means 50, 150, 250, and 350 Hz. This results in a
controller of order 8, whereas the FPR and COFPR controllers
are ideally of order 2. As mentioned, the PRHC controller
only achieves controlled tones up to 350 Hz. To maintain
a consistent comparison criterion based on controller order,
no more HCs are considered. Also, it could be possible to
replace one low-order HC for a high-order HC, for example,
replacing n equal to 3 in Table 2 to 20. In this last case, phase
compensation is required. However, this will affect the phase
tracking capability between n equal to 2 and 19.

1) TRACK CAPABILITY AND FREQUENCY RESPONSE
Figs. 6 and 7 show the continuous-time closed-loop Bode
diagrams for the plant defined in (13) and the proposed con-
trollers. In Fig. 6, the β values considered are close to the
null value. Thus, the nonlinearity promoted by the complex
term is reduced. A positive β value near zero helps to reduce
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FIG. 6. Closed-loop Bode diagrams for the COFPR controller with α = 1.5,
β ∈ [−0.05, 0.05], k1 = 2, and k2 = 200. (a) Gain. (b) Phase.

the excitation region promoted by FPR controllers with a
minimum affectation in the phase response. In Fig. 7, it can be
observed how the nonlinearity introduced by higher β values
produces a change in the closed-loop response that cannot be
analyzed practically. For β higher than |0.1|, it is proposed to
draw the closed-loop Bode diagram and analyze the feasibility
of the controller in terms of stability and robustness case by
case. All COFPR or FPR controllers are superior in gain and
phase tracking over traditional PRHC controllers if the same
controller gains are considered. Furthermore, from Figs. 6
and 7, it can be deduced that the PRHC controller defines
an interexcitation and big delay outside the tuned harmonic
frequency tones to track.

2) STABILITY
This section analyzes the effect of including the complex term
β in terms of stability. For this purpose, the corresponding
open-loop Bode diagrams from the frequency analysis pro-
posed in Section III-A1 are depicted in Fig. 8. Strictly, it is
only considered the case where the β term is near the null
value, as shown in Fig. 6. This scenario responds to the case

FIG. 7. Closed-loop Bode diagrams for the COFPR controller with α = 1.5,
β ∈ [−0.5, 0.5], k1 = 2, and k2 = 200. (a) Gain. (b) Phase.

FIG. 8. Open-loop Bode diagrams for the COFPR, FPR, and PRHC controller
with α = 1.5, β ∈ [−0.05, 0.05], k1 = 2, and k2 = 200. (a) Gain. (b) Phase.

where the behavior is more linear. The stability margins, GM
and PM, are shown in Table 3, obtained from Fig. 8 are
collected. In all cases, the GM is infinite. There is a trend for
positive β values to increase the PM. In contrast, negative β

values reduce the PM. For the case under study, from Fig. 8,
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TABLE 3. GM and PM for Different β Values When Used in COFPR and FPR
Controllers

which also includes the PRHC controller, the GM and PM are
close to the case where β is 0.05.

B. FREQUENCY-DOMAIN ANALYSIS BASED ON THE SAME
PM
This section aims to analyze the closed-loop tracking capabil-
ity of the proposed COFPR in contrast with a PR controller
tuned by PM criteria. By implementing this alternative tun-
ing approach to the method presented in Section III-A, we
facilitate a comparison with a minimum-order PR controller
designed to maintain a specified PM. This comparison offers
valuable insights into the robustness characteristics of the
COFPR controller in relation to the PR controller.

Considering the PR controller defined by (12) when α is
1 and β is null, and the plant system defined by (13), it is
possible to compute [32]

Gc( jω)G( jω) = e− jπ−φm = cos(φm) − jsin(φm) (17)

where Gc( jω) represents the controller transfer function in
the frequency domain, G( jω) is the controller, and φm is the
desired PM. Thus, (17) defines an equation that can be applied
to obtain the controller’s gains for a desired PM at a specific
frequency ω set at ωPM. Thus, the PR controller proportional
gain tuned by the PM can be computed as

kpPM = −cos(φm)RL + sin(φm)LωPM (18)

while the integral gain is

kiPM = (ω2
PM − ω2

0 )(sin(φm)RL + cos(φm))LωPM

ωPM
. (19)

The COFPR controllers use the gains tuned at Section II-
I-A, i.e., kp equal to 2 and ki equal to 200. From Fig. 8, it is
possible to see that the PM of the open loop results in about
85◦ at 1 kHz when α is set to 1.5 and β is selected to be 0.05
for the mentioned controller gains. From this consideration,
two specifications are defined.

1) Taking 1 kHz as ωPM and assuming 85◦ as φm, it is
possible to compare the COFPR and a simple PR of
order 2 in terms of stability by fixing a controllability
desired window up to 1 kHz. Considering (18) and (19),
the PR is tuned obtaining a kpPM equal to 0.49 and a kiPM

equal to 649.2.

FIG. 9. Bode diagrams of the open-loop system for PR controllers tuned
under PM criteria and COFPR controller tuned according to Section III-A.
(a) Gain. (b) Phase.

2) Increasing ωPM to 8 kHz is also proposed, maintaining
the PM at 85◦. This frequency of 8 kHz has been con-
sidered because, as seen in Fig. 8, the phase starts to be
flat from this frequency tone. In this case, kpPM is equal
to 4.0 and a kiPM is equal to 20 620.

Figs. 9 and 10 represent the open- and closed-loop bode dia-
grams comparing the COFPR controller tuned in Section III-A
and the two PR controllers tuned by PM criteria at 1 and
8 kHz, respectively. In Fig. 9, it can be seen that the COFPR
and PR controllers tuned when ωPM is equal to 1 kHz match at
that frequency in terms of GM. In contrast, the PR controller
tuned at ωPM equal to 8 kHz presents the desired PM at 8 kHz
but offers lower stability margins from 50 Hz to 3 kHz than
the COFPR controller and the PR controller tuned at 1 kHz by
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FIG. 10. Bode diagrams of the closed-loop system for PR tuned under PM
criteria. (a) Gain. (b) Phase.

PM. Moreover, as shown in Fig. 10, when the frequency anal-
ysis is moved to the closed-loop point of view, it is possible
to observe that the PR tuned by PM at 8 kHz presents better
overall behavior. However, the COFPR nullifies the excitation
regions. Note that this excitation region is about 0.5 dB at
1500 Hz on the PR controller tuned at 8 kHz by PM and for
the study case.

C. APPROXIMATION FORM FOR THE COFPR CONTROLLER
The primary challenge with noninteger controllers is their lack
of direct implementability. Consequently, from a mathemati-
cal perspective, they can only be analyzed in the frequency
domain, as discussed in the preceding sections. Therefore, any
noninteger controller must be approximated [12], [33]. Thus,
this approximation procedure is required for any application,
in which a fractional controller, real or complex, needs to be
implemented; such is the case of using fractional controllers

for power electronics [15], [34]. The step-by-step process for
designing the controller is proposed as follows.

1) Plot the closed-loop bode diagrams and get one β value
that satisfies the desired frequency response regarding
gain and phase.

2) Choose a frequency range, [ωl, ωh], to calculate an
approximation for the proposed noninteger controller
within the selected range and define an order N for the
approximation.

3) From steps 1 and 2, obtain the frequency response data,
H , i.e., for each pair [frequency ( f ), magnitude (M)]
and [frequency ( f ), phase (φ)] to compute

H = M · ejφ. (20)

4) Create frequency response data H models to convert
dynamic system models to a frequency response data
model format.

5) Use an optimization process or tool to obtain the desired
approximation from H and order N . For the follow-
ing sections, the μ-synthesis method is used for the
approach of H . This technique is commonly used for
robust control system design for an uncertain plant.

6) Compare and validate if the approximation is accurate
enough for a desired frequency range. This frequency
range can be different from [ωl, ωh], but it should be
contained in the last one.

7) Check the system stability with the obtained approxi-
mation in the last step.

Steps 4–6 can be substituted by any other preferred approx-
imation, as suggested in [33]. For example, Oustaloup’s or
Carlson’s approximations are possible approximations based
on rational recursive formulation and Newton’s-based itera-
tive formulas to approximate the controller’s transfer function.
However, these alternatives are only valid for the real part of
the complex FR controller.

Treating the stability issue from an analytical perspective
is tedious due to the high nonlinearity of the COFPR. Thus,
it is proposed to analyze the stability from the approximation
GCOFPR∼(s). In this sense, any stability analysis technique can
be used once the approximation is obtained.

IV. RESULTS
A. SIMULATIONS
1) APPROXIMATION OF THE COFPR CONTROLLER
Following the mentioned steps in Section III-C, from Fig. 6,
it is selected to use α equal to 1.5 and β equal to 0.05. This β

value reduces the excitation from 5% in the FPR controller
case to less than 0.1% in a COFPR controller. The delay
at 2000 Hz is moved from 17◦ to 15◦. Consider [ωl, ωh] =
[20, 104] Hz and order N equal to 3 and 4. The obtained
approximation for

GCOFR(s) = s1.5+ j0.05

(s2 + (100π )2)
(21)
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FIG. 11. Bode diagrams for the COFR controller proposed in (21) for
different-order approximation suggested in (22) and (23). (a) Gain. (b)
Phase.

in the case of order 4 yields

GCOFR∼3 (s) =

= 0.01463(s + 2613)(s + 223.6)(s − 109.1)

(s + 907.7)(s2 + 9.87e04)
(22)

and for order 5

GCOFR∼4 (s) =

= 0.0136(s + 3968)(s + 914.3)(s + 189.4)(s − 105)

(s + 1967)(s + 536.9)(s2 + 9.87e04)
.

(23)

The approximation strategy is based on minimizing the sum
of the squared errors between the desired approximated model
and H , (20), from prefixing the number of zeros and poles,
which for the presented case will be the same. Fig. 11 depicts

TABLE 4. GM and PM for Different β Values When Used in COFPR
Controllers (Tuned According to Section III-A)

the ideal Bode diagram of the controller proposed in (21)
and the obtained approximations, defined by (22) and (23).
It can be seen that the approximation obtained for orders 3
and 4 are really similar in terms of frequency response. Both
approximations offer less than positive 3 dB of error up to
about 2 kHz. The maximum lag introduced by (23) is less than
9◦. Thus, for the study case, the order 4 approximation defined
in (23) is assumed valid and will be applied hereinafter.

2) SIMULATIONS WHEN SAME CONTROLLERS GAINS ARE
CONSIDERED
In this section, a set of simulations is conducted in the con-
tinuous time domain. This section focuses on the criteria of
maintaining the same controllers’ gain values, as proposed in
Section III-A.

As an example, in terms of stability, the two approximations
proposed in Section IV-A1 and the ideal COFPR controller
are compared in Table 4 and in the open-loop bode diagrams
depicted in Fig. 12. The ideal and approximated transfer func-
tions offer a similar PM when the gain is equal to 0 dB.

The FR∼ and COFR∼4 (hereinafter COFR∼) controllers
proposed are evolved to their corresponding PR forms, FPR∼
and COFPR∼ using kp set at 2 and ki set at 200.

Fig. 13 collects the continuous-time Bode diagrams for the
closed-loop systems of the controllers and plant presented in
Section II-D. As the FPR controller has the same issue of
being nonimplementable, the approximation using the same
procedure and order 4 defined for the COFPR approximation
yields

GFR∼(s) = 145.64s(s + 95.35)(s + 1974)

(s2 + 98700)(s + 9153)(s + 496.5)
. (24)

In Fig. 13, it can be seen from the phase diagram that
the approximation of the controllers suits better up to about
2000 Hz. Within this range, the FPR∼ controller presents
a maximum amplification of 10% with −17◦, the COFPR∼
controller shows a 0.4% of amplification with −12◦, and
the PRHC offers 3.2% amplification with −27◦. FPR∼ and
COFPR∼ controllers are superior, acting as full-range con-
trollers. In contrast, PRHC is better (practically perfect) just at
the controlled toned frequencies. However, it should be noted
that the control quality applies to the full frequency range.

Looking deeply at Fig. 13, it is possible to see that the
FPR∼ controller presents a resonance peak at about 2.5 kHz
of 11%. In contrast, in the case of the COFPR∼ controller,
the resonance is practically extinguished, 0.36% at 750 Hz.
The high amplification region present for FPR controllers is
one of their main drawbacks when using such controllers in
real systems where these frequencies can be present. Note that
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FIG. 12. Open-loop Bode diagrams using controllers proposed in Fig. 11
(assuming α = 1.5, β = 0.05, k1 = 2, and k2 = 200). (a) Gain. (b) Phase.

the proposed COFPR controller can practically extinguish the
excitation region.

All the FPR∼, COFPR∼, and PRHC controllers are sim-
ulated by MATLAB and compared. Figs. 14–16 gather this
comparison considering that different harmonic components
of 1 A are referenced at time 0.2 s. Figs. 14 and 15 are related
to low-frequency components, the fundamental component
(50 Hz), and the fifth harmonic. These cases have no clear
advantage for the FPR∼ or COFPR∼ controllers regarding
gain or phase tracking, not even in settling time significantly.
However, the higher the harmonic component to control, the
better the tracking capability and settling time of the FPR∼
or COFPR∼ controllers. Fig. 16 (1000 Hz) shows that the
COFPR and FPR controllers exhibit a better tracking perfor-
mance than the PRHC controller. As a reminder, the PRHC
controller is tuned at 50, 150, 250, and 350 Hz. Thus, an

FIG. 13. Closed-loop Bode diagrams for the COFPR, the FPR, and their
approximations (assuming α = 1.5, β = 0.05, k1 = 2, and k2 = 200) and the
PRHC controller. (a) Gain. (b) Phase.

important steady-state error appears mainly due to phase error.
Fig. 17 represents the effect of a unitary disturbance at 2.5 kHz
(closed-loop resonance of the FPR∼) of 10% concerning
the fundamental 50 Hz reference. It can be observed that
COFPR∼ reduces the error obtained in the PRHC controller
by a factor of 2 and the error obtained in the FPR∼ controller
by a factor 1.3.

The attenuation of the amplification region provided by the
COFPR controller, compared to FPR controllers, is a highly
valuable feature for controlling systems with high-order filters
such as LCL filters. In these LCL filters, specific frequencies
may emerge, and the control should avoid exciting them.

3) SIMULATIONS WHEN TUNED BY PM IS CONSIDERED
A similar comparison can be made as the one addressed in the
previous section. However, the main difference will arise at
225 and 1500 Hz, the peak gain for the PR controllers depicted
in Fig. 10, where the tuning criteria were based on PM values.
Thus, the two PR controllers are now tuned according to
Section III-B. The controller’s gains are listed in Table V. In
this case, the FPR controller is out of the analysis because it
will not include any difference in the results with respect to
Section IV-A2.
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FIG. 14. Step response of PRHC, FPR∼, and the COFPR∼ for 50 Hz
reference (tuning procedure according Section III-A). (a) Time response.
(b) Error.

TABLE V Controller’s Gains Tuned by PM

Figs. 18 and 19 illustrate the tracking capability and error
for the 1-A peak current reference set at 225 and 1500 Hz,
respectively. In Fig. 18, it can be seen that the PR tuned with
the same PM as the COFPR∼ controller at 1 kHz provides
excessive gain and error margin. As a correction action, the
PR tuned by PM at 8 kHz improves the provided bandwidth
but at the cost of amplifying a frequency range from 200 to
3.5 kHz. Fig. 19 illustrates this case at the worst scenario for
the system under consideration. Note that the error difference
between the COFPR∼ controller and the PR controller tuned
at 8 kHz is quite similar, but the COFPR∼ controller is more
related to phase rather than gain. This fact exemplifies that the
excitation region is under control when COFPR∼ is used. Fur-
thermore, from Table V, it can be deduced that the COFPR∼
controller needs a proportional gain half of the PR controller
tuned at 8 kHz, making the FPR∼ controller less sensitive to
an instantaneous reference change.

As in the previous section, a unitary voltage disturbance
at the peak resonance of the worst controller is conducted,

FIG. 15. Step response of PRHC, FPR∼, and the COFPR∼ for 250 Hz
reference (tuning procedure according Section III-A). Time response is
depicted when t ∈ (0.018, 0.028) s and error when t ∈ (0.018, 0.12) s.
(a) Time response. (b) Error.

now being at 1.5 kHz, as shown in Fig. 10. Fig. 20 depicts
the results showing that the PR controller tuned at 8 kHz,
and COFPR∼ offers better disturbance rejection, being quite
similar at the studied frequency.

B. EXPERIMENTAL RESULTS
1) SETUP
This section presents the implementation of the COFPR∼
controller and compares its performance with that of the
FPR∼ and PRHC controllers on a real platform. The
COFPR∼ controller and all other controllers used for com-
parison have been implemented in a Texas Instruments DSP,
specifically TMS320F28379DPTPT (32 bits floating DSP),
and it has been tested with a 3.6-kVA single-phase bridgeless
Totem-Pole GaN-based inverter. The sampling and switching
frequency of the inverter are set to 120 kHz. All experimental
plots (see Figs. 26 and 27) have been obtained by acquiring
real data at 125 kHz from a DL9040 Yokogawa oscilloscope
for a 10-s time window. The current probe is a Fluke i30s. All
plots from the gathered data were depicted using MATLAB.
A picture of the converter setup can be seen in Fig. 21.

The experimental parameters of the plant and the discretiza-
tion method considered are collected in Section II-D. Thus,
the output inductance of the inverter is short-circuited. This
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FIG. 16. Step response of PRHC, FPR∼, and the COFPR∼ for 1000 Hz
reference (tuning procedure according Section III-A). Time response is
depicted when t ∈ (0.0195, 0.022) s and error when t ∈ (0.08, 0.1) s. (a)
Time response. (b) Error.

way, testing the different controllers under low-voltage control
actions is possible. The L–RL impedance is approximately
35 m
 at 50 Hz or 1 
 at 2000 Hz. Similar results can be ob-
tained if the inverter is connected to a grid and the controller’s
output is added to the measured grid voltage. The effect of
the voltage disturbance has been analyzed in the Simulations
section, as depicted in Figs. 17 and 20.

2) CONSIDERATIONS OF THE REAL SYSTEM
The bilinear transformation

s = 2(z − 1)

Ts(z + s1)
(25)

discretizes all the controllers, the COFPR∼, FPR∼, PRHC,
PR PM 1 kHz, and PR PM 8 kHz.

Fig. 22 compares the Bode diagrams for the COFPR∼ and
FPR∼ proposed for the continuous and discrete time. The
figure shows that the discretization process does not affect
the stability due to gain, and phase curves exhibit a proper
match between the time domains. Fig. 23 complements the
validation of the discretization process, showing that both the
continuous- and discrete-time closed loops suit up to 20 kHz.

FIG. 17. Step response of PRHC, FPR∼, and the COFPR∼ under a
disturbance of 2500 Hz reference (tuning procedure according
Section III-A). Time response is depicted when t ∈ (0.0, 0.04) s and error
when t ∈ (0.08, 0.1) s. (a) Time response. (b) Error.

3) RESULTS
Two current signals are proposed to be tracked to evaluate the
superiority of the COFPR controller.

1) A highly multiharmonic signal based on a controlled
frequency number of terms to generate a “Square” set-
point signal. The “Square” reference follows the Fourier
decomposition shown in Fig. 24. The current signal is
based on

i∗L(t ) = 15(sin(u) + (1/3)sin(3u) + (1/5)sin(5u)+
+ (1/7)sin(7u) + (1/9)sin(9u) + (1/11)sin(11u)+
+ (1/13)sin(13u) + (1/15)sin(15u)+
+ (1/25)sin(25u) + (1/25)sin(50u)) (26)

with u being an angular frequency of 100π rad/s and i∗L
is the current reference.

2) A highly multiharmonic signal based on a “Batman”
with unknown frequencies and a base period of 6.6 ms.
The “Batman” reference follows the Fourier decompo-
sition shown in Fig. 25.

Fig. 26 illustrates the “Square” time response tracking abil-
ity of the COFPR∼, FPR∼, PRHC, PR PM 1 kHz, and PR
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FIG. 18. Step response of PR PM 1 kHz, PR PM 8 kHz, and FPR∼ for 225 Hz
reference (tuning procedure according Section III-B). Time response is
depicted when t ∈ (0.0195, 0.028) s and error when t ∈ (0.04, 0.048) s. (a)
Time response. (b) Error.

PM 8 kHz controllers developed in Sections III-A and III-B.
In this case, and also referring to Fig. 13, it results in a slight
and insignificant difference in using one or other controllers
for the case of the COFPR∼, FPR∼, and PRHC. However, the
PR PM 1-kHz controller exhibits an attenuation behavior, and
the PR PM 8 kHz shows an oscillation transient, as illustrated
in the zoom box.

However, for applications in which high frequencies are
determinant, the difference between controllers’ capabilities
starts to emerge. Fig. 27 illustrates the “Batman” time re-
sponse tracking ability of the different controllers under
comparison. Clearly, the PRHC and the PR PM 1-kHz con-
trollers exhibit poor time response and natural oscillations
and, thus, cannot properly control a wide range of frequen-
cies. Although the COFPR∼, FPR∼, and the PR PM 8-kHz
controllers appear to perform similarly, they have significant
differences. The COFPR∼ controller consistently maintains
the requested “Batman” shape more effectively. This is par-
ticularly visible at time 3, 3.1–3.5 (the flat part of the head),
3.7 (the start of the right shoulder), and 4.8 s (the start of
the right-wing). Furthermore, in the case of the PR PM 8-
kHz controller, there appears some oscillations, and there is
a more pronounced excitation (ears). In all these instances,
the COFPR∼ controller exhibits less error. In Fig. 28, an fast

FIG. 19. Step response of PR PM 1 kHz, PR PM 8 kHz, and FPR∼ for
1500 Hz reference (tuning procedure according Section III-B). Time
response is depicted when t ∈ (0.0195, 0.022) s and error when t
∈ (0.08, 0.084) s. (a) Time response. (b) Error.

TABLE VI Controller Type Comparison in Execution Time and Program
Memory Data

Fourier transform for the frequency range [2000, 3000] Hz
can be seen for the COFPR∼ and FPR∼ controllers (all PR
controller options are excluded for clarity due to the presence
of oscillations in the time response). In terms of gain, it can be
seen that the COFPR∼ can track better for the high-frequency
range without producing an excitation, as does the COFPR∼
controller.

4) COMPUTATION BURDEN
This section compares the controllers used across the ex-
perimental implementation regarding computation burdens.
Two criteria are used: execution time and program memory.
Table VI collects the obtained results when the controllers
are implemented in a TMS320F28379DPTP DSP. The PRHC
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FIG. 20. Step response of PR PM 1 kHz, PR PM 8 kHz, and FPR∼ under a
disturbance of 1500 Hz reference (tuning procedure according
Section III-B). Time response is depicted when t ∈ (0.0195, 0.04) s and
error when t ∈ (0.04, 0.044) s. (a) Time response. (b) Error.

FIG. 21. Picture of the GaN inverter used for the experimental results
showing one of the setpoints to track (“Batman” setpoint).

controller used in this article considers three HCs to be com-
parable in terms of order with the FPR and COFR controller
alternatives. Also, a new PRHC has been implemented, con-
sidering up to six HCs for computational burden reasons.
Regarding the criteria selected, the COFPR∼ and FPR∼ fill
the same place (same memory and execution time). Both

FIG. 22. Bode diagram of the COFPR and FPR approximation for the
continuous and discrete times. (a) Gain. (b) Phase.

fractional options are superior, using less memory and com-
putational time than other PRHC controller alternatives.

On the one hand, it should be remarked that in terms of
execution time, as the sampling frequency is set to 120 kHz,
the COFPR controller supposes about 8% (0.675 μs/8.3 μs)
of the available computational time for the control task.
Conversely, the PRHC (three-HC) controller is about 11%
(0.877 μs/8.3 μs), and the PRHC (six-HC) controller is about
18% (0.1493 μs/8.3 μs). Note that for three-phase four-wire
applications, these percentages are multiplied by a factor of
3, one for each controller per phase. This last statement is
especially sensitive.

In the same direction, assuming each HC in a PRHC con-
troller adds a proportional time (comparing PRHC (three
HCs) and PRHC (six HCs) in Table VI), it is possible to
conclude that when execution time is limited, the use of PRHC
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FIG. 23. Closed-loop Bode diagram of the COFPR approximation for the
continuous and discrete time. (a) Gain. (b) Phase.

controllers is restricted. For example, as the controller oper-
ates at 120 kHz for the case study, a PRHC controller with
harmonic compensation up to the 27th harmonic (1350 Hz)
is the maximum suitable for three-phase applications, setting
the control interruption resting time to zero and, consequently,
not leaving any extra time for other tasks.

Therefore, any advanced low-order controller option, such
as the proposed COFPR controller, can minimize execution
time by allocating the saved time for other critical tasks, such
as generating real-time alarms.

V. DISCUSSION
This section aims to summarize and highlight the key points
discussed in this article from a qualitative perspective. Specif-
ically, factors such as ease of tuning, controllable bandwidth,

FIG. 24. Fast Fourier transform of the “Square” signal requested.

FIG. 25. Fast Fourier transform of the “Batman” signal requested.

FIG. 26. Comparison of the tracking capability of COFPR∼, FPR∼, PRHC, PR
PM 1-kHz, and PR PM 8-kHz controllers for the “Square” signal reference.
Black square represents a zoom box.
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TABLE VII Controller’s Qualitative Comparison

FIG. 27. Comparison of the tracking capability of COFPR∼, FPR∼, PRHC, PR
PM 1-kHz, and PR PM 8-kHz controllers for the “Batman” signal reference.

FIG. 28. Fast Fourier transform comparison of the tracking capability of
COFPR∼ and FPR∼ for the “Batman” signal reference for the frequency
range [2000, 3000] Hz.

control of specific harmonic tones, stability, disturbance re-
jection, program memory, and execution time are compared
in Table VII.

On the one hand, the PR and PRHC controllers have been
widely used for harmonic control. Tuning the PR or PRHC
controller primarily involves determining the appropriate pro-
portional and resonant gains. These controller gains can be
tuned according to different alternatives, such as the same val-
ues based on the same dynamics at a fundamental frequency

or by PM criteria, i.e., robustness. For the case of the same
controller gains, the FPR and COFPR controllers are better
options in terms of tracking capability. In the case of using PM
as tuning criteria, the difference is closer in tracking capabili-
ties. Note that the PR, PRHC, or FPR controller traditionally
shows a not desired excitation region that the complex term of
a COFPR controller can correct. The cost of using the COFPR
is mainly due to the approximation requiring a certain order
to be a proper solution. However, it has been determined that
order 3 or 4 is enough for the approximation, being close to an
ideal PR controller of order 2 regarding computation burdens.
The tracking capability of a PRHC controller can also be
enhanced by incorporating a greater number of HCs. Increas-
ing the number of HC is constrained by the computational
capabilities of the processor used for implementation, but each
extra HC requires extra execution time and program memory.
As an initial result, the PR tuned by high bandwidth PM, the
FPR and COFPR controllers demonstrate superior tracking
capabilities with reduced computational demand, which can
also enhance disturbance rejection. But, as mentioned, the PR
and FPR controllers trend to excite some frequency regions.

On the other hand, including one extra degree of freedom
in the FPR controller and two extra degrees of freedom in
the COFPR makes tuning the controllers more challenging.
In addition, it should be noted that both the FPR and COFPR
controllers require approximation techniques for implemen-
tation, and stability must be ensured based on the strategy
employed. As a second partial outcome, the FPR and COFPR
are more complex to manage but provide additional degrees
of freedom to tailor the desired frequency response.

VI. CONCLUSION
This article proposes to use COFPR controllers for ac appli-
cation on VSCs. Specifically, COFPR controllers are applied
to regulating multiharmonic current tracking. The obtained
results can be applied to any other first-order system plant
in which some magnitude needs to be controlled in a wide
frequency range.

The main contribution of this article is to define a novel
controller based on applying CO fractional-order calculus
into FPR controllers. FPR controllers enhance the frequency
tracking behavior of ac references with a low-order trans-
fer function compared with the conventional multiharmonic
PRHC controllers. However, PR, PRHC, and FPR controllers
exhibit an excitation region that affects the quality of the
output current. The COFPR improves PRHC controllers in a
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similar way that FPR controllers do. However, the increase in
performance is achieved thanks to using the complex term to
reduce the excitation region promoted by the noninteger expo-
nent of FPR controllers. This solution is at the cost of moving
order 2 of ideal PR controllers, tuned by high-bandwidth PM,
to order 3 or 4. In this sense, the COFPR controller emerges
as a good tradeoff solution to be implemented in systems
where the computational time is critical, memory dependence
is important, and tracking a reference with multiple high-order
harmonics is a key point reducing any possible excitation
region to practically null values. For instance, when the output
plant of the system considers not only first-order systems but
also high-order coupling filters, such as LCL filters. In the LCL
filter, there appear resonance regions that are required not to
be excited.

Regarding implementing the COFPR controller, frequency
response data were gathered to develop an implementable
model to minimize the error between the approximation and
the frequency response.

A set of simulations and experimental tests through an ex-
perimental GaN inverter shows that the COFPR controller can
improve the performance of FPR and PRHC controllers. This
result applies mainly in the high-frequency range avoiding
excitation regions with a low-order controller solution, a valid
option for applications with a restricted execution time.
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