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Abstract
This study analyzes the mathematical knowledge to teach early algebra exhibited by 
pre-service early childhood education teachers, from the perspective of the Math-
ematical Knowledge for Teaching (MKT) model. The research adopts a mixed 
exploratory-descriptive methodological approach, based on the application of the 
MKT-early algebra questionnaire (3–6), consisting of six open-ended items that 
place teachers in various teaching situations reflecting the knowledge that charac-
terizes early algebra at this stage of schooling. The analysis of the answers given 
by the pre-service teachers of early childhood education revealed a level general of 
insufficient mathematical knowledge, with the common content knowledge exhibit-
ing fewer limitations compared to the other subdomains that comprise the model, 
and the horizon content knowledge the weakest. We conclude that it is necessary to 
offer teacher training programs that deepen the didactics of early algebra and pro-
vide tools to further the effective teaching of this content block in early childhood 
education.

Keywords  Early algebra · Early childhood education · Mathematical knowledge for 
teaching · Pre-service teacher

Introduction

A growing research agenda in early algebra suggests that early childhood educa-
tion children can reasoning algebraically (e.g., Lenz, 2022; Lüken & Sauzet, 
2020; Rittle-Johnson et al., 2015). Kieran et al.’s (2016) studies have focused pri-
marily on explaining students’ opportunities to explore and discern mathematical 
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relationships, patterns, and arithmetic structures through processes of observation, 
conjecture, generalization, representation, justification, and communication (e.g., 
Ayala-Altamirano & Molina, 2020; Pinto et al., 2022; Torres et al., 2024).

On a related topic, the “algebraization” of the curriculum, a term proposed by 
Kaput (2000) to refer to the integration of algebraic reasoning or thinking through-
out schooling, has begun to be incorporated into some contemporary early child-
hood education curricula (e.g., Australian Curriculum, Assessment And Reporting 
Authority [ACARA], 2022; Ministry of Education, Republic of Singapore, 2013; 
National Council of Teachers of Mathematics [NCTM], 2000), since they have inte-
grated the teaching of algebra as a content block starting with this stage of education 
(Pincheira & Alsina, 2021a).

The latter means “teachers can help students build a solid foundation of under-
standing and experience as a preparation for more sophisticated work in algebra in 
the middle grades and high school” (NCTM, 2000, p. 39). However, to ensure that 
children benefit from such learning experiences involving early algebra, early child-
hood education teachers need to have specific knowledge (Mosvold et  al., 2011), 
since they are a key agent in eliciting the development of algebraic thinking as a 
capacity to make and express generalizations (Kaput, 2008; Pinto et al., 2022).

Despite the interest in researching the development of algebraic thinking in early 
childhood education, and advances in early algebra in curricular terms, research on 
how to guide teachers towards the effective teaching of early algebra at this school 
stage (3–6 years old) is not as advanced. Accordingly, the literature notes the need 
to conduct studies that analyze the mathematical knowledge of early algebra of early 
childhood education teachers (e.g., Cabral et al., 2021; Pincheira & Alsina, 2021b), 
since there is little evidence on the development of this knowledge to undertake the 
teaching of early algebra (Walkoe et  al., 2022). Consequently, studies are needed 
that can be used to evaluate and track key aspects of mathematical knowledge in 
order to carry out the instructional process involved in this content block.

Lane et al. (2015) note that the knowledge of teachers is directly related to stu-
dent learning. Based on this, we posit the question: what mathematical knowledge 
does an early childhood education teacher mobilize in order to teach early algebra?

Given this interrogatory, the objective of our study is to analyze the mathemati-
cal knowledge of pre-service teachers for teaching early algebra in early childhood 
education. To achieve this goal, we take the perspective of Ball et al. (2008) and use 
the Mathematical Knowledge for Teaching (MKT) model as an analytical tool. The 
data obtained will provide the starting point to determine those central aspects that 
should be considered in the initial training of early childhood education teachers to 
teach early algebra.

Theoretical Foundation

Mathematical Knowledge for Teaching

In the field of teacher knowledge, the research contributions proposed by Shulman 
(1986, 1987) showed a lack of emphasis on both teacher training and evaluation, 
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as well as on effective teaching practices. Shulman (1986) introduced the concept 
of content knowledge, referring to “the amount and organization of knowledge 
per se in the mind of the teacher” (p. 9), and pedagogical knowledge, defined as a 
“particular form of content knowledge that embodies the aspects of content most 
germane to its teachability” (p. 9). By distinguishing between the two concepts, 
this author intended to bridge the gap between content and pedagogy.

Ball et  al. (2008), in an effort to refine and empirically validate the notions 
proposed by Shulman (1986, 1987), developed a model of knowledge specific 
to mathematics teachers, called Mathematical Knowledge for Teaching (MKT). 
This model has been developed as an analytical tool of teacher knowledge and 
is defined as “the mathematical knowledge that teachers uses in the classroom 
to produce instruction and student growth” (Hill et al., 2008, p. 374); that is, it 
refers to the multiple dimensions of knowledge on which a teacher relies when 
implementing the teaching of mathematics.

The MKT model represents a map of the mastery of mathematical comprehen-
sion and ability that considers two main constructs: knowledge of the subject and 
pedagogical knowledge of the content. On the one hand, knowledge of the subject 
integrates: common knowledge of content (CCK), defined as “knowledge that is 
used in the work of teaching in ways in common with how it is used in many 
other professions or occupations that also use mathematics” (Hill et al., 2008, p. 
377); knowledge of specialized content (SCK), which is “mathematical knowl-
edge that allows teachers to engage in particular teaching tasks, including how 
to accurately represent mathematical ideas, provide mathematical explanations 
for common rules and procedures, and examine and understand unusual solu-
tion methods to problems” (Hill et al., 2008, pp. 377–378); and horizon content 
knowledge, defined as “an awareness of how mathematical topics are related over 
the span of mathematics included in the curriculum” (Ball et al., 2008, p. 403).

And on the other hand, pedagogical knowledge of the content considers: 
knowledge of content and students (KCS), defined as “knowledge that combines 
knowing about students and knowing about mathematics” (Ball et  al., 2008, p. 
401), that is, the knowledge that can be used to anticipate and interpret how stu-
dents think when confronted with a certain mathematical task; knowledge of 
content and teaching (KCT), described as that which “combines knowing about 
teaching and knowing about mathematics” (Ball et al., 2008, p. 401) and which 
refers to the mathematical knowledge of how to design the instruction, that is, 
how to use different methods and procedures in order to develop the instruction; 
and finally, knowledge of the content and curriculum related to content knowl-
edge as it pertains to the curriculum designed for each educational level in the 
area of mathematics.

Although the MKT model, described earlier, was at one time a significant 
advancement in characterizing the knowledge that a teacher should have to teach 
mathematics, Ball et al. (2008) note that “It is not always easy to discern where 
one of our categories divides from the next, and this affects the precision (or lack 
thereof) of our definitions” (p. 403). Thus, one of the main limitations of the 
model is to discern common knowledge from specialized knowledge in specific 
cases.
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Mathematical Knowledge of Early Algebra in Early Childhood Education Teachers

Mathematical Knowledge for Teaching [MKT] (Ball et  al., 2008) is an analytical 
model that has gained international relevance and whose purpose is to analyze the 
knowledge of mathematics teachers by considering various components. In relation 
to knowledge for teaching algebra, the systematic review conducted by Pincheira 
and Alsina (2021b) shows the links between the two aspects, based on 17 papers 
published in Web of Science and Scopus during the period 2010–2021 that analyze 
the knowledge for teaching algebra from an MKT perspective. On the one hand, 
the data from the studies show advances in the conceptualization of mathematical 
knowledge for teaching algebra during the period analyzed, especially in Primary 
Education teachers and in the specialized knowledge of content; on the other hand, 
there is a predominance of studies that analyze functional thinking.

Some recent studies have begun to analyze the mathematical knowledge that 
early childhood education teachers have of general aspects of early algebra typical 
of this stage of schooling, focusing mainly on knowledge of mathematical patterns 
(Pincheira & Alsina, 2021b).

For example, Bair and Rich (2011), in a longitudinal study with more than 5000 
pre-service early childhood and primary education teachers, analyzed the knowledge 
of specialized content for teaching in relation to algebraic reasoning and number 
sense. These authors identified problems exemplifying the nature of the relation-
ships between quantities and establishing connections between the representations 
of a number sequence. Similarly, Noviyanti and Suryadi (2019) evaluated the 
basic mathematical knowledge of 35 in-service early childhood education teachers 
on patterns and mathematical relationships. The results reveal limitations in con-
tent knowledge in both constructs. Cabral et  al. (2021), from a broad perspective 
on teacher training in algebra, carried out a training experience with two pairs of 
Early Childhood Education teachers in training, where they analyzed the math-
ematical knowledge about repetitive patterns and the ability to perceive algebraic 
thinking of children in Early Childhood Education. The results reveal difficulties in 
understanding repetitive patterns as a mathematical object, however, they address 
relevant aspects of children’s algebraic thinking, presenting some limitations in their 
interpretation.

Pincheira and Alsina (2022b) analyzed the specialized content knowledge and 
the knowledge of content and teaching of 18 pre-service early childhood educa-
tion teachers when designing mathematical tasks on repetition patterns. The results 
reveal problems in the specialized knowledge to identify theoretical concepts of a 
task on patterns, demonstrate rules of sequence formation and poor management 
of teaching situations in which to apply the study of patterns. They also indicate 
deficiencies in the knowledge of content and teaching to propose teaching strategies 
that promote an understanding of patterns and the use of early algebraic language. 
Unlike the previous study, this research pursues a broader objective, since it con-
siders all the subdomains of knowledge of the MKT model, delving not only into 
repetition patterns, but also into other content areas that characterize early algebra in 
childhood education, such as different types of relationships and change (Pincheira 
& Alsina, 2021a).



1 3

Mathematical Knowledge of Early Algebra Exhibited by…

In summary, the data on the mathematical knowledge mobilized by pre- and in-
service early childhood education teachers are scarce, and reflect a limited knowl-
edge to promote the effective teaching of early algebra at this stage of schooling.

Methodology

In keeping with the purpose of the research that, as indicated, consists of analyz-
ing the mathematical knowledge of pre-service teachers for teaching early algebra 
in early childhood education, we employed a mixed methodological approach of an 
exploratory-descriptive type (Creswell, 2014) because, on the one hand, it addresses 
a subject that has received limited attention in the literature and, on the other, it 
seeks to specify the MKT characteristics of early childhood teachers in the different 
subdomains that comprise it.

Participants and Context

The study involved 60 students majoring in early childhood education in a university 
in Spain. The sample was selected by considering a non-probabilistic sampling of an 
accidental or causal nature (Creswell, 2014), since the selection criterion was deter-
mined by the possibility of joining this group.

The ages of the participants ranged from 18 to 25, with 59 women (98.3%) and 
1 man (1.7%). As for their previous education, 49 (81.6%) of them completed high 
school, 25 (41.7%) completed vocational training, and 14 (23.3%) completed both.

At the time of the study, in 2022, the participants were in the second year of 
their studies, out of a total of four, and were taking the “Learning mathematics” 
course. In general, in this first course in the field of mathematics education, pre-
service teachers receive general training on early childhood mathematical education 
(skill-based planning and managing of teaching practices; presence of mathematics 
in the kindergarten curriculum). They then study the content, assessment indicators, 
resources and strategies for teaching early algebra to students aged 3 to 6 years, and 
other content blocks, such as numbering and calculation, geometry, measurement, 
and statistics and probability.

At the beginning of the research, the pre-service teachers were in the middle of 
the “Learning Mathematics” course and had received training in early algebra for 
the first time, considering both the main contemporary contributions of research into 
early childhood mathematics education and the most advanced curricula on this sub-
ject. This is because, for Spain, there is a critical analysis of the early childhood 
education curriculum (MEFP, 2022), given the mismatches between the proposed 
contents in comparison with both the research contributions (Alsina, 2022b) and the 
international curricular proposals (e.g., ACARA, 2022; NCTM, 2000). In any case, 
at the time of the research, they did not yet have any practical experiences in the 
early childhood education classroom.
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Design and Procedure

The data were obtained by administering the MKT-early algebra (3–6) questionnaire 
described in Pincheira and Alsina (2022a), where the validity and reliability of the 
instrument were analyzed, yielding a Cronbach alpha of 0.72. This instrument con-
sists of six open-ended exercises (Table 1) that place pre-service teachers in vari-
ous teaching situations that can provide an integrated analysis of the mathematical 
contents that characterize early algebra in early childhood education (Pincheira & 

Table 1    Items that make up the MKT early algebra questionnaire (3–6)
Item 1: Item 2:

Item 3: Item 4:

Item 5: Item 6: 



1 3

Mathematical Knowledge of Early Algebra Exhibited by…

Alsina, 2021a). This characterization emerges from the analysis of various curricu-
lar approaches at the international level (e.g., ACARA, 2022; Ministry of Education, 
Republic of Singapore, 2013; NCTM, 2000, among others), and establishes some 
initial categories of knowledge: (a) establish relationships based on the recognition 
of attributes when experimenting with elements or objects, such as classifications, 
arrangements and correspondences, etc., (items 1, 2 and 3); (b) seriation based on 
repetition patterns, considering the identification, construction and representation 
of the pattern (items 4 and 5); and (c) description of qualitative changes related to 
changes in physical attributes, and quantitative changes related to changes in quanti-
ties (items 6). It is important to continue delving into these categories of knowledge, 
since they reflect the area of algebra content declared in contemporary early child-
hood education curricula (3 to 6 years old).

Table 2 shows the guidelines that provided a reference for designing each of the 
six items that comprise the questionnaire.

The items that pertain to CCK are related to the seriations with repetition pat-
terns, and they ask to identify the specific position of a seriation (item 4a), as well 
as to determine the repetition unit of various seriations (item 5a). The items that 
delve into SCK propose situations for establishing relationships (items 1a, 2a and 
3a), pattern seriations (item 4b) and description of qualitative changes (item 6a). 
These items call on exposing the mathematical contents that allow solving each task. 
Meanwhile, HCK delves into the most advanced concepts of the curriculum that 
involve the relationships that are established from the recognition of attributes (item 
1c).

As concerns KCS, it investigates the possible difficulties that children may have 
in establishing object classification relationships (item 2b) and element comparisons 
(item 3b) through the recognition of attributes, as well as the difficulties they exhibit 
when creating patterns (item 4c), expanding seriations that do not end in a complete 
repetition unit (item 5b), and applying qualitative changes from a logical opera-
tor (item 6b). KCT is covered by requesting didactic strategies or resources to deal 
with different types of relationships (items 2c and 3c), working with repetition pat-
terns (items 4d and 5c), and the notion of change (item 6c). Finally, KCC requests 
to expose the purpose of each task based on the curricular guidelines involving the 
representation of attributes of elements and collections, establishing classification, 

Table 2    Guidelines for the MKT model used in the design of the items

Subdomain Guideline

CCK Solves algebraic tasks
SCK Identifies what mathematical content children need to put into practice to solve the task.
HCK Identifies the more advanced mathematical content of the school curriculum that is 

involved in the task
KCS Determines the main difficulties children might have in learning early algebraic content
KCT Indicates instructional strategies or resources they would use to teach the algebraic content
KCC Determines what the goal of the task is, based on the preschool education school cur-

riculum
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grouping and comparison relationships (item 1b, 3d), seriations (item 5d) and 
change (item 6d).

The items on the questionnaire provide an insight into the mathematical knowl-
edge involved in teaching early algebra in early childhood education, giving rise to 
a total of twenty-two questions that are based on the MKT model (Ball et al., 2008), 
allowing us to investigate the domains and subdomains that compose it, as shown in 
Table 3. These questions were taken and adapted from previous research that delved 
into the different subdomains of the model.

To assess the degree of adequacy of each item based on the subdomains of knowl-
edge of the MKT model, a relevance analysis (Pincheira & Alsina, 2022a) was car-
ried out based on the validation of the instrument through the judgment of experts 
with extensive experience in the field of Mathematics Education, and more specifi-
cally, with the MKT Model and the study of early algebra. Based on an evaluation 
guideline, 12 experts assigned ratings to each item (3: relevant; 2: unsure; 1: not rel-
evant). The results show high scores for the items (Table 4). Therefore, the analysis 
carried out a priori confirms that the items designed in the questionnaire are relevant 
to measure different subdomains of the MKT model in relation to the teaching of 
early algebra in early childhood education (3–6 years old).

It is important to note that the questionnaire was administered in the context of a 
regular class in the training process of the participants (90-minute session), with the 
authorization and collaboration of the professor in charge of the “Learning math-
ematics” course. The researchers also obtained the informed consent of the partici-
pants, who collaborated and responded to the questionnaire voluntarily.

Data Analysis

After the data were gathered, the answers to the questionnaire provided by the pre-
service early childhood education teachers were analyzed. The results provided an 
insight into the mathematical knowledge of early algebra of the teachers in question, 
from the perspective of the MKT model (Ball et al., 2008).

The analysis of the data considered quantitative and qualitative aspects. The for-
mer estimated the variable “degree of correctness of the answers” by assigning a 
score of 2 if the answer was correct, 1 if it was partially correct and 0 if it was incor-
rect. To assign these scores, criteria were established using an evaluation rubric 
based on the relevance of the answers, such that the maximum score on the ques-
tionnaire was 44 points and the minimum was 0 points. This rubric was submitted to 
the judgment of experts in didactics of mathematics and early algebra.

As for the qualitative analysis, the various answers given by the pre-service 
teachers were categorized using the content analysis technique (Krippendorff, 
2013). Thus, methods of constant comparison (Corbin & Strauss, 2008) between the 
answers, categorizing the data as per the coding established by the rubric, allowed 
us to identify categories such as “types of errors in the answers”, “justifications pro-
vided by the teachers”, “problems finding the right answer”, and others.

To ensure the reliability of the coding process, the answers to the questionnaire 
were successively reviewed in a cyclical and deductive manner, considering the 
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evaluation rubric. Then, a triangulation was carried out based on continuous reviews 
of the responses, ending with a discussion, by the authors, of the disagreements 
involving the coding process until a consensus was reached.

Results

The following describes the data obtained, showing, first, an analysis of the total 
scores of the questionnaire and, second, an analysis of the results obtained in rela-
tion to the domains and subdomain of the mathematical knowledge for teaching.

Total Questionnaire Score

The total questionnaire scores were analyzed based on the degree of correctness of 
the answers given by the 60 pre-service early childhood education teachers.

The total scores on the questionnaire ranged from 8 to 34 points, with no maxi-
mum scores reported (44 points). The average score was 18 points, which is less 
than half of the maximum score, with a standard deviation of 5.0 points. Likewise, 
the percentage of right answers on the questionnaire was 41%.

Figure 1 shows that the median questionnaire score was low, 17.6, meaning the 
median was slightly closer to the first quartile. Therefore, the values of the total 
questionnaire scores were slightly more concentrated in the lower half of the box.

We also see that the amplitudes of the top and bottom “whiskers” are relatively 
similar. This indicates some similarity between the extremes of the distribution of 
total scores. We do, however, see the presence of an outlier in the top area of the 
box, corresponding to an extreme observation that deviates from the bulk of the 
data; in this case, it corresponds to a pre-service teacher who obtained a total score 
of 34 points out of a possible 44 points.

Fig. 1   Distribution of total scores and median score on the questionnaire
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Comparison of the Domains and Subdomains of Mathematical Knowledge 
to Teach Early Algebra

To establish a comparison between the subdomains of mathematical knowledge to 
teach early algebra, the total scores for the questionnaire were recoded based on the 
type of knowledge based on a normalized scale of 0 to 100, since the number of 
items differs for each subdomain.

Figure 2 shows the scores obtained by the pre-service early childhood education 
teachers in the different subdomains of knowledge. In general, we see that the nor-
malized scores obtained in the common content knowledge subdomain are higher 
than in the other knowledge subdomains. This is in contrast to the subdomain of 
mathematical horizon content knowledge, which yielded the lowest score on the 
questionnaire.

By considering more specifically the domain of knowledge of the subject, it is 
possible to observe that more than 50% of the pre-service teachers exhibit high nor-
malized scores, above 75%, in the common content knowledge subdomain. Regard-
ing the specialized content knowledge, the distribution of the normalized scores 
coincides with the knowledge of content and student subdomain, part of the peda-
gogical knowledge domain. In both subdomains, the normalized scores are concen-
trated in the upper area of the box, between 40% and 50%. Similarly, in the knowl-
edge of the content and teaching, the median is closer to the third quartile, with the 
normalized scores clustering between 50% and 60%, in the top half of the box.

Finally, regarding the knowledge of the curriculum, 50% of the pre-service teach-
ers failed to exceed 38% of the normalized scores.

As Fig. 2 shows, there are differences between the scores obtained for the dif-
ferent subdomains of mathematical knowledge. To delve into these differences and 

Fig. 2    Distribution of normalized scores by subdomains of mathematical knowledge
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determine if they are statistically significant, pairs of subdomains were compared by 
applying a non-parametric sign statistic for paired samples with a 95% confidence 
level, as seen in Table 5.

The Wilcoxon rank tests applied to the different subdomains of knowledge are 
mostly < 0.05. Therefore, the different subdomains of knowledge that were compared 
to one another show significant differences in their scores; whereas the comparison 
between knowledge of the curriculum and knowledge of content and students, as 
well as knowledge of the curriculum and knowledge of content and teaching, exhibit 
similar scores.

Analysis of the Subdomains of Mathematical Knowledge for Teaching

To delve into the subdomains of the mathematical knowledge of the participants, 
we analyzed the correctness of the answers to the MKT-early algebra questionnaire 
(3–6) and the explanations given in the answers to the different items that comprise 
it.

Common Content Knowledge

The set of items focused on evaluating the common content knowledge (4a and 5a) 
analyzes the answers the pre-service teachers gave when solving seriation tasks 
based on repetition patterns. In item 4a, the pre-service teachers were expected to 
identify the term in a series of two elements (green cube-orange cube) based on 
an indicated position, and in item 5a, to identify the repetition unit in six seriations 
proposed (P1 to P6) of two and three elements. The degree of correctness of the 
answers given for these items is shown in Fig. 3.

The percentage of correct answers in the common content knowledge block 
exceeds 66.7%. An analysis of the answers to item 4a shows a high percentage 

Table 5    Wilcoxon Signed-
Rank test of the scores obtained 
in relation to the different 
subdomains of the MKT model

CCK SCK HCK KCS KCT

SCK 0.000 - - - -
HCK 0.000 0.000 - - -
KCS 0.000 0.000 0.000 - -
KCT 0.000 0.000 0.000 0.041 -
KCC 0.000 0.000 0.000 0.897 0.358

Fig. 3    Composition of the dif-
ferent types of answers for the 
common content knowledge by 
degree of correctness
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of correct answers (96.7%), meaning most of the pre-service teachers were able 
to specify and justify that a green cube belonged in position 21 of the series, for 
example, “in place 21 there would be a green cube, thinking that all the green cubes 
are odd and the orange cubes are even” (pre-service teacher 12); while only 3.3% 
answered incorrectly, stating it should be an orange cube.

In the case of item 5a, the partially correct answers (8.3%) are due to the lack of 
justification for the answer given. More specifically, the pre-service teachers noticed 
that in series P1 and P4, the repeating unit is blue square-red triangle, in series P2 
and P5, it is blue triangle, gray circle and red square, and in series P3 and P6, it is 
blue square, red triangle, red triangle. However, they do not specify that the pro-
posed series correspond to patterns of type AB, ABC and ABB, respectively. Mean-
while, 25% of the participants gave another answer or failed to accurately identify 
the repetition unit of the series.

Specialized Content Knowledge

To evaluate the specialized content knowledge, we focused on the mathematical 
content that pre-service teachers must be able to identify in order to solve certain sit-
uations involving algebraic teaching. This includes establishing relationships (clas-
sify, group, compare) based on the recognition of attributes, seriations with repeti-
tion patterns, and descriptions of qualitative changes. Accordingly, the questionnaire 
considers five items (1a, 2a, 3a, 4b and 6a) that pose questions such as, “What math-
ematical content should children use to correctly answer the task?” Fig. 4 shows the 
degree of correctness of the answers provided for these items.

The results show that items 1a and 2a, which correspond to the mathemati-
cal content related to establishing relationships by recognizing attributes, yielded 
a higher percentage of correct answers. However, this is not significant, since 

Fig. 4    Composition of the different types of answers for the specialized content knowledge by degree of 
correctness
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the correct answers do not exceed 40%. Items 3a and 6a show greater limita-
tions, since the number of correct answers is below 18.3%. In the case of item 
4b, involving mathematical content on series with repetition patterns, it yielded 
a high percentage of incorrect answers (96.7%), being one of the most difficult 
items on the questionnaire.

In general, an analysis of the arguments presented shows that much of the con-
tent identified is generic. For example, many of the answers focus on content, 
such as algebra, early algebra, logic, mathematical logic, relationships and series. 
The pre-service teachers did not analyze the contents of the task they were pro-
vided. They also gave answers that did not correspond to mathematical content, 
but to mathematical processes, such as problem solving and representation. This 
thus reveals confusion on the part of the pre-service teachers between mathemati-
cal content and the mathematical processes involved in the teaching situations 
presented.

More specifically, unlike items 4b and 6a, the arguments for items 1a, 2a and 
3a show a more detailed analysis of the mathematical content; for example, they 
mentioned aspects such as classification of elements, description of attributes and 
qualities, establishing similarities and differences based on a comparison of objects, 
grouping elements by two or three attributes, and more.

Finally, a low percentage (13.3%) managed to adequately identify in item 6a that 
the mathematical content associated with the task is related to direct logical opera-
tors and the representation of qualitative changes, while 20% only mentioned very 
generically that the content involves change, and a large percentage failed to identify 
the mathematical content of the task.

Mathematical Horizon Knowledge

Knowledge of the mathematical horizon was assessed using item 1c of the MKT-
early algebra questionnaire (3–6). To analyze this knowledge, the participants were 
asked to establish links between the mathematical content involved in the teaching 
situation and others proposed in the extension of the curriculum, based on the ques-
tion: to what other more advanced concepts in the curriculum can the content pre-
sented in the task be associated?

The teaching situation requires establishing relationships of classification and 
grouping of elements based on recognizing attributes (shape, color, size, etc.). Par-
ticipants are thus expected to relate the content addressed in the task with the idea of 
class inclusion and the notion of part-whole, a key element in building the concept 
of number.

The results show that item 1c was one of the most difficult items in the ques-
tionnaire, since no correct answers were provided. 88.3% of participants responded 
incorrectly to the item, offering nonsensical arguments.

Only seven pre-service teachers (11.7%) gave a partially correct answer, for 
example, “we can relate it to elements that belong to a set or those that do not 
belong” (pre-service teacher 11), arguing that the content presented in the task is 
related to the sense of belonging or not.



1 3

Mathematical Knowledge of Early Algebra Exhibited by…

Knowledge of Content and Students

To respond to the set of items focused on evaluating the knowledge of content and 
students, the pre-service teachers need to anticipate how the children think in rela-
tion to the errors or difficulties they might encounter when faced with a certain alge-
braic task.

To analyze this knowledge, the questionnaire proposes five items (2b, 3b, 4c, 5b 
and 6b) that investigate issues such as “describe the possible difficulties that the 
children would have correctly solving the task”. The degree of correctness of the 
answers given for these items is shown in Fig. 5.

In general, the results show that the percentage of correct answers is low, since 
they are below 46.7% in all the items proposed. Likewise, starting with item 4c, the 
percentage of incorrect answers is above 51.7%, where the most frequent arguments 
are that the difficulties the children face is not having acquired the prior knowledge 
needed to solve the task or not understanding the problem statement. In particular, 
the pre-service teachers exhibit limitations in terms of the knowledge of content and 
students.

Items 2b and 3b, which consider the potential difficulties children might face 
when solving tasks involving establishing relationships based on attribute recogni-
tion, yielded a slightly higher percentage of correct answers compared to the other 
items. In the case of item 2b, the arguments presented made it possible to determine 
that 33.3% of the teachers noted that the possible difficulties have to do with iden-
tifying the category of each set of elements and establishing membership relation-
ships with the elements.

Meanwhile, an analysis of the arguments given in item 3b shows that 46.7% of 
teachers determined that the potential difficulties are related to recognizing negative 

Fig. 5    Composition of the different types of answers for the knowledge of content and students by 
degree of correctness
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attributes and discriminating the shapes, color and size of the elements proposed 
in the cards, for example, “children might not understand the positive and negative 
labels of the cards” (pre-service teacher 11). In both items, 2b and 3b, the argu-
ments present in the partially correct answers mention that the difficulties are cen-
tered around experiencing the elements proposed in the teaching situations and their 
characteristics in general.

Items 4c and 5b analyze the difficulties with serialization tasks with repetition 
patterns. The small percentage of right answers for item 4c (6.7%) provides evi-
dence that links the difficulties with the systematic reproduction of the pattern when 
extending the AB type series. 15% were of the view that the difficulties may be 
related to an inadequate understanding of the pattern. The remaining 78.3% failed to 
identify possible difficulties in the development of the task.

A similar situation is evident in the arguments presented for item 5b, where only 
13.3% of the right answers propose that the difficulties involve the extension of the 
repetition pattern, especially in series P4, P5 and P6, which do not end in a com-
plete repetition unit, for example, “children do not continue the pattern correctly 
since some series are unfinished, such as P4, P5 and P6” (pre-service teacher 44). A 
large percentage of the pre-service teachers failed to identify difficulties relevant to 
the object of study (51.7%), and the remaining 35% believed that the difficulties are 
related only to work with repetition patterns.

Finally, only 6.7% of the answers given for item 6b, which involves the descrip-
tion of qualitative change, were correct. The arguments given in these answers posit 
that the possible difficulties are related to the understanding of the logical opera-
tor and the representation of qualitative changes. 36.7% of the answers stated, at 
a very general level, that the difficulties are related to an understanding of change, 
“they are unable to imagine the qualitative change that is made to the object” (pre-
service teacher 15). The remaining 56.6% failed to identify possible difficulties for 
the object of study.

Knowledge of Content and Teaching

To evaluate the knowledge of content and teaching, we focused on the use of differ-
ent methods and procedures that can be used to provide instruction.

The questions asked that allow us to analyze this knowledge were: What teach-
ing strategies would you use to help children who had problems solving the task? 
What resource would you use to help children solve this type of task? Explain how 
you would use it and justify your choice. These questions are asked in items 2c, 3c, 
4d, 5c and 6c of the questionnaire. Figure 6 shows the degree of correctness of the 
answers provided for these items.

The results show that the pre-service teachers have a low level of knowledge of 
content and teaching, since the percentage of correct answers was below 40% for 
all the items. We did, however, see a high percentage of partially correct answers 
in which the teachers mention teaching strategies to address the instruction that are 
not entirely conclusive, as well as teaching resources; however, they do not go into 
detail as to how and why they would implement them in the classroom.
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The arguments given in the answers to item 2c, involving the recognition of 
attributes to establish relationships, reveal that teachers have problems establish-
ing strategies that allow children to respond correctly to the task. 36.7% managed 
to describe possible teaching strategies as per the instructions in the task. Most of 
them suggested approaching the task experientially through manipulatives (fruits 
and toys) and asking questions of the type, What can we do with these objects? 
What characteristics do they have? in order to establish similarities and differ-
ences between the elements in each set of objects, an example of an answer is “I 
would present the objects physically or through cards, so the children can manip-
ulate them and distinguish their characteristics, and then I would ask guided ques-
tions such as: What are these objects like? Can they all be eaten?” (pre-service 
teacher 22). A high percentage (43.3%) mentioned strategies on a very general 
level, but these are inconclusive; specifically, they mention working with concrete 
materials, providing examples through different objects, without specifying. The 
remaining 20% provided inadequate or meaningless strategies and resources.

Regarding item 3c, an analysis of the answers revealed that only 28.3% of the 
participants proposed another teaching resource to address the recognition of 
attributes to establish relationships, explaining and justifying their choice. They 
mainly proposed working with manipulatives, such as Dienes blocks, attribute 
blocks and others, undertaking the task initially without considering the nega-
tion of attributes. As in the previous item, a considerable percentage of responses 
(31.7%) were limited to mentioning only one resource, but did not detail how to 
use it, for example, pre-service teacher 7 points out that “I would do the activity 
with the Dienes blocks and cards that indicated attributes”. The remaining 40% 
did not mention any alternative resources.

Fig. 6    Composition of the different types of answers for the knowledge of content and teaching by 
degree of correctness
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Continuing on, an analysis of the arguments given in item 4d made it possible to 
show that 40% of the participants proposed and justified appropriate teaching strate-
gies to correct the error presented in the AB series with repetition patterns. They 
included comparison with another term-to-term series, followed by orally express-
ing the terms of the sequence according to the established pattern, for example, “I 
would ask the girl to rebuild the tower with cubes of other colors, then compare the 
elements in the series to see if they match. Then, I would ask the girl to describe 
both series aloud again” (pre-service teacher 35). 35% mentioned possible strategies, 
such as asking leading questions and using manipulatives to continue the sequence, 
without giving more details about their choice, while 25% offered strategies that do 
not adequately address the mistake.

In item 5c, the arguments presented showed that only 20% of the participants 
provided adequate strategies to help children who had problems extending the 
series proposed. Notable among them was proposing series in increasing order of 
difficulty, using other manipulatives such as Multilink cubes or colored cards, and 
expressing the series orally. By contrast, a large percentage (43.3%) gave meaning-
less strategies to deal with the task and 36.7% offered inconclusive strategies.

Finally, item 6c, which focused on proposing teaching strategies to address the 
ideas of change, returned a low percentage of right answers (16.7%). They proposed 
the use of concrete materials, mainly mentioning the machine for changing qualities, 
followed by describing changes using everyday situations (night and day – a tree 
in autumn and spring). 30% proposed strategies like the ones mentioned above in a 
very general way, as well as others such as posing direct questions, using examples 
to describe qualitative changes, without detailing what specific materials, questions 
and examples would be appropriate. Finally, a high percentage of answers (53.3%) 
proposed inadequate strategies to address the study of change.

Knowledge of the Curriculum

The set of items focused on evaluating the knowledge of the curriculum delved into 
central aspects of the early childhood education curriculum that pertain to a certain 
teaching situation.

To analyze their knowledge of the curriculum, they were asked questions of the 
type: considering the preschool curriculum, what could be the goal of the task? 
These questions are set out in items 1b, 3d, 5d and 6d. To answer the question, the 
teachers were expected to bring to bear their knowledge of the contents proposed in 
the curriculum and its intended purpose.

The degree of correctness of the answers given for these items is shown in Fig. 7.
The results reveal that the teachers have poor knowledge of the curriculum, since 

they exhibited difficulties interpreting the intentionality of teaching situations and 
linking them clearly with the guidelines set out in the curriculum. The percentage of 
correct answers to the proposed items was below 38.3%.

An analysis of the responses to item 1b shows that only 38.3% of the partici-
pants were able to recognize that the purpose of the task was to establish dif-
ferent relationships (classification, ordering) based on recognizing two or more 
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attributes at once (shape, color, size, and others), for example, “the goal of the 
task is to classify and sort objects based on the identification and recognition of 
their sensory characteristics, such as shape, color and size” (pre-service teacher 
34). 25% of the participants stated very generically that the goal of the task 
involved establishing relationships, for example “the goal of the task is to clas-
sify certain objects in the classroom correctly” (pre-service teacher 51), while a 
large percentage (36.7%) failed to determine the goal of the task.

Regarding item 3d, an analysis of the answers showed that a small percent-
age (16.6%) correctly identified the goal of the task, which was to positively or 
negatively recognize attributes based on working with cards. A high percentage 
(41.7%) was able to identify the recognition of attributes as the goal of the task, 
for example, “the goal of the task is to relate attributes” (pre-service teacher 37). 
Similarly, 41.7% set a goal that does not correspond to the description of the 
task.

An analysis of the arguments given for item 5d showed that a low percentage 
of pre-service teachers (10%) correctly recognized that the goal of the task was 
to expand sequences with AB, ABC and ABB repetition patterns. A consider-
able percentage (58.3%) mentioned, very generally, that the goal involved work-
ing with patterns, for example “make seriations following a pattern” (pre-service 
teacher 56), while 31.7% failed to identify a goal.

Finally, the arguments presented for item 6d showed that only 8.3% responded 
correctly, by stating that the goal of the task had to do with introducing logi-
cal operators and expressing qualitative changes. Conversely, a high percentage 
(61.7%) failed to propose a goal for the task, while 30% only recognized that the 
goal of the task was related to establishing changes.

Fig. 7    Composition of the different types of answers for the knowledge of curriculum by degree of cor-
rectness
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Final Considerations

In this study, we analyzed partial aspects of the mathematical knowledge of 60 
pre-service early childhood education teachers to teach early algebra, from the 
perspective of the MKT model (Ball et al., 2008). We did so by administering the 
MKT-early algebra questionnaire (3–6) proposed by Pincheira and Alsina (2022a) 
and analyzing the answers given by the pre-service teachers to the different ques-
tions that comprise it.

As Mosvold et al. (2011) suggest, analyzing the mathematical knowledge for 
teaching of early childhood education teachers requires formulating teaching situ-
ations specific to this stage of schooling. By adhering to these guidelines through 
the questionnaire, the pre-service teachers were given tasks and situations involv-
ing manipulation and games typical of early childhood education that allow chil-
dren to experience early algebraic ideas.

The study delved into the domains and subdomains of the MKT model, show-
ing that the mathematical knowledge of early algebra of pre-service early child-
hood education teachers is insufficient, since the average percentage of correct 
answers does not exceed 26.6%.

As concerns the domain of knowledge of the subject, the interpretation of the 
results indicates that the subdomain of common knowledge that is required to be 
implemented to solve serialization tasks with repetition patterns obtained better 
scores compared to the other subdomains evaluated. As in the study by Cabral 
et al. (2021), most of the participants successfully identified the structure of the 
sequences; however, certain problems are observed when the sequence does not 
end in a complete repeat unit. This last finding agrees with the results obtained by 
Noviyanti and Suryadi (2019), who showed that early childhood education teach-
ers exhibit some limitations in understanding the basic knowledge associated 
with working with series.

Regarding the subdomain of specialized content knowledge, we identified 
a lack of ability in pre-service teachers to adequately identify the mathematical 
content that is involved in an early algebra task, especially in tasks with repetition 
patterns and the study of change. Similar studies in this same area of knowledge 
(e.g., Bair & Rich, 2011; Pincheira & Alsina, 2022b) have concluded that early 
childhood education teachers have problems establishing connections between 
different representations of a sequence and identifying theoretical concepts in 
pattern tasks. Likewise, the knowledge of the mathematical horizon is one of the 
most complex subdomains for pre-service early childhood education teachers, 
given their problems establishing links between different types of mathematical 
relationships, such as classification and grouping, in addition to other topics in 
the curriculum.

We also identified considerable limitations in the domain of pedagogical knowl-
edge of the content. In the case of the subdomain of knowledge of content and 
students, the pre-service teachers have problems anticipating children’s thinking 
in relation to errors or difficulties they might have when doing a certain algebraic 
task. This coincides, for example, with the results obtained by Cabral et al. (2021), 
who stated that teachers exhibit limitations interpreting and perceiving the algebraic 
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thinking of early childhood education children, especially in tasks involving repeti-
tive sequences.

Regarding the subdomain of knowledge of content and teaching, teachers have 
insufficient knowledge to propose teaching strategies and resources that allow 
children to overcome their difficulties with algebraic tasks. Pincheira and Alsina 
(2022b) reached a similar conclusion regarding knowledge of content and teaching, 
noting that pre-service early childhood education teachers exhibit difficulties select-
ing sequences of tasks that can be used to acquire or reinforce algebraic knowledge, 
as well as game-based teaching strategies to motivate the development of early alge-
bra tasks.

Finally, their knowledge of the curriculum is also insufficient, since most of the 
teachers could not identify the purpose of the tasks proposed in the questionnaire 
and relate them to the purpose pursued by the early childhood education curricu-
lum. Perhaps the answer to this complexity is that the preschool curriculum in use in 
Spain explicitly considers guidance related to the representation of attributes of ele-
ments and collections, establishing grouping, classification, order and quantification 
relationships, and omitting work with patterns and the description of qualitative and 
quantitative changes (Alsina, 2022b).

From this perspective, we assume that the results obtained are subject to both 
the mathematical training received by participants in previous studies, as well as to 
the academic training they have received as pre-service teachers. In this context, the 
research makes it possible to identify the elements of mathematical knowledge that 
require further study in order to promote the development of early algebraic think-
ing in early childhood education; however, it is necessary to redirect the training 
of these pre-service teachers so that they develop mathematical knowledge that is 
suitable for teaching early algebra. According to Branco and Ponte (2014), teach-
ers must know algebra and what is required to teach it in the early years of school-
ing in order to mobilize their didactic knowledge and their professional identity in 
their future practice. Against this backdrop, the situation regarding the mathemati-
cal knowledge of pre-service early childhood education teachers for teaching early 
algebra is worrisome and calls for reflection on what aspects to consider when train-
ing teachers to promote the development of the mathematical knowledge needed to 
teach early algebra in early childhood education.

We need to offer training programs to early childhood education teachers that 
allow them to develop this mathematical knowledge based on the following areas 
of action: (a) subjects focused on the study of early algebra as a mathematical 
object, to analyze the specific aspects of this content block and how to teach it; 
and (b) provide tools that allow teachers to reflect on their own teaching practice 
and their discursive interaction in the early childhood education classroom. Con-
sequently, the effective incorporation of early algebra in early childhood educa-
tion requires transforming teacher training to ensure it can respond to the new 
challenges involved in teaching this content standard. Considering the general 
pedagogical guidelines for training mathematics teachers (Lewis, 2016), and spe-
cifically for teaching early algebra in early childhood education (Alsina, 2022a), 
it would be advisable to focus the training, for example, on the analysis and dis-
cussion of real classroom situations by analyzing and reflecting on videos, to 
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provide insights to pre-service teachers and thereby strengthen the development 
of the mathematical knowledge they can employ. Another element that could be 
considered in the training of early childhood education teachers to promote the 
effective teaching of early algebra is the “lesson study” (Isoda et  al., 2007) as 
a method to develop, reflect and critically evaluate their own teaching practice, 
allowing them to gradually grow their mathematical knowledge and enhance vari-
ous pedagogical strategies as they transfer their learning in the classroom lessons. 
According to Isoda et al. (2007), class study fosters collaboration and teamwork 
among teachers, helps improve the quality of teaching and learning of students, 
allows teachers to develop skills and knowledge for teaching mathematics, and 
promotes continuous reflection and learning of teaching practice.

Implementing lesson study requires considering the work cycle proposed by 
Lewis (2009), which involves bringing together pre-service teachers in small groups 
such that: they jointly plan a class, in this case, considering the proposal of early 
algebra; then, one of the members of the group implements the session in the class-
room, while the rest of the members observe and; finally, together, they analyze and 
reflect on the implementation of the session. The analysis of the information should 
focus on the answers and productions (written and oral) made by the pre-service 
teachers over the course of the session in order to consider the reasons for their deci-
sion-making, and the implications for the ideal teaching of early algebra.

It would also be advisable to further analyze the design, implementation and 
redesign of early algebra tasks focused on the ability to make and express generali-
zations (Kaput, 2008), in order to determine in depth, the mathematical activity that 
children must bring to bear in their early childhood education in order to identify the 
solution process for an early algebra task.
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