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Abstract 

Fibre reinforced polymers, and in particular laminated plates, are widely used in structural applications. 

Interlaminar fracture (delamination) is a critical damage mechanism for these materials. Interlaminar 

fracture toughness is characterised using unidirectional specimens. While the toughness at interfaces in 

multidirectional laminates may be different, there is no consensus on how to effectively characterise it, 

due to a number of challenges associated with the use of multidirectional specimens. In this work, we 

review in detail some of these problems, namely, 3-dimensional effects and residual thermal stresses. 

We then present a strategy to design a set of Fully-Uncoupled Multidirectional specimens enabling a 

further understanding of these problems. 

 

 

1. Introduction 

Fibre Reinforced Polymers (FRPs) are extensively used in lightweight structures, due to their 

outstanding specific mechanical properties. Knowledge of their failure mechanisms and properties is 

essential to guarantee structural safety. Interlaminar fracture, also known as delamination, is one of the 

most threatening damage mechanisms occurring in laminated FRPs. Therefore, reliable characterization 

of interlaminar fracture toughness (IFT) is a major concern and is performed following international 

standards. All available standards suggest the use of unidirectional (UD) specimens, where delamination 

is propagated along the fibre direction. However, in real applications, multidirectional (MD) laminates 

are most often used, and delamination may initiate in interfaces between differently oriented layers and 

grow in any direction. Under these circumstances, IFT may be different from that measured in standard 

tests on UD specimens [1]. Nonetheless, strategies to characterize IFT in MD interfaces (i.e. between 

differently oriented layers) are still lacking. This stems from the problems encountered when using MD 

specimens [2], namely: three-dimensional (3D) effects, thermal residual stresses, additional energy 

dissipation mechanisms in off-axis plies, and delamination migration. For decades, researchers have 

tried to design MD specimens able to avoid/minimize these problems. A recent development was the 

introduction of Fully-Uncoupled Multi-Directional (FUMD) delamination specimens [3,4]. Preliminary 
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studies have shown the benefits of these specimens [5], making them viable candidates for 

standardisation purposes. In this study, we focus on 3D effects and on thermal residual stresses and we 

set out to design and analyse a set of FUMD delamination specimens that would enable evaluation of 

the effects of ply-level residual stresses on IFT. 

 

2. Thermoelastic couplings and finite width effect in MD delamination specimens 

 

2.1.  Thermoelastic behaviour of composite laminates 

The thermoelastic behaviour of composite laminates can be described using Classic Laminated Plate 

Theory (CLPT), which leads to the following constitutive equation: 

 

{
{𝑁}
{𝑀}

} = [
[𝐴] [𝐵]
[𝐵] [𝐷]

] {
{휀0}
{𝜒}

} − 𝛥𝑇 {
{𝑈}
{𝑉}

} . (1) 

 

In Eq. (1), {𝑁} and {𝑀} are the vectors of in-plane force resultants and of moment resultants, 

respectively; {휀0} and {𝜒} are the vectors of midplane strains and curvatures, respectively; {𝑈} and {𝑉} 
are respectively the vectors of thermal force and moment resultants per unit temperature change, 𝛥𝑇 

being the temperature change from an unstrained reference temperature; [𝐴], [𝐵], and [𝐷] are the 

extensional stiffness matrix, the bending-extension coupling matrix and the bending stiffness matrix of 

the laminate, respectively. Eq. (1) can be inverted to obtain: 

 

{
{휀0}
{𝜒}

} = [
[𝑎] [𝑏]

[𝑏]𝑇 [𝑑]
] {
{𝑁}
{𝑀}

} + 𝛥𝑇 {
{𝛼 }
{𝛼𝜒}

} , (2) 

 

where {𝛼 } and {𝛼𝜒} are the vectors of the laminate effective coefficients of thermal expansion (CTEs): 

 

{
{𝛼 }
{𝛼𝜒}

} = [
[𝑎] [𝑏]

[𝑏]𝑇 [𝑑]
] {
{𝑈}
{𝑉}

} . (3) 

 

For later convenience, Eq. (2) may be written in explicit form as: 

 

{
  
 

  
 
휀𝑥
0

휀𝑦
0

휀𝑥𝑦
0

𝜒𝑥
𝜒𝑦
𝜒𝑥𝑦}

  
 

  
 

=

[
 
 
 
 
 
𝑎11 𝑎12 𝑎16
𝑎12 𝑎22 𝑎26
𝑎16 𝑎26 𝑎66

𝑏11 𝑏12 𝑏16
𝑏21 𝑏22 𝑏26
𝑏61 𝑏62 𝑏66

𝑏11 𝑏21 𝑏61
𝑏12 𝑏22 𝑏62
𝑏16 𝑏26 𝑏66

𝑑11 𝑑12 𝑑16
𝑑12 𝑑22 𝑑26
𝑑16 𝑑26 𝑑66]

 
 
 
 
 

{
  
 

  
 
𝑁𝑥
𝑁𝑦
𝑁𝑥𝑦
𝑀𝑥
𝑀𝑦
𝑀𝑥𝑦}

  
 

  
 

+ 𝛥𝑇

{
 
 
 

 
 
 
𝛼𝑥
𝛼𝑦
𝛼𝑥𝑦

𝛼𝑥
𝜒

𝛼𝑦
𝜒

𝛼𝑥𝑦
𝜒
}
 
 
 

 
 
 

 . (4) 

 

2.2.  Thermoelastic couplings 

Thermoelastic couplings of composite laminates are represented in Eq. (4) by the following terms: 

• 𝑎16 and 𝑎26, constituting stretching-shearing coupling (also called in-plane couplings); 

• 𝑏11, 𝑏22, 𝑏12 and 𝑏21, constituting stretching-bending coupling; 

• 𝑏16 and 𝑏26, constituting stretching-twisting coupling; 

• 𝑏61 and 𝑏62, constituting shearing-bending coupling; 

• 𝑏66, constituting shearing-twisting coupling; 

• 𝑑16 and 𝑑26, constituting bending-twisting coupling; 

• 𝛼𝑥𝑦, 𝛼𝑥
𝜒

, 𝛼𝑦
𝜒

, and 𝛼𝑥𝑦
𝜒

, constituting coupling between thermal load and elastic deformation. 

The effects induced by these terms are schematically illustrated in Figure 1. 
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Figure 1. Representation of the effects induced by thermoelastic couplings. 

 

Ideally, a 2D state (plane stress or plane strain) of the specimen arms would be sought. Couplings 

complicate the kinematics of the specimen, introducing undesired deformation and stress components, 

leading to undesired modal contributions to the energy release rate (ERR) along the delamination front. 

Additionally, couplings may lead to an unsymmetric distribution of ERR along the delamination front, 

which in turn may lead to uneven propagation and hence to a skewed delamination front. Hence, 

thermoelastic couplings should be minimised or eliminated [6]. Historically, the greatest focus has been 

on the bending-twisting coupling, and the nondimensional ratio 𝐵𝑡 [7], defined in Eq. (5) has been 

widely used, as a parameter to be minimised for each of the specimen arms. 

 

𝐵𝑡 = |
𝐷16
𝐷11

| (5) 

 

2.3.  Finite width effects 

Even if all the thermoelastic couplings described above were avoided, 3D effects still arise due to the 

specimen finite width. In fact, the stress state in the specimen arms depends on their elastic properties 

and on their aspect ratio (ratio between precrack length and specimen width). Davidson and colleagues 

demonstrated that the difference in mechanical behaviour (i.e. deflection) between plane stress and plane 

strain conditions is related to the nondimensional parameter 𝐷𝑐 [8], that can be obtained as: 

 

𝐷𝑐 =
𝐷12
2

𝐷11𝐷22
 . (6) 

 

Low 𝐷𝑐 values mean that only minor differences exist between plane stress and plane strain conditions. 

UD specimens have low values of 𝐷𝑐. Consequently, changes in the aspect ratio will have negligible 

effect on the mechanical behaviour of the specimen. On the contrary, high Dc values, as may be found 

for MD specimens, indicate large differences between plane stress and plane strain conditions; also, they 

are associated with large aspect ratio intervals for which a specimen is neither under plane stress nor 

plane strain conditions [8]. This may lead to errors if data reduction procedures not including any 

strategy to account for finite width are used. Furthermore, during the test, the aspect ratio will change, 

thus changing the specimen stress state and leading to non-self-similar propagation, which again may 

introduce errors in the evaluation of IFT [8]. It can be noted 𝐷𝑐 is related to the stiffness term 𝐷12, which 

measures the anticlastic behaviour of the laminate: high 𝐷𝑐 values mean a strong anticlastic effect, which 

leads to an uneven ERR distribution at the delamination front, and thus to curved delamination fronts. 

 

2.4.  Thermal residual stresses 

Thermal residual stresses in composite laminates develop due to different mechanisms at different length 

scales. While the overall residual stress state will depend upon all mechanisms together, it is convenient, 

for simplicity, to describe them separately. In the following, we consider thermoset matrix composites. 
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At the microscale, micro residual stresses develop due to chemical shrinkage of the resin during curing 

and due to the different fibres and matrix CTEs during the subsequent cooling. Nairn suggested that 

these stresses do not contribute to ERR if UD specimens are used [9], while their contribution to ERR 

in MD specimens has not been clarified. These stresses depend on material properties and processing 

conditions and might be not influenced by the stacking sequence. Nonetheless, micromechanical studies 

revealed that they can affect strength properties [10], which may be important for MD specimens, as it 

may facilitate delamination migration and undesired dissipation mechanisms. Moreover, micro residual 

stresses may constitute a significant portion of the overall residual stresses in a MD laminate [11]. 

 

At a larger scale, when a laminate cools after processing, it will shrink according to its CTEs. These are 

functions of the ply material and of the stacking sequence; in other words, the laminate shrinks in a way 

that averages the behaviour of all its plies. When each ply is considered individually, its CTEs will be, 

in general, different from the laminate ones (except for UD laminates). Consequently, during cooling 

the ply will be constrained to deform according to the overall laminate contraction, rather than to its 

own CTEs, which causes ply-level residual stresses to develop. Numerical and experimental studies 

suggest that these stresses may not affect the load displacement behaviour of MD specimen, but they 

may facilitate delamination migration [12,13]. These stresses may be estimated, as a first approximation, 

using CLPT. For a given ply, the ply-level residual stresses in laminate coordinates can be obtained as: 

 

{𝜎} = [�̅�]Δ𝑇(({𝛼 } − 𝑧{𝛼𝜒}) − {�̅�}) , (7) 

 

where [�̅�] is the ply reduced stiffness matrix and {�̅�} the vector of ply CTEs, both expressed in laminate 

coordinates; z is the coordinate in the laminate thickness direction. In Eq. (7), the term inside the 

innermost parentheses correspond to the ply residual strain, written as a function of the laminate CTEs 

and where Δ𝑇 has been taken out as a factor; it clearly shows how the ply residual strain is dictated by 

the overall laminate contraction. Hence, the content of the outermost parentheses shows that ply-level 

residual stresses arise due to a difference between the residual strain imposed on a ply by the laminate 

contraction and the strain the ply would undergo if not constrained, according to its own CTEs, {�̅�}. 
 

3. Specimens design strategies 

 

3.1.  General considerations and strategies 

Historically, 𝐷𝑐 and 𝐵𝑡 have been used as the main design parameters, consensus being that they should 

be as low as possible for both specimen arms. Minimisation of 𝐷𝑐 is achieved including a high number 

of 0º plies in the layup, but the concurrent minimisation of 𝐷𝑐 and 𝐵𝑡 has proven challenging [7,14]. 

Furthermore, recent numerical results [3,4] suggest that even when a specimen has low 𝐷𝑐 and 𝐵𝑡 for 

each arm, undesired effects may exist if the arms have different elastic properties [3,4]. 

 

Concerning ply-level residual stresses, Eq. (7) shows that they depend upon the ply orientation and its 

position (z) in the laminate; furthermore, they are governed by the laminate CTEs, that in turn show a 

cumbersome dependence on the stacking sequence (through, {𝑈}, {𝑉}, and the inverted of the [ABD] 

matrix), Eq. (3). Nairn suggested that doubly-symmetric (i.e. symmetric and in which both halves are 

symmetric) sequences be used to avoid errors in IFT evaluation [15]. Thus, no residual curvature 

develops in either arm or in the uncracked region. However, each ply will still develop residual stresses, 

and experimental evidence suggests that changing these stresses leads to changes in the measured IFT 

[16]. Furthermore, this strategy severely limits the design space and restrict the delaminating interface 

to be in between plies with the same orientation. A better understanding of the effect of ply-level residual 

stresses and better strategies for design of delamination specimens are clearly needed.  

 

3.2.  Fully-Uncoupled Multidirectional specimens 

FUMD delamination specimens were first introduced in [3,4], and allow to concurrently: (i) eliminate 

all thermoelastic couplings, (ii) have identical properties for all specimen regions (arms and uncracked 

region), and (iii) freely choose the orientations of the plies embedding the delamination plane. They are 
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obtained combining three ingredients: (i) quasi-trivial (QT) quasi-homogeneous solutions [17,18], (ii) 

appropriate orientation choice, and (iii) dedicated superposition rules [19]. QT quasi-homogeneous 

solutions are sequences defined in terms of generic orientations (i.e., the orientation angles can be chosen 

freely, what is prescribed is the position of the orientations within the sequence) that allow to obtain 

laminates with [𝐵] = [0] and [𝐷] ∝ [𝐴]. By adopting appropriate orientation choices, QT quasi-

homogeneous solutions can be used to design fully-orthotropic specimens arms having [𝐵] = [𝑏] = [0], 
𝐴16 = 𝐴26 = 𝑎16 = 𝑎26 = 0, 𝐷16 = 𝐷26 = 𝑑16 = 𝑑26 = 0, and 𝛼𝑥𝑦 = 𝛼𝑥

𝜒
= 𝛼𝑦

𝜒
= 𝛼𝑥𝑦

𝜒
= 0. Then, 

using the superposition rules, these sequences can be combined so that both specimen arms have the 

same properties and so that their superposition, i.e. the entire specimen, is a fully-orthotropic laminate 

with exactly the same thermoelastic properties. Preliminary experimental results suggest that FUMD 

specimens are indeed extremely interesting for IFT characterisation [5]. 

 

4. Design of FUMD specimens to evaluate the effects of residual stresses on IFT 

FUMD specimens, thanks to their flexibility, may be used to investigate the effects of ply-level residual 

stresses on IFT. While other options exist [4], we focus on FUMD sequences with three orientations, 

chosen to be 0º and the generic pair ±𝛿. This choice combines design flexibility with simplicity of 

analysis. For each arm, we indicate with n the total number of plies, with 𝑛0 the number of 0º plies and 

with 𝑛𝛿 the number of plies at ±𝛿; hence 𝑛 = 𝑛0 + 𝑛𝛿. As explained, all FUMD specimens have 

identically null thermoelastic couplings: thus 𝐵𝑡 = 0 for both specimen arms and for the uncracked 

region. Also, they have identical thermoelastic properties in the two different arms and in the overall 

stacking sequence as well. In the following, we consider ply properties as reported in Table 1, 

comparable with those of a carbon/epoxy UD tape. 

 

 

Table 1. Ply material properties used for computations. 

 

E1 

(GPa) 

E2 

(GPa) 

G12 

(GPa) 

ν12 

(-) 

α1 

(10-6/ºC) 
α2 

(10-6/ºC) 

150 10 5 0.3 0 30 

 

The first aspect to consider in the design is the finite width effect. As explained in Section 2.3, this may 

be related to the 𝐷𝑐 ratio. For FUMD specimens, [𝐷] ∝ [𝐴]; we can then define the ratio 𝐴𝑐 as: 

 

𝐴𝑐 =
𝐴12
2

𝐴11𝐴22
 . (8) 

 

For FUMD specimens 𝐴𝑐 = 𝐷𝑐. Hence, 𝐴𝑐 can be conveniently used instead of 𝐷𝑐, being much easier 

to express and compute. Furthermore, for the FUMD specimens considered, all terms in Eq. (8) can be 

easily expressed explicitly. Introducing the fraction of 0º plies 𝑓0 =
𝑛0

𝑛
, 𝐴𝑐 may be written as: 

 

𝐴𝑐 =
(𝑓0𝑄12 + (1 − 𝑓0)�̅�12(𝛿))

2

(𝑓0𝑄11 + (1 − 𝑓0)�̅�11(𝛿))(𝑓0𝑄22 + (1 − 𝑓0)�̅�22(𝛿))
 . (9) 

 

Eq. (9) shows that 𝐴𝑐, for the present case, is a function of only 𝛿 and 𝑓0 and can be easily computed 

for the entire set of FUMD specimens under consideration. The value of 𝐴𝑐 as a function of 𝛿 and 𝑓0 is 

plotted in Figure 2. Clearly, as the relative number of 0º plies increases and as the value of 𝛿 approaches 

0º, the value of 𝐴𝑐 lowers. On the contrary, when 𝛿 moves toward +45º or -45º, 𝐴𝑐 increases, and it 

increases faster for lower values of the fraction of 0º plies, as expected.  

Next, ply-level residual stresses should be considered. It was already shown [3,4] that for FUMD 

specimens [𝐵] = [0], {𝑉} = {0}, 𝑈𝑥𝑦 = 0, and matrices [𝐴], [𝐷], [𝑎], and [𝑑] are all orthotropic and 

consequently 𝛼𝑥𝑦 = 0 and {𝛼𝜒} = {0}. Also, since [𝐵] = [0], then [𝑎] = [𝐴]−1. From Eq. (3) it follows: 
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{𝛼 } = [𝑎]{𝑈} , (10) 

 

And we can rewrite Eq. (7) as: 

 

{𝜎} = [�̅�]Δ𝑇({𝛼 } − {�̅�}) . (11) 

 

In Eq. (11), the term inside the parentheses shows once again how ply-level residual stresses are 

originated from the difference between the contraction imposed on a ply and the contraction it would 

undergo if not constrained; interestingly, a FUMD laminate contracts only in-plane (and only along the 

principal directions, since 𝛼𝑥𝑦 = 0) and the computation of the residual stresses becomes much more 

straightforward. Indeed, the dependence on the ply position has disappeared (thanks to {𝛼𝜒} = {0}).  
 

 

 
 

Figure 2. Contour plot of 𝐴𝑐 ratio as a function of the angle 𝛿 and of the 0º ply fraction 𝑓0. 

 

In Eq. (11), the terms [�̅�] and {�̅�} depend on material properties and ply orientation; {𝛼 }, like 𝐴𝑐, is a 

function of 𝛿 and 𝑓0 only. This means all plies having the same orientation will have the same residual 

stresses. Moreover, we can derive analytical expressions for the ply-level residual stresses, both for the 

0º and the ±𝛿 plies. Eventually, through a rotation, the stresses in material coordinates can be obtained. 

Figure 3 shows, for an assumed Δ𝑇 = −160 ºC, contour plots of the residual stresses in 0º plies as a 

function of 𝛿 and 𝑓0, both in the fibre direction (𝜎1) and in the transverse direction (𝜎2); it is worth 

noting that 0º plies in a FUMD specimen will not develop shear residual stress (𝜎6). As can be seen, 

depending on the chosen 𝛿 and 𝑓0, significantly different residual stress state can be obtained in 0º plies. 

Figure 4 shows, again for Δ𝑇 = −160 ºC, contour plots of the residual stresses in plies at an angle 𝛿 as 

a function of 𝛿 and 𝑓0, in the fibre direction (𝜎1), in the transverse direction (𝜎2) and in shear (𝜎6). Once 

again, significant changes in residual stresses can be obtained choosing different values for 𝛿 and 𝑓0. It 

is also worth noting that transverse and shear stresses may assume, for many configurations, values that 

are far from negligible when compared to the relative material strengths, especially considering this 

analysis does not account for micro residual stresses.  

 

 

 

  

 

 

Figure 3. Contour plots of residual thermal stresses in the 0º plies as a function of 𝛿 and of 𝑓0. 
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Figure 4. Contour plots of residual thermal stresses in the 0º plies as a function of 𝛿 and of 𝑓0. 

 

Overall, Figures 2-4 shows how the propension to finite width effect relates to the development of ply-

level residual stresses in FUMD specimens of the type studied here. While in the present case, thanks to 

the properties of FUMD sequences this relationship can be easily derived and presented, for general 

stacking sequences it would be too cumbersome to analyse.  

 

Hence, making use of the information presented here, it is possible to choose intervals of interest for the 

parameters 𝛿 and 𝑓0 and retrieve FUMD sequences falling within those intervals. This allows to create 

and analyse a set of specimens to evaluate the effects of ply-level residual stresses. 

 

5. Conclusions 

In this work, we reviewed some of the challenges associated with the characterisation of IFT in MD 

interfaces. We focused on 3D effects and residual thermal stresses. We demonstrated that FUMD 

delamination specimens, in addition to eliminating all thermoelastic couplings, allow a carefully thought 

design process and a great control on the laminate propension to finite width effect and on its ply-level 

residual stresses. Thanks to this, we can design set of FUMD specimens that may allow to study and 

understand better the effects of ply-level thermal residual stresses on IFT. 
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