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We compare the consequences of imposing upon collective choice functions the classical requirement of
Condorcet consistency with those arising when requiring the functions to satisfy the principle of pairwise justi-
fiability. We show that, despite the different logic underlying these two requirements, they are equivalent when
applied to anonymous and neutral rules defined over a class of domains. The class contains the universal, the
single-peaked, and that of order restriction, among other preference domains.

1. introduction

We examine the performance of collective choice functions that select one alternative for
each admissible situation. A situation is a pair consisting of a profile of individual preferences
and a subset of alternatives (an agenda) from which society may choose. Specifically, we com-
pare imposing the Condorcet criterion with imposing anonymity, neutrality, and pairwise jus-
tifiability upon collective choice functions. Pairwise justifiability requires that, if a rule selects
alternative x in situation 1 and alternative y in situation 2, there must be an alternative z, and
some member of society whose appreciation of z relative to x has increased when going from
situation 1 to situation 2 (the appreciation being defined by the agent’s preferences in each
corresponding situation).

We prove that the set of neutral, anonymous, and pairwise justifiable rules coincides
with those that respect the condition of Condorcet consistency on appropriately restricted
domains.

There is a significant difference between the properties that we compare. Condorcet con-
sistency has implications for single situations. In contrast, anonymity, neutrality, and pair-
wise justifiability are conditions on the admissible changes in the social choice when situa-
tions change.1 Pairwise justifiability has implications when either preferences or agendas or
both vary.
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2 barberà et al.

What we do is to establish the equivalence, under appropriate conditions, of these two re-
quirements of a rather different nature, giving support to each one of them from the perspec-
tive of the other.

Two antecedent papers relating Condorcet consistency with properties on rules requir-
ing outcome comparisons across different preference profiles are by Campbell and Kelly
(2003, 2015). In these two papers, the authors prove the equivalence between the majori-
tarian requirement and strategy-proofness when applied to collective choice functions for a
fixed agenda, strict preferences over alternatives and satisfying some additional restrictions on
the number of agents and alternatives. In our article, we also compare for the fixed agenda
case (see Subsection 5.2) the consequences of Condorcet consistency with another condi-
tion that also involves comparing multiple preference profiles: pairwise justifiability, instead
of strategy-proofness. However, our results apply to more general settings than theirs: agen-
das can vary, any number of agents and alternatives are allowed, and individual indifferences
are considered.

The analysis of variable agendas has been considered in the literature starting from Arrow
(1963), Fishburn (1973), Sen (1977), and Le Breton and Weymark (2011), among others. Al-
lowing for variable agendas and considering collective choice functions on them can be used
to analyze many interesting real-life circumstances in which specific subsets of alternatives are
faced by society, and others are not.2 Allowing for indifferences is not only natural but it also
reinforces the coverage of our results by enlarging in a great measure the size of the prefer-
ence domains where they apply.

An interesting and recent paper by Horan et al. (2019) also focuses, as we do, on variable
agendas and it is the paper closest to our concerns, because its purpose is to extend May’s
characterization result for the majority rule with more than two alternatives and hence di-
rectly addresses the characteristics of collective choice rules in circumstances where a majority
winner, if it exists, will definitely be chosen. One of their results is comparable to ours (see de-
tails in Section 3). Though relying on different properties, they show that, with three or more
alternatives and strict preferences, only the rule that assigns to every problem under their con-
sideration its strong Condorcet winner satisfies the conditions of anonymity, neutrality, posi-
tive responsiveness, and one à la Nash version of independence of irrelevant alternatives.

The article proceeds as follows: In Section 2, we provide notation and definitions. Section 3
investigates the connections between the requirement of Condorcet consistency and that of
pairwise justifiability for collective choice functions under a condition on preference profiles
(closed under improvements) and for which we present some examples in Section 4. Finally,
Section 5 is devoted to the comparison between pairwise justifiability and other well-known
properties in the two particular settings of a fixed profile and a fixed agenda, respectively. The
proof of our results and some comments are gathered in the Appendix.

2. notation and definitions

Let N = {1, 2, . . . , n} be a finite set of agents with n � 2. Let A be a finite set of alternatives
with #A ≥ 2. We denote subsets of alternatives as B, B′,… and we call them agendas. We de-
note by A the set of all nonempty subsets of A and by B ⊆ A a collection of subsets of alterna-
tives, or equivalently, a collection of agendas.

Let R be the set of all preferences on A (i.e., all complete, reflexive, and transitive binary
relations on A). Elements of R are denoted by Ri, Rj,… The top of a preference Ri ∈ R in A,
denoted by t(Ri), is the set of alternatives x ∈ A such that xPiy for all y ∈ A \ t(Ri). As usual,
Pi and Ii denote the strict and indifference preference relation induced by Ri, respectively.

2 In participatory budgeting, for instance, citizens are involved in the process of deciding how to spend part of a
public budget and the set of feasible agendas consists of those collections of projects whose total cost is within the
budget constraint. Another example is the composition of parliamentary committees that must satisfy a principle of
proportionality, but the constraints imposed by this principle may vary across committees depending on their jurisdic-
tions; or school admission problems with quotas, when the quotas may vary according to the admission criteria.

 14682354, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/iere.12728 by U

niversitat de G
irona, W

iley O
nline L

ibrary on [09/09/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



condorcet consistency and pairwise justifiability under variable agendas 3

A preference profile is denoted by R = (R1, R2, . . . , Rn) and defines one preference for each
agent i ∈ N. Let Rn be the set of all possible preference profiles, also called the universal pref-
erence domain, and let D ⊆ Rn be a subset of preference profiles.

A situation is a pair consisting of a preference profile and an agenda: (R, B) ∈ D × B.
A collective choice function on D × B is a mapping C : D × B → A that assigns an alterna-

tive C(R, B) ∈ B to each situation (R, B) ∈ D × B. Along the paper, when defining collective
choice functions, we impose and use that C(R, {x}) = x for all x ∈ A.

Remark 1. Stricto sensu, the domain of the collective choice functions is the set of all ad-
missible situations, that is, pairs formed by a preference profile and an agenda, on which the
rule is defined. However, since along the paper we are interested in analyzing different sets of
preference profiles, we shall use the term “preference domain” when referring to them.

We first define two properties on collective choice functions called anonymity and neutral-
ity, each one capturing some idea of symmetry among agents and alternatives, respectively, as
in Horan et al. (2019).3

Definition 1. A collective choice function C on D × B is anonymous on D′ × B where D′ ⊆
D if, for any preference profile R = (R1, R2, . . . , Rn) ∈ D′, any B ∈ B, and any permutation ρ

of N such that Rρ ≡ (Rρ(1), Rρ(2), . . . , Rρ(n)) ∈ D′, then C(R, B) = C (Rρ, B).

To define neutrality for variable agendas, we have to specify how a permutation of the set of
alternatives A is restricted to feasible agendas.

A permutation μ of A consists in a partition P of A such that for each subset Si ∈ P with
Si = {a1, . . . , an}, there exists a sequence such that μ(ai) = ai+1 for all i = 1, . . . , n − 1 and
μ(an) = a1. For any B ∈ B, define the restriction of μ to B as follows: for any Si ∈ P , if Si ⊆ B,
then μ|B(a) = μ(a) for all a ∈ Si; if Si ∩ B 
= ∅ and Si � B, then μ|B(a) = a for all a ∈ Si.

Definition 2. A collective choice function C on D × B is neutral on D′ × B where D′ ⊆ D if,
for any preference profile R = (R1, R2, . . . , Rn) ∈ D′, any B ∈ B, and any permutation μ of A
such that μ|B(R) ≡ (μ|B(R1), μ|B(R2), . . . , μ|B(Rn)) ∈ D′, then μ|B(C(R, B)) = C(μ|B(R), B).

For an illustration of anonymity and neutrality, see Example 7 in the Appendix.
We now formalize pairwise justifiability for collective choice functions.4

Definition 3. A collective choice function C on D × A satisfies pairwise justifiability on
D′ × B, D′ ⊆ D if, for any two situations (R, B), (R′, B′) ∈ D′ × B such that C(R, B) = x,
C(R′, B′) = y, and x, y ∈ B ∩ B′, then there is some agent i ∈ N and some alternative z ∈
A\{x} such that xPiz and zR′

ix or xIiz and zP′
i x.

This condition captures the basic motivational idea that was already provided in the intro-
duction. To finish this section, we present three examples of collective choice functions either
satisfying or violating pairwise justifiability. Example 1 defines a rule satisfying pairwise justifi-
ability.

Example 1. Let N = {1, 2}, A = {a, b}, B = {A}, and D = Rn and let Ra be such that aPb,
Rb such that bPa, and Rab such that aIb. Let the collective choice function C be such that,

C(R, A) =
{

b if b ∈ t(Ri)∀i = {1, 2} & t(Ri) is unique for some i ∈ {1, 2}
a otherwise.

3 For fixed-agenda settings, Campbell and Kelly (2015) use other versions of both properties that are stronger to
ours when comparable.

4 See Barberà et al. (2024) for a version of pairwise justifiability for collective choice correspondences.
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4 barberà et al.

We prove that C satisfies pairwise justifiability for two cases, and leave the similar analysis
of the remaining ones to the reader. Case (1) Take R = (Ra, Rb) and R′ = (Rab, Rb) where
C(R, A) = a and C(R′, A) = b. Note that alternative a is strictly preferred to b under Ra

1,
whereas a is indifferent to b under Rab

1 . Thus, i = 1 and z = b in the definition of pairwise jus-
tifiability (this also shows that C violates Maskin monotonicity). Case (2) Take R = (Ra, Rb)
and R′ = (Rb, Rb) where C(R, A) = a and C(R′, A) = b. Note that alternative a is strictly pre-
ferred to b under Ra

1, whereas b is strictly preferred to a under Rb
1. Thus, i = 1 and z = b in the

definition of pairwise justifiability.

Examples 2 and 3 show collective choice functions violating pairwise justifiability, one in a
situation with fixed profile and the other in a situation with fixed agenda, respectively.5

Example 2. Let N = {1, 2, 3}, A = {x, y, z}, D = {R} where R is such that xP1yP1z, yP2zP2x,
zP3xP3y. The set of agendas is B = {{x, y}, {x, z}, {y, z}, {x, y, z}}. Define the collective choice
function C such that C(R, ·) selects x at B = {x, y}, y at B′ = {y, z}, z at B′′ = {x, z}, and x
at B′′′ = {x, y, z}. For (fixed-profile) pairwise justifiability to hold, since C(R, B′′),C(R, B′′′) ∈
B′′ ∩ B′′′, the rule should select the same at B′′ and B′′′, but this is not the case.

Example 3. Let n = 2, B = {A} where A = {x, y, z}, and D = Rn. Let C be such that agent
1 is a dictator defined as follows: If t(R1) is not a singleton and y ∈ t(R1), then C(R, A) = y. If
t(R1) is not a singleton and y /∈ t(R1), that is, t(R1) = {x, z}, then C(R, A) = x if y /∈ t(R2), and
C(R, A) = z otherwise. Let R, R′ be such that R1 = R′

1, t(R1) = {x, z}, t(R2) = {x, y}, t(R′
2) =

{z}. Then, C(R, A) = z and C(R′, A) = x and pairwise justifiability is violated.

3. pairwise justifiability and condorcet consistency

In this section, we show that pairwise justifiability is strongly related to Condorcet consis-
tency. We begin by formally defining the notion of Condorcet consistency in the context of
collective choice functions and briefly elaborate upon its intrinsic interest.

For any preference profile R ∈ D and for any B ∈ A, an alternative y ∈ B defeats alterna-
tive z in B by majority at R ∈ D if the number of agents who strictly prefer y over z is strictly
greater than the number of those who strictly prefer z over y.

We say that an alternative y ∈ B ⊆ A is the (unique) strong Condorcet winner at (R, B) if y
defeats any other alternative in B by majority at R. Since we consider collective choice func-
tions, the consistency criterion has bite for all those situations for which, given the preference
profile R, a strong Condorcet winner exists for the agenda B. Hence, our definition:

Definition 4. A collective choice function C on D × A is Condorcet consistent on D′ × B
where D′ ⊆ D if for each situation (R, B) ∈ D′ × B, we have that C(R, B) selects the strong
Condorcet winner at (R, B) when it exists.

For centuries now, this requirement, which demands that if one alternative is a strict ma-
jority winner over all others, it should be selected, has attracted much attention. This is un-
derstandable, because a first and foremost question in the theory of voting has been how to
extend the notion of majority to the case where society faces more than two alternatives, es-
pecially as part of a criticism to the use of plurality voting, which can grossly deviate from
any reasonable idea of respect to majorities. Although many social choice theorists find Con-
dorcet’s principle very attractive and compelling, others defend the use of scoring methods,
which are notoriously distanced from this view.6 But since respect of the Condorcet principle

5 See Definitions 12 and 13 in Section 5 for formal details.
6 See Chapter 9 in Moulin (1988) for an iluminating discussion of the tension between scoring methods and Con-

dorcet consistent rules.
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condorcet consistency and pairwise justifiability under variable agendas 5

remains high in the list of favorite extensions of majority, we consider significant to exhibit its
strong connection with pairwise justifiability, thus proving its interest and strength.

We now define the Condorcet preference domain DCB of B in D.

Definition 5. Given a set B of agendas and a set D of admissible profiles, the Condorcet
preference domain DCB of B in D is the subset of all preference profiles in D such that for all
situations in DCB × B, there exists a strong Condorcet winner.

Whether a preference domain is Condorcet or not depends on the sets B and D. For in-
stance, given B, adding preference profiles to the preference domain D may possibly enlarge
the Condorcet preference domain DCB. On the contrary, given D, adding agendas to the col-
lection B may possibly shrink the Condorcet preference domain DCB. Consider Example 2
above, DCB = ∅. However, DCB̃ = D ={R} for the collection of agendas B̃ = {B, B′, B′′}.

In Example 4, we provide an idea of the structure of a Condorcet preference domain. In
Example 5, we insist on the relevance of the set of agendas B.

Example 4. Let N = {1, 2, 3, 4}, A = {x, y, t}, D = Rn, B = {B} where B = {a, b} for some
pair a, b ∈ A and denote as Ra

b, Rb
a, and Rab the sets of all preference relations in R such

that aPb, bPa, and aIb, respectively. Then, there does not exist a strong Condorcet winner at
(R, B) for any preference profile R such that either (i) two agents have preference in Ra

b and
two agents in Rb

a, or (ii) one agent has preference in Ra
b, one agent in Rb

a, and two agents in
Rab, or (iii) four agents have preferences in Rab. Therefore, R /∈ DCB, whereas for any other
preference profile R′ ∈ D, R′ ∈ DCB.

Example 5. Consider three agents, four alternatives A = {x, y, z, t}, B ={A}, and D = Rn.
Then, any profile of preferences where each agent has x as the top alternative in B belongs to
the Condorcet preference domain of B in D. However, not all of these profiles can guarantee
the existence of a strong Condorcet winner for B ={A, B} with B = {y, z, t} in D: consider the
profile R such that xP1yP1zP1t, xP2zP2tP2y, xP3tP3yP3z.

We now demonstrate that our proposed principle of justifiability, when applied to anony-
mous and neutral collective choice functions, is generally weaker than Condorcet consistency
(see Proposition 1). However, it becomes equivalent to it (see Theorem 1) in well-known pref-
erence domains that satisfy a condition that we present immediately below.

As mentioned, the equivalence that we establish between pairwise justifiability and Con-
dorcet consistency is preference domain-dependent. Yet, we will prove that it holds for some
of the preference domains that are among the most popular in the analysis of collective
choice functions and their properties. In principle, assessing the validity of statements regard-
ing that equivalence for a given preference domain would require one proof for each separate
case. A methodological contribution of this article is to identify a property of preference do-
mains, that we call closedness under improvements, which is sufficient to prove that equiva-
lence holds.

For any x ∈ A and Ri ∈ D, denote the lower contour set of Ri at x as L(Ri, x) = {y ∈ A :
xRiy} and the strict counterpart as L(Ri, x) = {y ∈ A : xPiy}.

Definition 6. A preference domain D ⊆ Rn satisfies closedness under improvements if for
any R ∈ D and any x, y ∈ A such that y defeats x by majority at R, there exists R′ ∈ D satisfy-
ing the following requirements:

(1) for all i ∈ N, L(Ri, x)⊆L(R′
i, x), L(Ri, x)⊆L(R′

i, x), and xR′
iy ⇐⇒ xRiy, and

(2) for some permutation μ of A such that x = μ(y), y = μ(x), μ(R′) ∈ D, and for
a permutation ρ of N such that R̂ = μ(R′)ρ ∈ D and for all i ∈ N, L(R̂i, y)⊆L(R′

i, y),
L(R̂i, y)⊆L(R′

i, y).
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6 barberà et al.

Closedness under improvements is a richness condition regarding preference domains of
preference profiles. Starting from a preference profile R and two alternatives x and y, with x
defeating y, there exists another admissible preference profile R′ that maintains the order be-
tween x and y, ensures that x does not worsen with respect to any other alternative, and allows
specific permutations of the names of the alternatives and individuals. The permutation of the
names of the alternatives involves swapping the names x and y, and the subsequent permu-
tation of the names of the agents results in a profile R̂ where y does not worsen with respect
to any other alternative compared to R′. The condition is clearly satisfied by the universal
and the strict universal preference domain, but also by the order restricted, the single-peaked,
and the extended single-peaked preference domains.7 To gain intuition about what this condi-
tion requires, consider the following example:

Example 6. Let A = {x, m, y}, x < m < y, N = {1, 2, 3, 4, 5} and suppose that agents have
single-peaked preferences (see Definition 10). Consider a single-peaked preference profile R
such that agents 1 and 2 have their peak on x, agents 3 and 4 have their peak on m and x is
their worst alternative, and agent 5 has their peak on y. Take alternatives y, x where y defeats
x by majority at R. Closedness under improvements requires the existence of a single-peaked
preference profile R′ satisfying parts 1 and 2 in Definition 6. Consider R′ such that R′

i = Ri for
all agent i 
= 4 and R′

4 : yP′
4mP′

4x. Note that:

1. for every agent i, the relative position of x and y is the same in R and in R′, L(R′
i, x) =

L(Ri, x) and L(R′
i, x) = L(Ri, x);

2. there exists a single-peaked preference profile R′′ that is a permutation of the profile R′,
where the alternatives x and y have switched, μ(R′) = R′′ (i.e., in R′′, agents 1 and 2 have
their peak on y, agents 4 and 5 have their peak on x, and agent 3 has the peak on m and
has y as the worst alternative); and finally,
there exists a single-peaked preference profile R̂ that is obtained as a permutation ρ

of N starting from R′′ = μ(R′) such that L(R̂i, y)⊆L(R′
i, y), L(R̂i, y)⊆L(R′

i, y) (i.e., R̂ =
μ(R′)ρ , where agents 1 and 4 exchange preference orderings, and similarly, agents 2 and
5 exchange preference orderings).

Example 7 in the Appendix presents a preference domain violating closedness under im-
provements.

Our Theorem 1 offers a characterization of Condorcet consistent rules defined on any
closed under improvements preference domain where a strong Condorcet winner exists.

Theorem 1. Let B ⊆ A, D ⊆ Rn such that DCB is closed under improvements, and C be a col-
lective choice function C on D × B. C satisfies anonymity, neutrality, and pairwise justifiability
on DCB × B if and only if C is Condorcet consistent on DCB × B.

The proof of Theorem 1 is in the Appendix. The proof in the “if” direction is straightfor-
ward. The “only if” part is proved by contradiction and we provide here an intuition based on
Example 6 above in the single-peaked preference domain for the case B = {A}. Suppose that
C is not Condorcet consistent and C(R, A) = x. By pairwise justifiability, C(R′, A) = x since
for no agent, any alternative has improved with respect to x when going from R to R′. By
neutrality, C(R′′, A) = y. By anonymity, C(R̂, A) = y. However, R̂ = R and therefore we have
reached the desired contradiction.

Here are a few remarks on Theorem 1.

Remark 2. For all the Condorcet preference domains DCB satisfying Definition 6, the
equivalence result holds. As shown in Propositions 2 and 3 in Section 4, this is the case, for

7 See Section 4 for the definition and the analysis of these preference domains concerning our richness preference
domain condition.
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condorcet consistency and pairwise justifiability under variable agendas 7

example, when the preference domain is either the universal preference domain, the strict
universal preference domain, the preference domain of single-peakedness, order-restricted
preference domains, or the extended single-peaked preference domain (see precise definitions
of these conditions in the following section). However, as Example 7 in the Appendix and the
one in Footnote 7 show, the equivalence may not hold for DCB violating closedness under im-
provements.

Remark 3. The result of Theorem 1 can be extended, in one direction, to show that any
Condorcet consistent collective choice function is anonymous, neutral, and satisfies pairwise
justifiability on any preference subdomain of a Condorcet preference domain, as stated in the
following proposition proved in the Appendix.

Proposition 1. Let B ⊆ A, D ⊆ Rn, and C be a collective choice function on D × B. If C is
Condorcet consistent on D′ × B, then C satisfies pairwise justifiability on D′ × B for any D′ ⊆
DCB.

Remark 4. Condorcet consistency is not always a consequence of pairwise justifiability. In
particular, this may be false for all preference subdomains of the Condorcet preference do-
main of B in D. 8

Remark 5. The result in Proposition 1 does not hold if D′ DCB. See Example 2 where the
collective choice function C satisfies Condorcet consistency on D′ × B but it violates pairwise

justifiability on D′ × B where D′ = {R} DCB = ∅.

It is important to note that, although Condorcet consistency is usually predicated for situa-
tions involving a single agenda, we are also able to cover the consequences of pairwise justifi-
ability on the choice of strong Condorcet winners by collective choice rules defined over situ-
ations that include multiple agendas. For example, it may be used in the analysis of the many
cases in political economy where the preference profiles satisfy intermediateness and society
may confront agendas of different size. In these cases, for any agenda, the alternative pre-
ferred by the median voter is a strong Condorcet winner.

Finally, we add more precise comments regarding some significant differences between the
results in Horan et al. (2019) and ours, both in terms of their respective purposes and regard-
ing more technical requirements. In our case, the main purpose is to connect two conditions,
Condorcet consistency and pairwise justifiability, which are formally quite different, and to
show that they are, in fact, equivalent in many circumstances. That leads us to concentrate
on functions defined over domains that differ from those on which the functions considered
by Horan et al. (2019) are. Specifically, their domains are restricted to only include situations
(preference profiles-agendas) where a Condorcet winner exists, whereas we do not exclude
the possibility of cyclical patterns to arise in admissible situations. This is justified because, to
establish precise relations between the two conditions we focus on, we must consider the per-
formance of each one of them, and pairwise justifiability is a well-defined restriction even in
those cases where Condorcet consistency does not have bite. Of course, we later restrict atten-
tion in our statements to what we call Condorcet preference domains, but the domains consid-
ered in each paper are quite different: in particular, our domains are the Cartesian product of
subsets of profiles of preferences, on the one hand, and subsets of agendas on the other hand,
and theirs are not. Other formal differences arise because, whereas they use two properties on
rules, one of them applying to situations with a fixed profile and a variable agenda, the other

8 Let N = {1, 2}, A = {x, y, z}, B = {A}, and R, R′ be two admissible profiles such that yP1xP1z, yP2xP2z and
yP′

1zP′
1x, yP′

2zP′
2x. Define C such that C(R, B) = x and C(R′, B) = z. Note that C satisfies pairwise justifiability but it

does not choose the strong Condorcet winner at any feasible situation. Note that D = {R, R′} violates closedness un-
der improvements.
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8 barberà et al.

applying to changing profiles with the same agenda, our notion of pairwise justifiability com-
bines these two conditional situations with others where both the agenda and the profile may
vary. Consequently, we do not need to impose the condition of independence that is part of
their definition of collective choice rules. Moreover, it is also important to notice that our for-
mulation allows for agents to be indifferent among alternatives whereas, in their Theorem 1,
they consider strict preferences.

4. preference domains satisfying closedness under improvements

In this section, we consider several families of preference profiles: the universal prefer-
ence domain Rn, the strict universal preference domain Pn ⊆ Rn that is the subset of all
preference profiles where agents’ preferences on A are strict (i.e., antisymmetric), and the
order restricted, the single-peaked, and the extended single-peaked preference domains that
we define below.9 We show that each one of these preference domains and its corresponding
Condorcet preference domain of B satisfies closedness under improvements.

To define order restriction (or intermediateness), we need some additional notation. For
any B,C ⊆ N, B ∩ C = ∅ and any order � of N, if for any agent i ∈ B and any j ∈ C, i � j, we
say that B � C.

Definition 7. A preference profile R is order restricted on A if there is an order �R of N
such that for all distinct x, y ∈ A,

{i ∈ N : xPiy} �R {i ∈ N : xIiy} �R {i ∈ N : yPix} or
{i ∈ N : yPix} �R {i ∈ N : xIiy} �R {i ∈ N : xPiy}.

Definition 8. A preference domain DOR is order restricted on A if any preference profile
R ∈ DOR is order restricted.

Next, we introduce two types of preference domains based on the notion of single-
peakedness.

Definition 9. A preference profile R is single-peaked on A if there exists a linear order >

of the set of alternatives such that for any individual i ∈ N, Ri is single-peaked on A relative to
the >, that is,

(1) Ri has a unique maximal element t(Ri), called the top of i, and
(2) for all y, z ∈ A, [z < y ≤ t(Ri) or z > y ≥ t(Ri)] → yPiz.

Definition 10. Let DS,> be the set of all preference profiles that are single-peaked with re-
spect to the same order >. Each one of these sets is called a single-peaked preference domain.

We now define the larger preference domain of extended single-peaked profiles.

Definition 11. Let DE be the set of all preference profiles that are single-peaked relative to
some order. This set is the extended single-peaked preference domain.

In Propositions 2 and 3 below, we prove that the Condorcet preference domains of B in dif-
ferent preference domains of interest are closed under improvements. The same proof proce-
dure applies to establish that these preference domains satisfy the condition. We give a com-
mon statement that covers the universal, strict universal, order restricted, extended single-
peaked, and we state the same conclusion for the case of single-peaked preference domains.
This is because, although the use of these propositions allows us to show that our equivalence

9 See also Grandmont (1978) and Rothstein (1990) for formal definition of order restriction, Penn et al. (2011) for
the definition of extended single-peakedness, and Black (1958) for the definition of single-peakedness.
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condorcet consistency and pairwise justifiability under variable agendas 9

result holds for all of them, the proof for the case of single-peakedness is different from that
of the other preference domains. In fact, our techniques are similar to those used in other pa-
pers that investigate the nature of Condorcet consistency, and in particular to those employed
to extend May (1952)’s result10 to any number of alternatives (Horan et al., 2019). The choice
of our differentiated line of reasoning, resorting to a general property and then proving that
it is satisfied under different circumstances, allows us to unify the consequences of our proper-
ties on collective choice functions and we think that it justifies our specific course of action.

Proposition 2. Let B ⊆ A and D ∈ {Rn,Pn,DE ,DOR}. The Condorcet preference domain
DCB of B in D satisfies closedness under improvements.

We now analyze the case of single-peaked preference domains relative to a given order.

Proposition 3. Let B ⊆ A and D = DS,>. The Condorcet preference domain DCB of B in D
satisfies closedness under improvements.

The strategy of the proof is the same in Propositions 2 and 3: starting from a profile R and
any pair of alternatives y, x such that y defeats alternative x, we must construct a preference
profile R′ satisfying parts 1 and 2 in Definition 6. The preference profile R′ such that for each
agent, y and x are ranked as in the original profile R, and for all agents, they are the top-
two alternatives and all the other alternatives are ordered in the same way works in the case
of Proposition 2. However, the profile obtained using this procedure may not belong to the
single-peaked preference domain. Therefore, we have to adapt the proof to Proposition 3. The
construction of R′ heavily depends on both the starting profile R and the set of alternatives
that are between x and y as can be seen in the proof. The procedure used in Proposition 2
would only work when there is no alternative between x and y.

5. fixed profile with variable agendas and fixed agenda with variable profiles

Until now, to state our results, we have used the condition of pairwise justifiability in its full
force, applying it in the general case where both the preference profile and the agenda may
vary. This may obscure the connection between our condition and other important ones in the
literature that only consider changes in one of the two aspects of our situations, by either fix-
ing the preference profile or the agenda. In what follows we discuss these two polar cases and,
in particular, use them to compare the property of pairwise justifiability with others.

5.1. Fixed Profile with Variable Agendas. Let R ∈ Rn be a preference profile. A collective
choice function on A is a mapping C : A → A that assigns an alternative C(B) ∈ B for each
agenda B ∈ A.

Note that pairwise justifiability is a consistency property.

Definition 12. A collective choice function C on A satisfies pairwise justifiability on A if
for any B, B′ ∈ A such that B ∩ B′ 
= ∅, if C(B), C(B′) ∈ B ∩ B′, then C(B) = C(B′).

Observe that, focusing on the case B = A, Sen’s α-consistency is equivalent to fixed-profile
pairwise justifiability.11 The proof that Sen’s α-consistency implies fixed-profile pairwise justi-
fiability is straightforward noticing that for any pair of nonempty intersection agendas B and
B′, one has to apply Sen’s α-consistency twice with S = B ∩ B′ and T 1 = B and T 2 = B′. To
show the converse, let B, B′ such that B ⊂ B′ thus B ∩ B′ = B and apply fixed-profile pair-
wise justifiability.

10 We appreciate the contribution of an anonymous referee who raised this point.
11 When any possible agenda is feasible, Sen’s α-consistency requires that if the choice in a larger agenda belongs to

a smaller agenda, then the choice in the smaller one must be the same. See the formal definition in Sen (1977).
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10 barberà et al.

Note that in this framework, anonymity and neutrality are vacuously satisfied since
D′= D ={R}, and thus, the identity is the unique permutation of agents and alternatives, re-
spectively, such that ρ(R), μ(R) ∈ D′. Moreover, note that D′ does not satisfy closedness un-
der improvements because there is only one admissible preference profile and it violates part
2 of the condition. Thus, Theorem 1 does not apply. In fact, a dictatorial rule with fixed profile
satisfies pairwise justifiability but it may violate Condorcet consistency.

5.2. Fixed Agenda with Variable Profiles. Let A be the fixed agenda. A collective choice
function on D ⊆ Rn is a mapping C : D → A that assigns an alternative C(R) ∈ A for each
preference profile R ∈ D.

Definition 13. A collective choice function C on D satisfies pairwise justifiability on D′,
D′ ⊆ D if, for any two preference profiles R, R′ ∈ D′ such that C(R) = x, C(R′) = y, then
there is some agent i ∈ N and some alternative z ∈ A\{x} such that xPiz and zR′

ix or xIiz and
zP′

i x.

Note that in this framework with the fixed agenda A, we obtain the following result as a
corollary of Theorem 1 when applied for B = {A}.

Corollary 1. Let D ⊆ Rn be such that DCA is closed under improvements, and C be a collec-
tive choice function C on D. C satisfies anonymity, neutrality, and pairwise justifiability on DCA

if and only if C is Condorcet consistent on DCA.

In this setting where the agenda is fixed, we can compare pairwise justifiability with other
well-known properties like strategy-proofness, Maskin monotonicity, and strong positive asso-
ciation, among others. When preferences are strict, Maskin monotonicity and pairwise justifia-
bility are equivalent (by definition). In their Footnote 3, Müller and Satterthwaite (1977) show
that strategy-proofness and strong positive association (or Maskin monotonicity) are equiv-
alent in the universal strict domain of preference profiles. However, they also mention that
for restricted domains of strict preference profiles, strategy-proofness implies strong positive
association, but the converse does not necessarily hold. If we admit indifferences, strategy-
proofness and pairwise justifiability are independent (see Examples 8 and 9 in the Appendix)
and, by definition, Maskin monotonicity implies pairwise justifiability but the converse does
not hold. Example 10 in the Appendix shows that Condorcet consistency and Maskin mono-
tonicity are independent of each other when indifferences are allowed. Other weakenings of
Maskin monotonicity that resemble fixed-agenda pairwise justifiability have been considered
in the literature. See, for example, Sanver (2006), Berga and Moreno (2009), and Barberà
et al. (2012) among others.12

As mentioned in the introduction, Campbell and Kelly (2003, 2015) study the relation be-
tween Condorcet consistency and strategy-proofness. First, their results apply to strict pref-
erence domains, whereas our results also apply to more preference domains including do-
mains that admit indifferences. Secondly, Campbell and Kelly (2003) impose an odd number
of agents, and Campbell and Kelly (2015) consider a particular relationship between the num-
ber of agents and alternatives.

12 Sanver (2006) introduces a property for a fixed agenda named almost monotonicity, which is equivalent to our
property, and uses it in a problem of implementation by awards. Berga and Moreno (2009) study the provision of one
public good when agents have single-plateaued preferences and define a property that in their setting coincides with
pairwise justifiability. Also Barberà et al. (2012) define a similar property called monotonicity to identify preference
domains where this property joint with an invariance property (named reshuffling invariance) is necessary and suffi-
cient conditions for strategy-proofness.
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condorcet consistency and pairwise justifiability under variable agendas 11

appendix A

Example 7. Consider N = {1, 2}, A = {x, y, z}, B = {B, B′} where B = {x, y}, and B′ =
{x, z}. Let R be such xI1yI1z and yP2xP2z, R̂ such that xÎ1yÎ1z and yP̂2zP̂2x and D = {R, R̂}.

This example serves three purposes: (i) to illustrate the process of determining which col-
lective choice functions are anonymous and neutral; (ii) to demonstrate the method for de-
termining whether a preference domain satisfies closedness under improvements; (iii) to illus-
trate that if the Condorcet preference domain DCB violates closedness under improvements, it
is possible to construct an anonymous, neutral, and pairwise justifiable collective choice func-
tion that violates Condorcet consistency.

(1) First, we discuss which collective choice functions are anonymous on D × B. The
unique permutation of agents that keeps the permuted profile in the preference domain
is the identity. Thus, any collective choice function on D × B satisfies anonymity. Sec-
ond, we check which collective choice functions are neutral on D × B. Among the six
possible permutations of A, the only one that does not keep the permuted profile in
the preference domain is μ such that S1 = {x, y}, S2 = {z}. Consider, in fact, the situ-
ation (R, B): since S1 ⊆ B, μ|B(x) = y, μ|B(y) = x, and μ|B(z) = z. Then, μ|B(R) = R′′

where yI′′
1 xI′′

1 z and xP′′
2 yP′′

2 z, which is not in the preference domain. Consider the fol-
lowing permutations of A, μ′ such that S′

1 = {y, z}, S′
2 = {x}; μ′′ such that S′′ = {x, y, z};

and μ′′′ such that S′′′ = {x, z, y}. For any B̂ ∈ B and any nonsingleton Ŝ, we have Ŝ ∩
B̂ 
= ∅ and Ŝ � B̂. Thus, for any situation and any μ̄ ∈ {μ′, μ′′, μ′′′}, μ̄|B̂(x) = x, μ̄|B̂(y) =
y, μ̄|B̂(z) = z, μ̄|B̂(R) = R, and μ̄|B̂(R̂) = R̂. Finally, consider μ̃: S̃1 = {x, z}, Ŝ2 = {y}.
For B, μ̃|B(x) = x, μ̃|B(y) = y, μ̃|B(z) = z, μ̃|B(R) = R, μ̃|B(R̂) = R̂. For B′, μ̃|B′ (x) = z,
μ̃|B′ (y) = y, μ̃|B′ (z) = x, μ̃|B′ (R) = R̂, and μ̃|B′ (R̂) = R. Permutation μ̃ is the only one
that imposes a constraint on collective choice functions to satisfy neutrality. In fact, a
collective choice function satisfies neutrality if and only if C(R, B′) 
= C(R̂, B′).

(2) We verify whether the preference domain D = {R, R̂} satisfies closedness under im-
provements. Consider the preference profile R ∈ D and alternatives y, x where y de-
feats x by majority at R. Observe that part 1 of Definition 6 is satisfied only if R′ =
R. However, part 2 is violated since the unique permutation of A exchanging the role
of x and y is μ: S1 = {x, y}, S2 = {z}, and μ(R) /∈ D. Therefore, the preference domain
D = {R, R̂} does not satisfy closedness under improvements.

We demonstrate the existence of an anonymous, neutral, and pairwise justifiable col-
lective choice function that violates Condorcet consistency. Note that DCB = D and, by
(2) above, it violates closedness under improvements. Let C be such that C(R, B) =
C(R̂, B) = C(R, B′) = x and C(R̂, B′) = z. The proof that C satisfies anonymity and
neutrality follows from the above discussion. We prove that C satisfies pairwise jus-
tifiability; Since z /∈ B, we only have to look at two situations: (R, B′) and (R̂, B′).
Since xP2z and zP̂2x, then pairwise justifiability is satisfied. Notice that C violates Con-
dorcet consistency because alternative y is the strong Condorcet winner at (R, B), and
C(R, B) = x.

Theorem 1 Let B ⊆ A, D ⊆ Rn such that DCB is closed under improvements, and C be a col-
lective choice function C on D × B. C satisfies anonymity, neutrality, and pairwise justifiability
on DCB × B if and only if C is Condorcet consistent on DCB × B.

Proof of Theorem 1. First, we prove the “if” implication. Since C is Condorcet consistent
on DCB × B, then C is anonymous and neutral on DCB × B. Anonymity and neutrality are
straightforward. We now prove that C satisfies pairwise justifiability on DCB × B. Take any
two situations (R, B), (R′, B′) ∈ DCB × B such that C(R, B) = x, C(R′, B′) = y, and x, y ∈ B ∩
B′. Since C(R, B) = x, the number of agents who strictly prefer x over y is greater than that
of those who strictly prefer y over x at R. Also, since C(R′, B′) = y, the number of agents who
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12 barberà et al.

strictly prefer y over x is greater than that of those who strictly prefer x over y at R′. There-
fore, there exists some agent i such that either xPiy and yR′

ix or xIiy and yP′
i x. Thus, pairwise

justifiability holds.
We now prove the “only if” statement by contradiction. Let C satisfy anonymity, neutral-

ity, and pairwise justifiability on DCB × B. Suppose that C is not Condorcet consistent on
DCB × B. Then, there exists a situation (R, B) ∈ DCB × B such that y is the strong Condorcet
winner at (R, B) and C(R, B) = x 
= y. Since DCB is closed under improvements, there ex-
ists R′ satisfying parts 1 and 2. By part 1, there is no alternative z ∈ A\{x} and no agent
i ∈ N such that z has improved with respect to x. That is, by pairwise justifiability of C,
C(R′, B) = x. By part 2, there exists a permutation μ of A such that μ(x) = y, μ(y) = x, and
R′′ = μ(R′) ∈ DCB. By neutrality, C(R′′, μ(B)) = y. Also by part 2, there exists a permutation
ρ of N such that R̂ = μ(R′)ρ ∈ DCB. By anonymity, C(R̂, μ(B)) = y. Also by part 2, for any
i ∈ N, L(R̂i, y)⊆L(R′

i, y), L(R̂i, y)⊆L(R′
i, y). Therefore, from R̂ to R′, there is no alternative

z ∈ A\{y} and no agent i ∈ N such that z has improved with respect to y. Thus, by pairwise
justifiability of C, C(R′, B) = C(R̂, μ(B)) = y. Thus, we get the desired contradiction. �

Proposition 1 Let B ⊆ A, D ⊆ Rn, and C be a collective choice function on D × B. If C is
Condorcet consistent on D′ × B, then C satisfies pairwise justifiability on D′ × B for any D′ ⊆
DCB.

Proof of Proposition 1. Let C be Condorcet consistent on D′ × B where D′ ⊆ DCB. Take
any two situations (R, B), (R′, B′) ∈ D′ × B where C(R, B) = x, C(R′, B′) = y, x, y ∈ B ∩ B′,
Since C(R, B) = x, x defeats y in B by majority at R. Also since C(R′, B′) = y, y defeats x in B′

at R′. Therefore, there exists some agent i such that xPiy and yR′
ix. �

Proposition 2 Let B ⊆ A and D ∈ {Rn,Pn,DE ,DOR}. The Condorcet preference domain
DCB of B in D satisfies closedness under improvements.

Proof of Proposition 2. Let B ⊆ A and R ∈ DCB. Take any pair of alternatives x, y ∈ A such
that y defeats x by majority at R. Consider the partition of N such that Y = {i ∈ N : yPix},
X = {i ∈ N : xPiy}, and L = {i ∈ N : xIiy} = N\(Y ∪ X ). Note that the number of agents in Y
is greater than that in X .

Let R′ be the following preference profile: (i) for all i ∈ X , t(R′
i) = x and yP′

i z for any z ∈
A \ {x, y}, (ii) for all i ∈ Y , t(R′

i) = y and xP′
i z for any z ∈ A \ {x, y}, (iii) for all i ∈ L, t(R′

i) =
{x, y}, yP′

i z and xP′
i z for any z ∈ A \ {x, y}, and (iv) the relative order of the alternatives in A \

{x, y} is the same and is strict.
Note that trivially, R′ ∈ D for D ∈ {Rn,Pn}. For D = DE , let >R′ be such that x > y > z for

any z ∈ A \ {x, y} and the alternatives in A \ {x, y} are ordered following the same and strict
ordering of the preferences of the agents at R′ as in (iv). For D = DOR, let �R′=�R. Note also
that R′ ∈ DCB because for any B such that y ∈ B, CW (R′, B) = y. Also, for any B such that y /∈
B and x ∈ B, CW (R′, B) = x. Otherwise, the unanimous most preferred alternative in B at R′

is the strong Condorcet winner.
Now, we show that R′ satisfies parts 1 and 2 of Definition 6.
Part 1 For any i ∈ N, L(Ri, x)⊆L(R′

i, x) and L(Ri, x)⊆L(R′
i, x) and xR′

iy ⇐⇒ xRiy.
Part 1 is satisfied by construction of R′ because for all i ∈ N, for all z ∈ A \ {x, y}, xP′

i z, yP′
i z

and the preferences of the agents over {x, y} are the same in R and R′.
Part 2 There exists a permutation μ of A such that x = μ(y), y = μ(x), μ(R′) ∈ DCB.
Define μ of A such that z = μ(z), for all z ∈ A \ {x, y}, x = μ(y), and y = μ(x).
Note that trivially, μ(R′) ∈ D for D ∈ {Rn,Pn}. For D = DE , let >μ(R′)=>R′ . For D = DOR,

let �μ(R′)=�R′ . Note that μ(R′) ∈ DCB because for any B such that x ∈ B, CW (μ(R′), B) = x.
Also, for any B such that x /∈ B and y ∈ B, CW (μ(R′), B) = y. Otherwise, the unanimous most
preferred alternative in B at μ(R′) is the strong Condorcet winner.

Moreover, there exists a permutation ρ of N such that R̂ = μ(R′)ρ ∈ DCB and for any i ∈ N,
L(R̂i, y)⊆L(R′

i, y), L(R̂i, y)⊆L(R′
i, y).

It is immediate to check that, for any B ∈ B, we have that CW (R̂, B) = CW (μ(R′), B).
Therefore, R̂ ∈ DCB.
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condorcet consistency and pairwise justifiability under variable agendas 13

By construction of R′, y is the second best alternative in A for any j ∈ Y at μ(R′)
and for any i ∈ X at R′

i. Since |X | < |Y |, for |X | agents j ∈ Y , there exists i ∈ X such
that L(μ(R′

j ), y) = L(R′
i, y) = A \ {x} and L(μ(R′

j ), y)=L(R′
i, y) = A \ {x, y}. Symmetrically,

by construction of R′, y is the unique best alternative in A at R′ for any j ∈ Y and at μ(R′
i) for

any i ∈ X . Since |X | < |Y |, for any i ∈ X , there exists j ∈ Y such that L(μ(R′
i), y)=L(R′

j, y) =
A, L(μ(R′

i), y)=L(R′
j, y) = A \ {y}.

By construction of R′, for any � ∈ L, L(μ(R′
�), y) = L(R′

�, y) = A, L(μ(R′
�), y) =

L(R′
�, y) = A \ {x, y}.

By construction of R′, for any |Y | − |X | agents left in Y , y is the second best alternative
in A at μ(R′) and A \ {x} = L(μ(R′

j ), y) ⊂ L(R′
j, y) = A, A \ {x, y} = L(μ(R′

j ), y) ⊂ A \ {y} =
L(R′

j, y).
We now define ρ of N as follows: (i) j = ρ(i), for |X | agents j ∈ Y and any i ∈ X ; (ii) i =

ρ( j), for |X | agents j ∈ Y and any i ∈ X , and (iii) k = ρ(k), for any k ∈ L and the remaining
|Y | − |X | agents in Y . �

For any x ∈ A and Ri ∈ D, define the upper contour set as U (Ri, x) = {y ∈ A : yRix} and the
strict counterpart as U (Ri, x) = {y ∈ A : yPix}.

Proposition 3 Let B ⊆ A and D = DS,>. The Condorcet preference domain DCB of B in D
satisfies closedness under improvements.

Proof of Proposition 3. Let B ⊆ A and R ∈ DS,>
CB . Take any pair of alternatives x, y ∈ A

such that y defeats x by majority at R. Suppose without loss of generality that x < y. Consider
the partition of N such that Y1 = {

i ∈ N : yPix & t(Ri) ≥ y
}
, Y2 = {

i ∈ N : yPix & t(Ri) < y
}
,

X1 = {
i ∈ N : xPiy & t(Ri) ≤ x

}
, X2 = {

i ∈ N : xPiy & t(Ri) > x
}
, and L = {i ∈ N : xIiy} =

N\(Y ∪ X ) where Y ≡ Y1 ∪ Y2 and X ≡ X1 ∪ X2,. Note that the number of agents in Y is
greater than that in X . Let M = {z ∈ A : x ≤ z ≤ y} and let Mc its complement set in A.

We have to distinguish two cases
Case (a): |X | ≤ |Y1|. Note that if |X | = |Y1|, then Y2 is not empty because |Y | > |X |. Let

J ⊆ Y1 with |J| = |Y1| − |X |. Note that if |X | < |Y1|, J is not empty. Therefore, Y2 ∪ J is not
empty. If X2 is not empty, let k ∈ X2 be one of the agents for which U (Rk, x) ⊆ U (Ri, x) for
any i ∈ X2. Let R′ be a preference profile in DS,> defined as follows: (i) for all i ∈ X1, t(R′

i) =
x, for all i ∈ Y1 \ J, t(R′

i) = y; (ii) for all i ∈ {X2 ∪ L ∪ Y2 ∪ J}, t(R′
i) ∈ Ū (Rk, x) if X2 
= ∅ and

x < t(R′
i) < y otherwise, the relative order of alternatives in M \ {x, y} is the same and strict,

xR′
iy if and only if xRiy; additionally, for any i ∈ X2, Ū (R′

i, x) ⊆ Ū (Rk, x);13 (iii) for all z ∈ M,
w ∈ Mc, zP′

i w; and (iv) the relative order of the alternatives in Mc is the same and is strict.
Case (b): |X | > |Y1|. Let J ⊂ Y2 with |J| = |X | − |Y1|. If X2 is not empty, let k ∈ X2 be one

of the agents for which U (Rk, x) ⊆ U (Ri, x) for any i ∈ X2. Let R′ be a preference profile in
DS,> defined as follows: (i) for all i ∈ X1, t(R′

i) = x, for all i ∈ Y1, t(R′
i) = y and for all j ∈ J,

t(R′
j ) = y; (ii) for all i ∈ {X2 ∪ L ∪ Y2 \ J}, t(R′

i) ∈ Ū (Rk, x) if X2 
= ∅ and x < t(R′
i) < y other-

wise, the relative order of alternatives in M \ {x, y} is the same and strict, xR′
iy if and only if

xRiy; additionally, for any i ∈ X2, Ū (R′
i, x) ⊆ Ū (Rk, x);14 (iii) for all z ∈ M, w ∈ Mc, zP′

i w; and
(iv) the relative order of the alternatives in Mc is the same and is strict.

Before proceeding with the two cases, we state three facts that apply to them.
Fact 1: For any B ∈ B such that there exists z ∈ B with z > x, CW (R, B) > x. This follows by

assumption that |X | < |Y |.
Fact 2: For any B ∈ B such that B ⊆ Mc, CW (R′, B) 
= ∅. (This follows since in R′, the rela-

tive order of the alternatives in Mc is the same and strict.)
Fact 3: For any B ∈ B such that B ⊆ Mc ∪ {�} and � ∈ M ∩ B, CW (R′, B) = {�}. (This is be-

cause for all i ∈ N, for all � ∈ M, w ∈ Mc, �P′
i w.)

Now we show that R′ ∈ DS,>
CB for any B for Case (a) and for Case (b).

13 Note that from (ii), for any i ∈ Y2 ∪ J, for all v ∈ M \ {x, y}, vP′
i y.

14 Note that from (ii), for any i ∈ Y2 \ J, for all v ∈ M \ {x, y}, vP′
i y.
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14 barberà et al.

For any B ∈ B that satisfies conditions in Fact 2 or 3, there exists a strong Condorcet win-
ner at (R′, B) in both cases as shown in the facts. Consider any agenda B ∈ B not described in
Facts 2 and 3. Then, there must exist z,w ∈ M ∩ B and CW (R′, B) 
= ∅ implies CW (R′, B) ∈
M ∩ B by condition (iii) in the definition of R′ in both cases.

Case (a): |X | ≤ |Y1|. Note that by construction of R′, |X | = |{i ∈ N : xP′
i y}| = |{i ∈ N :

t(R′
i) = y}| = |Y1| − |J| and Y2 ∪ J is not empty.

Consider any B ∈ B. Note that if B ∩ M = {x, y}, CW (R′, B) = y trivially. If B ∩ M 
= {x, y},
consider the unanimously most preferred alternative w ∈ B ∩ (x, y) according to R′ for any
i ∈ X2 ∪ L ∪ Y2 ∪ J. We first show that w defeats any alternative s > w by majority at R′. By
definition of R′, |X1 ∪ X2 ∪ L ∪ Y2 ∪ J| = |{i ∈ N : wP′

i s}| > |{i ∈ N : sP′
i w}| = |Y1 \ J|. Also, w

defeats any alternative s ∈ B such that s < w by majority at R′, since by definition of R′, |Y1 \
J ∪ X2 ∪ L ∪ J ∪ Y2| = |{i ∈ N : wP′

i s}| > |{i ∈ N : sP′
i w}| = |X1|. Therefore, CW (R′, B) = w.

Case (b): |X | > |Y1|.
Note that by construction of R′, |X | = |{i ∈ N : xP′

i y}| = |{i ∈ N : t(R′
i) = y}| = |Y1| + |J|

and since |Y | > |X | and |X | > |Y1|, we have that Y2 
= ∅.
Consider any B ∈ B. Note that if B ∩ M = {x, y}, CW (R′, B) = y trivially. If B ∩ M 
= {x, y},

consider the unanimously most preferred alternative w ∈ B ∩ (x, y) according to R′ for any
i ∈ X2 ∪ L ∪ Y2 \ J. We first show that w defeats any alternative s > w by majority at R′. By
definition of R′, |X1 ∪ X2 ∪ L ∪ Y2 \ J| = |{i ∈ N : wP′

i s}| > |{i ∈ N : sP′
i w}| = |Y1 ∪ J|. Also, w

defeats any alternative s ∈ B such that s < w by majority at R′, since by definition of R′, |Y1 ∪
X2 ∪ L ∪ J ∪ Y2 \ J| = |{i ∈ N : wP′

i s}| > |{i ∈ N : sP′
i w}| = |X1|. Therefore, CW (R′, B) = w.

Now, we show that R′ satisfies parts 1 and 2 of Definition 6.
Part 1 For any i ∈ N, L(Ri, x)⊆L(R′

i, x) and L(Ri, x)⊆L(R′
i, x) and xR′

iy ⇐⇒ xRiy.
Case (a): |X | ≤ |Y1|. Note that for all i ∈ N, xR′

iy if and only if xRiy. Also, for all i ∈ N and
for all w ∈ Mc, xP′

i w. Moreover, for any i ∈ Y ∪ L and for all z ∈ M \ {x, y}, zPix. Therefore,
for none of these agents, x gets worse relative to any alternative in M \ {x, y} at R′. Addition-
ally, for any i ∈ X2, Ū (R′

i, x) ⊆ Ū (Rk, x) and for all i ∈ X1, t(R′
i) = x. Thus, part 1 is satisfied

by construction of R′.
Case (b): |X | > |Y1|. Note that for all i ∈ N, xR′

iy if and only if xRiy. Also, for all i ∈ N and
for all w ∈ Mc, xP′

i w. Moreover, for any i ∈ Y ∪ L and for all z ∈ M \ {x, y}, zPix. Therefore,
for none of these agents, x gets worse relative to any alternative in M \ {x, y} at R′. Addition-
ally, for any i ∈ X2, Ū (R′

i, x) ⊆ Ū (Rk, x) and for all i ∈ X1, t(R′
i) = x. Thus, part 1 is satisfied

by construction of R′.
Part 2 There exists a permutation μ of A such that x = μ(y), y = μ(x), μ(R′) ∈ DS,>

CB .
Denote d(�, k) as the number of alternatives that are contained in the integer interval (�, k)

plus one and let m = {m1, m2} be the median set in M ⊆ A.
We now define μ of A as follows: If m is a singleton, then μ : A → A is such that (i)

z = μ(z), for all z ∈ Mc ∪ {m} (ii) and k = μ(�) if and only if d(m, k) = d(m, �) for all pairs
�, k ∈ M \ {m}. If m1 
= m2 are the median points, then (i) z = μ(z), for all z ∈ Mc (ii) m1 =
μ(m2) and m2 = μ(m1) and for all pairs �, k ∈ M such that k < m1 and � > m2 and d(m1, k) =
d(m2, �), then k = μ(�) and � = μ(d).

It is immediate to check that, for any B ∈ B, we have that CW (μ(R′′, B)). Therefore,
μ(R′) ∈ DS,>

CB .
Moreover, there exists a permutation ρ of N such that R̂ = μ(R′)ρ ∈ DS,>

CB and for any i ∈ N,
L(R̂i, y)⊆L(R′

i, y), L(R̂i, y)⊆L(R′
i, y).

It is immediate to check that, for any B ∈ B, we have that CW (R̂, B) = CW (μ(R′), B).
Therefore, R̂ ∈ DS,>

CB .
Case (a): |X | ≤ |Y1|.
By construction of R′, y is the unique worst alternative in M for any j ∈ Y1 at μ(R′)

and for any i ∈ X at R′
i. Since |X | ≤ |Y1|, for |X | agents j ∈ Y1, there exists i ∈ X such

that L(μ(R′
j ), y)=L(R′

i, y) = Mc ∪ {y} and L(μ(R′
j ), y)=L(R′

i, y) = Mc. Symmetrically, by
construction of R′, y is the unique best alternative in A at R′ for any j ∈ Y1 ∪ J and
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condorcet consistency and pairwise justifiability under variable agendas 15

at μ(R′
i) for any i ∈ X . Since |X | ≤ |Y1 ∪ J|, for any i ∈ X , there exists j ∈ Y1 such that

L(μ(R′
i), y)=L(R′

j, y) = A, L(μ(R′
i), y)=L(R′

j, y) = A \ {y}.
By construction of R′, for any � ∈ L, L(μ(R′

�), y)=L(R′
�, y) = Mc ∪ {x, y},

L(μ(R′
�), y)=L(R′

�, y) = Mc.
By construction of R′, for any j ∈ Y2 and |Y1| − |X | agents left in Y1, y is the unique worst

alternative in M at μ(R′) and Mc ∪ {y} = L(μ(R′
j ), y)⊂L(R′

j, y), Mc = L(μ(R′
j ), y)⊂Mc ∪

{x} ⊆ L(R′
j, y).

We now define ρ of N as follows: (i) j = ρ(i), for |X | agents j ∈ Y1 and any i ∈ X ; (ii)
i = ρ( j), for |X | agents j ∈ Y1 and any i ∈ X ; and (iii) k = ρ(k), for any k ∈ L ∪ Y2 and the
remaining |Y1| − |X | agents in Y1.

Case (b): |X | > |Y1|. By construction of R′, y is the unique worst alternative in M at μ(R′)
for any j ∈ Y1 ∪ J and at R′

i for any i ∈ X . Since |X | = |Y1 ∪ J|, for any j ∈ Y1 ∪ J, there ex-
ists i ∈ X such that L(μ(R′

j ), y)=L(R′
i, y) = Mc ∪ {y}, L(μ(R′

j ), y)=L(R′
i, y) = Mc. Symmet-

rically, by construction of R′, y is the unique best alternative in A at R′ for any j ∈ Y1 ∪ J
and at μ(R′

i) for any i ∈ X . Since |X | = |Y1 ∪ J|, for any i ∈ X , there exists j ∈ Y1 ∪ J such
that L(μ(R′

i), y)=L(R′
j, y) = A, L(μ(R′

i), y)=L(R′
j, y) = A \ {y}. By construction of R′, for

any � ∈ L, L(μ(R′
�), y)=L(R′

�, y) = Mc ∪ {x, y}, L(μ(R′
�), y)=L(R′

�, y) = Mc. By construction
of R′, for any j ∈ Y2 \ J, y is the unique worst alternative in M at μ(R′) and Mc ∪ {y} =
L(μ(R′

j ), y)⊂L(R′
j, y), Mc = L(μ(R′

j ), y)⊂L(R′
j, y) = Mc ∪ {x}.

We now define ρ of N as follows: (i) j = ρ(i), for any j ∈ Y1 ∪ J and any i ∈ X ; (ii) i = ρ( j),
for any j ∈ Y1 ∪ J and any i ∈ X and (iii) k = ρ(k), for any k ∈ L ∪ Y2 \ J. �

From now on, the Appendix is devoted to make a few remarks on the relation between
Condorcet consistency and pairwise justifiability with two well-known properties of social
choice functions: strategy-proofness and Maskin monotonicity, for the case of fixed agenda
and variable profiles introduced in Subsection 5.2.15

Definition Let D ⊆ Rn be a Cartesian preference domain. A collective choice function C :
D → A is strategy-proof on D if for any i ∈ N, any preference profile R ∈ D, and any agent i’s
preference R′

i, we have that C(R)RiC((R′
i, RN\{i})).

Note that RN\{i} refers to the preferences of all agents in N but i.
Definition Let D ⊆ Rn be the preference domain. A collective choice function C : D → A

satisfies Maskin monotonicity on D if for any pair of preference profiles R, R′ ∈ D such that
for each agent i ∈ N,

[
C(R)Riz ⇒ C(R)R′

iz
]
, then C(R′) = C(R).

First, we show that strategy-proofness and pairwise justifiability are independent when
agent’s preferences have indifferences. Example 8 shows a strategy-proof social choice func-
tion that violates pairwise justifiability. Example 9 shows a social choice function that satisfies
pairwise justifiability but it violates strategy-proofness.

Example 8. Let N = {1, 2} and A = {x, y, z,w}. The set of admissible preference pro-
files is D = {R1, R′

1} × {R2, R′
2} where R1: yI1wP1xI1z and R′

1: yP′
1wP′

1xI′
1z, R2: zI2yP2xI2w

and R′
2: xI′

2wP′
2zI′

2y. Define C such that C(R1, R2) = x, C(R1, R′
2) = w, C(R′

1, R2) = z, and
C(R′

1, R′
2) = y. It is easy to check that C is strategy-proof. However, C violates pairwise jus-

tifiability. To show the latter, take (R1, R2) and (R′
1, R′

2) and observe that no alternative im-
proves with respect to C(R1, R2) = x for no agent (equivalently, for any agent i, the lower con-
tour set at x from Ri to R′

i weakly increases). Moreover, no agent is indifferent between x and
y under (R1, R2): yP1x and yP2x.

Example 9. Let N = {1, 2} and A = {x, y, z,w}. The set of admissible preference pro-
files is D = D1 × D2, D1 = D2 = {R, R′} where R: xIzPyPw and R′: wI′xP′yI′z. Define C
such that C(R1, R2) = y, C(R1, R′

2) = C(R′
1, R2) = x, and C(R′

1, R′
2) = w. We can check that

C satisfies pairwise justifiability. However, C violates strategy-proofness. To show the latter,

15 See Barberà (2011) for a historical survey on strategy-proofness and Maskin (1999) for his well-known property.
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16 barberà et al.

take (R1, R2) and observe that agent 1 would strictly gain by saying R′
1 instead of R1 since

C(R′
1, R2) = xP1y = C(R1, R2). To show that C satisfies pairwise justifiability, one must con-

sider any pair of profiles with different outcome and check that either part 1 or 2 of the con-
dition holds. In this example, 10 comparisons are required. For the sake of illustration, we
prove it only for one pair of profiles: R = (R1, R2) and R̃ = (R′

1, R2). Observe that from R to
R̃, there is an agent, 1, and an alternative, w, such that C(R) = yP1w and wP′

1y.

Second, we prove that in subdomains of DCA, Condorcet consistency implies strategy-
proofness (Proposition 4) but not Maskin monotonicity (Example 10). Finally, by means of
Example 11, we show that in subdomains of DCA, strategy-proofness does not imply Con-
dorcet consistency.

Proposition 4. Let D ⊆ Rn be a subset of preference profiles. Any Condorcet consistent col-
lective choice function C on D satisfies strategy-proofness on D′ where D′ ⊆ DCA and has a
Cartesian product structure.

Proof. Let C be Condorcet consistent on D′ where D′ ⊆ DCA and D′ has a Cartesian prod-
uct structure. We prove that C is strategy-proof. By contradiction, suppose that there exist two
preference profiles R, R′ ∈ DCA, such that R′ = (R′

i, RN\{i}), C(R) = x, C(R′) = y and for some
agent i, yPix. Since C(R) = x is the strong Condorcet winner, then C(R′) 
= y and since if x de-
feats y by majority at R, it also defeats it at R′. �

Example 10. Consider N = {1, 2, 3}, A = {x, y}, and D = {R, R′}. Let R be such xP1y, xP2y,
and yP3x and R′ such that xI′

1y, xI′
2y, and yP′

3x. The strong Condorcet winner at R and R′ are x
and y, respectively. Any Condorcet consistent rule C must be such that C(R) = x and C(R′) =
y. If C satisfied Maskin monotonicity, we should have that C(R′) = C(R) that is not the case.

Example 11. Consider N = {1, 2, 3}, A = {x, y, z}, and D = D1×D2×D3 being for each i ∈
N, Di = {Ri, R′

i, R′′
i } such that xPiyPiz, xI′

i yI′
i z, and yP′′

i xP′′
i z. Let the outcome of the collective

choice function C be defined as the element in each cell in the following tables. Note that in
the rows, we represent preferences of agent 1, in columns preferences of agent 2, and in each
table represents a preference of agent 3.

The reader can check that C is strategy-proof on D, thus on DCA = D\{(R′
1, R′

2, R′
3),

(R1, R′
2, R′′

3 ), (R1, R′′
2, R′

3), (R′
1, R2, R′′

3 ), (R′
1, R′′

2, R3), (R′′
1, R2, R′

3), (R′′
1, R′

2, R3)}. However, C
violates Condorcet consistency since at preference profile (R1, R′

2, R′
3), C((R1, R′

2, R′
3)) = y

but the Condorcet winner exists and is x.
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