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We investigate the influence pseudo-ductility has on the notched strength and size-effect behaviour of typical
notched specimens of quasi-isotropic pseudo-ductile composite materials. Our previous findings reveal that
pseudo-ductility enhances translaminar toughness and nominal strength recovery but can negatively affect
specimens below a critical notch size. The traditional Bazant Size Effect Law (SEL) does not adequately capture
these observations, necessitating modifications to account for the non-recoverable pseudo-ductile damage
past the pseudo-yield strength. We propose modifications to the nominal strength scaling laws, aiming to
characterise both the notched strengths for a given notch radius and the size effect due to pseudo-ductility.
Modifications are applied to centre-cracked (CC), elliptical hole (EH), and open-hole (OH) specimens for a wide
range of pseudo-ductile materials. The proposed modifications for nominal strength predictions agree with FE
estimates across all three notch shapes (CC, EH, and OH). The findings suggest that the presented SEL serves

as a valuable tool for understanding and assessing the size-effect behaviour of pseudo-ductile composites.

1. Introduction

Quasi-brittle materials exhibit notch sensitivity, wherein the pres-
ence of notches drastically reduces the structural strength compared to
its un-notched counterpart [1-3]. Furthermore, holes or cut-outs pro-
voke a failure mode transition from ductile to brittle (embrittlement)
when geometrically similar structures are scaled — a phenomenon
referred to as the size effect. Fig. 1 depicts two distinct size-effect
manifestations typically observed. The first behaviour (Fig. 1a) consists
of a decreasing notched strength with scaling up of the specimen
while maintaining constant material properties and geometric ratios, as
per nominal strength scaling laws [4-7]. Conversely, the second type
(Fig. 1b) involves a reduction in notched strength as the ratio of notch
radius (R) to specimen width (W) increases (R/W) while maintaining
constant material properties [8,9]. Traditional failure theories (e.g.,
maximum shear stress theory or the von-Mises yield criterion) fall
short in capturing size-effect behaviour because, as they rely solely
on continuum material properties, they predict a constant strength
irrespective of specimen size, i.e., oy (size) = constant.

Thin-ply composites are becoming increasingly favoured thanks
to the benefits they offer such as minimised manufacturing defects,
enhanced free-edge delamination resistance, and lower statistical vari-
ation in material properties [10-12]. Nonetheless, these materials have
one notable drawback: increased brittleness, due to the reduction
of sub-critical damage mechanisms (for e.g.matrix cracking) which
provide stress relief to the stress risers. Pseudo-ductility, introduced
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through ply-level hybridisation (typically alternating high and low
failure strain thin plies), aims to counteract this [13-17]. By fostering
sub-critical damage mechanisms — fibre or ply fragmentation, dis-
persed delamination, and eventual saturation — pseudo-ductility aspires
to emulate a “metal-like” stress-strain behaviour (Fig. 2a) [14-17].
Achieving such a response is expected to reduce the stress concentration
factor (K,) by facilitating the redistribution of elevated stresses around
the notch [9,18-20].

In previous research, we used a user-defined material model repre-
sentative of idealised pseudo-ductility (Fig. 2a) to numerically assess
the effect of pseudo-ductility on both translaminar toughness (G;.) and
the stress-concentration factor (K,), or notched strength, oy [21,22].
The compact-tension (CT) models demonstrated that pseudo-ductility
augments the G;.. Furthermore, pseudo-ductility was found to en-
hance the recovery of nominal strength in typical notched specimens,
attributable to concurrent improvements in K, and G;.. While pseudo-
ductility benefits larger specimens, it was detrimental for specimens
below a critical notch size [21,22] as the Bazant Size Effect Law (SEL)
did not adequately capture the size effect behaviour of these specimens,
despite considering the modified G;, and K, [21,22]. We hypothesise
that this limitation arises from neglecting the non-recoverable pseudo-
ductile damage (Fig. 2b) when the average stresses (o) in the failure
plane exceed the pseudo-yield strength (c)). To rectify this, we intend
to modify the nominal strength scaling laws to account for the pseudo-
ductile damage, drawing inspiration from the work of Stowell [23] and
Hardarth [24].
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Symbol Description

b Semi-minor notch radius

t Specimen thickness

h Modulus ratio, H/E

A Net-section area, (W — R)t

E Young’s modulus

Eg Secant modulus

F Finite width correction factor

F, Peak-load carried by the notched specimen

H “Hardening” modulus

R Notch radius

2W Specimen width

€, Pseudo-yield strain

€f Failure or ultimate strain

€4 Pseudo-ductile strain

ey Strain-ratio, ¢, /¢,

o, Pseudo-yield stress

or Failure stress or un-notched strength

on Nominal strength F,/A

O Gross strength F, /Wt

Sy Strength-ratio, /0,

SN Normalised nominal strength o /o,

Cre Translaminar fracture toughness

JSsS Translaminar fracture toughness of a
pseudo-ductile material

78 Translaminar toughness ratio, J55/G,,

Iy Neuber non-dimensional IT-group, e; /sy

K,E Elastic stress concentration factor, Net

K, Elastic stress concentration factor, Gross,
KEQ - R/W)~!

KF Pseudo-ductile stress concentration factor

KM Modified pseudo-ductile stress concentra-
tion factor

Crpz Failure process zone length

y Material characteristic length or Irwin
length, E.]SS/a?

CsEL Size effect length, ¢, /(xF?)

Cm Normalised 7, ¢),/R

L1 Normalised #gg;, £spr./R

Cspr+ Normalised piecewise pseudo-ductile size
effect length

Through the proposed modifications, this work aims to quickly
characterise the notched strengths or size-effect laws of typical notches
for an ideally pseudo-ductile material. The article is structured as
follows: Section 2 offers a brief introduction to the nominal strength
scaling laws. Drawing from the insights of [23-25], modifications to
the nominal strength scaling laws are introduced considering typical
notches in Section 2.1. The third section, Section 3, offers a concise
overview of the material model, non-dimensional analysis, and Design
of Experiments (DOE) that we used to validate the presented modifi-
cations and their capacity to predict the nominal strength. Results of
the altered scaling laws are compared against the nominal strength of
a pseudo-ductile material with a centre-crack (CC), an elliptical hole
(EH), and an open hole (OH) (Sections 5.1 and 5.2). The universality
of the updated scaling laws across diverse pseudo-ductile materials is
also discussed and validated. Concluding in Section 5.3, we leverage the
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modified nominal strength scaling laws and the functional form to dis-
cern general nominal strength behaviours of pseudo-ductile materials
across a broad range, from low to high pseudo-ductility.

2. Nominal strength scaling laws

Failure strength of notched specimens is generally defined as the
mean stress in the failure plane just before failure. Two commonly used
measures to define notched strength are nominal and gross stress, rep-
resenting the mean stress in the net-section (plane a-b in Fig. 1b inset)
and gross-section (plane c-d in Fig. 1b inset), respectively. Assuming a
net-section failure with F, being the peak load, the nominal strength
(o) of a notched structure is given by,

FM
N = 2w - Rx M
where, 2(W — R)t is the net-section area. The far-field or gross-strength
(6,) can be related with the nominal strength in Eq. (1) through,

6y =0y (1—%) @

The first manifestation of notch embrittlement (Fig. 1a), generally
known as the scaling law, is determined by asymptotically matching the
small size (R — 0) and large size (R — o) asymptotic expansions [1].
Note that, in large specimen sizes, width and notch size distinctions
become insignificant. The oy of the smaller specimens — notch inde-
pendent - follow the plastic limit theory, limg_o0oy = o,. Whereas,
the oy of the larger specimens are notch-dependent and follows the
elastic limit theory, according to limg_, oy = (o,/K,) for EH and
OH, limg_ oy = (ESEL)I/ * for CC, where /gy is the normalised
failure process zone length (#rp,/R), Eq. (4). Quasi-brittle materials
are known to develop a finite length FPZ before failure [4,5]. This can
be thought of as relieving the stress concentration, having a similar
effect as in plastic materials [26]. The relative length of the failure
process zone changes with the specimen size, resulting in the observed
transition from a ductile to a brittle failure mode with increasing
specimen sizes. The material characteristic length #,,, introduced by
Irwin [27], captures the ¢ p, well. The SEL, in general form, is given
by [28],

1

K"+ 2, r

SN:"_N: Ze T USEL 3)
of 1+ Zgpr,

where K, is the stress concentration factor, as detailed in Appendix A,

for a given notch.

L,; _ 11 SEL fM _ Eglc
SEL = ~p —

R  zRF? ZRF25> @

where ¢,,(=EG,, /0';) is the material characteristic length or Irwin
length, a material property related to the translaminar fracture tough-
ness, elastic modulus, and the un-notched strength. F is the geometric
correction factor to account for the finite geometric effects [29], given
by Eq. (B.1). The parameter r in Eq. (3), typically seen as a fitting
variable [7,28], is set to 2 for fracture mechanics specimens like CC,
consistent with LEFM. Whereas, for other types of notches the value
is typically less than 2, and is usually determined through fitting
experimental data [7,28].

Another widely known size-effect phenomenon is the decrease of
notched strength with the increase of notch size ratio (R/W) [8,30],
Fig. 1b. Depending on the material’s stress redistribution capability,
notched strength can fall between the un-notched strength (notch-
insensitive) and the completely notch-sensitive strength (o,/K,,) -
K,, is the gross-stress concentration factor, see Appendix A. This is
further complicated in quasi-brittle composite materials as, depending
on the R/W ratio, they tend to exhibit both the extremes. When the
notch ratio is relatively small (R/W — 0), composites are completely
notch-insensitive. Conversely, they become completely notch-sensitive
towards the other extreme (R/W — 1) due to the increased K,
influence from the notch (K,, increases with increasing R/W, see
Eq. (A.3)).
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Fig. 1. Dependence of notched strength on geometric and material parameters for quasi-brittle materials. (a) Size effect behaviour on notched strength (b) Limits of notch sensitivity.
Here, R/W is the ratio of notch-radius to specimen half-width and R/#,, is the normalised material characteristic length, where ¢,, = EG,, /63.
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Fig. 2. Description of (a) representative uni-axial tensile response of unidirectional and quasi-isotropic pseudo-ductile composite laminates and (b) pseudo-ductile constitutive
behaviour. The modulus ratio, 4 € [0,1]; ~ = 1 and O represent a linear-elastic and a perfectly plastic material, respectively.

2.1. Modified nominal strength scaling laws

The Bazant SEL in Eq. (3) is derived for quasi-brittle materials [28],
considering the extreme ratios of Failure Process Zone (FPZ) length
(¢pp) to specimen width (W), represented as ¢p,/W . Despite ac-
counting for the increased fracture energy (G,;.) and decreased stress
concentration factor (K,‘D ) associated with pseudo-ductility, we still
observe that SEL overestimates the nominal strengths in the region
where oy > o, [21,22]. We hypothesise that the overestimation is
partially due to not accounting for the stiffness change associated with
pseudo-ductile damage mechanisms after “yielding”.

Utilising continuum damage mechanics principles [31], a damaged
material can be regarded as an effective material with reduced stiffness.
Consequently, substituting the constant elastic modulus in Eq. (3)
with a stress-dependent secant modulus, E¢(c), provides a simplistic
yet remarkably effective approach to account for the pseudo-ductile
damage. For any given stress, the secant modulus, Eg, can be expressed
as,

O,
Eg(o)) = = %)

&i
where o; and ¢; are the stress and strain, respectively. For the idealised
pseudo-ductile material following Fig. 2b, the secant modulus prior to

material failure (¢ < ¢ 1) is,

E, 6; <0,
Eo =
S = o,hE
o',—o'y(l—h)’

©

6,<0; <oy

where, h = H/E represent the “hardening” to elastic modulus ratio,
see Fig. 2b. Thus, the secant modulus at the nominal strength (though

unknown) is,
onhE
Eg=—ONME @
oy —o,(1-h)
Therefore, by substituting Eq. (6) in Eq. (4), the modified Zgg; for
a pseudo-ductile material can be presented as,
CopL for sy <1/sy

Coprr =19 » snh
SN
SEL (—SN_(I_WSH ) for 1/sy <sy <1

(3

where s;; = (6;/0,) represent the ratio of un-notched (s,) to pseudo-
yield strength (s)), see Fig. 2b. We begin by addressing the scaling
law of a pseudo-ductile CC notch because it is straightforward (Sec-
tion 2.1.1), and then subsequently move on to other notch shapes (EH
and OH), Section 2.1.2.

2.1.1. Centre-cracked specimens

In this article, we make use of the pseudo-ductility modified translam-
inar toughness (J55) for pseudo-ductile materials [21]. Hence, by
virtue of LEFM, the elastic limit of a pseudo-ductile material can be
determined by substituting the corresponding translaminar toughness,
i.e., replacing G;, with JS5. Thus, for a centre-cracked specimen (K, —
0, R — o0), the strength limit is reached, when,

. 12 EJSS
SN =V fse = \/ ZRF? V =RF20? ©

To incorporate the aforementioned stiffness reduction due to pseudo-
ductility, Zgg;, should be substituted by g+ in BaZant SEL (i.e., Eq. (8)
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0.2 7 Bazant SEL with K (Eq. 3)
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Fig. 3. Proposed sy modifications for a centre-cracked and an open-hole specimen of pseudo-ductile material (ITy /h = 10,s, = 1.5,h = 0.1). Note that the y-axis scales are different
between (a) and (b). In Z,,, the translaminar toughness, G,., is used instead of the J55, for the linear-elastic material.

in Eq. (3) with r = 2, K, — o0). Although an explicit function for
sy (Zsg) exists — see Appendix D — it is convenient to express it using
its inverse as,

l—s%\,
> for sy < 1/sy
ot =9 N 10)
SEL ]_S%V n

Ty o for /sy <sy <1

To better comprehend the presented modifications, we display the
nominal strengths derived from the modified equations (Eq. (10))
together with their linear-elastic counterparts (Egs. (3) and (9)) in
Fig. 3. This analysis assumes an arbitrary pseudo-ductile material char-
acterised by 2 = 0.1 and s = 1.5. The nominal strengths are presented
in a non-dimensional form in Fig. 3a, for Zy (¢y/R) values ranging
from 1073 to 103,

Several characteristic features of Eq. (10) are evident in Fig. 3a.
Firstly, the root (circular marker) of the plastic limit theory (with un-
notched strength, sy = 1) and LEFM (Eq. (9)) aligns with 1/(zF?)
as in [7]. This observation suggests that it is reasonable that the
modifications to the LEFM (Eq. (D.5)) should coincide with s%{ /(xF?)
when sy is 1/sy (diamond marker). Furthermore, an additional root
can be derived to be at (s%l — 1)/nF? between SEL (Eq. (3)) and its
modified counterpart (Eq. (10)), with sy = 1/sy (square marker).
This root corresponds to the notch size threshold below which the
pseudo-ductile damage can be considered to accurately characterise the
nominal strength.

2.1.2. Elliptical or open-hole specimens

We extend the methodology used for CC specimens (Section 2.1.1)
to EH and OH notches. Consequently, using the modified FPZ length
(Eq. (8)), one can express the modified SEL in a generic form as,

1
[(Krp)_r + iSEL*:| "
sy = | ——

— 1D
1+ LpSEL*

where K7 is the pseudo-ductile stress concentration factor. Substituting
the corresponding values of Zgg; + and expressing s, via its inverse, for
convenience, results in,
1-s7y _
=y M
N

for sy < 1/sy
hs (12)
(KM)™ sy—(-)/s

~ for 1/sy <sy <1
sh=
where the plastic stress concentration factor, K,P , is modified to K,M
such that limp_,, KM = K to guarantee the correct asymptotic elastic
limit (s = 1/K}), defined as,

kP -1

M _
KM = T 13

In Fig. 3b, we demonstrate the characteristics of the proposed mod-
ifications using an OH for the same arbitrary pseudo-ductile material
considered earlier, with h = 0.1, s;; = 1.5, and e, /sy = 1, for Z); values
ranging from 1073 to 10. This material results in a K? of 2 (using the
modified Stowell model from [22] and Section 4.2) and the K[E = 3 for
an OH (Appendix A). Fig. 3b also compares sy predictions with (grey
line) and without (black line) KIM modifications.

3. Methodology

Previously [21], we developed a user-defined material model to
characterise pseudo-ductility (Fig. 2b) under plane-stress loading con-
ditions. By considering pseudo-ductile laminates on a macro-scale (ho-
mogenised laminate) level, we characterised the influence of pseudo-
ductility on translaminar toughness and nominal strengths of notched
specimens [21,22]. In this work, a similar methodology is used to vali-
date the modified nominal strength scaling laws (Section 2.1) through
finite element (FE) models.

In a macro-scale modelling approach, the entire laminate is ho-
mogenised with equivalent properties to characterise the constitutive
behaviour [31]. We chose this approach to eliminate the need for
intricate details of the laminate necessary to achieve successful pseudo-
ductility, e.g., the thickness and elastic modulus of low and high strain
plies. Using macro-scale modelling also reduces the number of variables
that must otherwise be considered in the design of experiments (DOE).
Two constitutive models come into play: a cohesive element defining
the fracture plane (characterised by o, and ¢,.) and a user-defined
constitutive model of pseudo-ductility describing continuum elements
elsewhere. Briefly, the constitutive behaviour is characterised by a
principal failure strain criterion to capture damage initiation. Material
degradation beyond the failure strength (¢,) is not implemented since
the cohesive elements are placed in series. Thus, at o, the crack begins
to propagate.

Following [32,33], the normalised nominal strength (s) of any
notched pseudo-ductile structure takes this form [22],

sy =Ju <5d’SH’fTM’%s%> 14)
where e,(= €, — 0,/E) is the pseudo-ductile strain at failure, sy (=
o, /o)) represents the strength ratio, R/W is the notch radius to width
ratio, £, /R=(¢)y) is the normalised material characteristic length and
b/R is the ratio of notch radius between semi-minor and semi-major
axis.

We have examined the dependency of sy, as expressed in Eq. (14),
on material parameters (e,, sy) and geometric factors (R,b/R, R/W)
through a two-pronged DOE approach. Adopting a ‘one factor at a time’
method, the material parameters (¢4, sy ) are considered first. Here, we
considered a quasi-isotropic pseudo-ductile material with four distinct
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Fig. 4. Design of experiments (¢, study) for the uni-axial pseudo-ductile stress-strain
response. Only ¢, of 6.75% is shown but ¢, = 0.5,1.2 and 2.85% is considered in the
parametric study. s,; = o, /o, range from 1.075, 1.3, 1.6, 1.8, and 2.0.

e4 values, logarithmically increasing from 0.5 to 6.75% (e, = 0.5, 1.2,
2.85, and 6.75%), and five different strength ratios (s; = 1.075, 1.3,
1.6, 1.8, and 2.0), as seen in Fig. 4. This resulted in a total of 20 unique
pseudo-ductile materials. Further, a linear elastic material (E = 25 GPa,
e =2%,G;. =75 Nmm™!) is included for validation. As the influence
of yield strain is typically disregarded [21,32,34], it is taken a constant
value of £, = 1.25%.

Eq. (14) evidences three geometric dependencies on nominal strength.
Firstly, for the geometric/notch shape dependency, b/R, we consider
values of ~0, 0.5, and 1 to represent CC, EH, and OH notch shapes,
respectively. Regarding the notch size ratio, R/W, we chose a constant
value of 1/6. Note that, as its influence on s is through F and K,,
other R/W could be characterised by considering appropriate F and
K, values. Lastly, for the size dependency, ¢,,, scaled size-effect models
with R ranging from 0.1 to 160 mm are taken into account. Fig. 5 shows
the two-dimensional half-symmetric plane-stress models containing the
CC, EH, and OH notches and their associated boundary conditions.

In addition, we conducted a further DOE to investigate how pseudo-
ductility influences the s, with the changing notch ratios (R/W), as
depicted in Fig. 1b. Four distinct FE models featuring an OH notch were
constructed for this investigation. These models, representing both an
elastic and a pseudo-ductile material, had a constant specimen width
(W = 50 mm) but varied in their R/W ratios (0.1, 0.2, 0.3, and 0.4).

4. Translaminar toughness and stress concentration factor of
pseudo-ductile materials

As pseudo-ductility influences the translaminar fracture toughness
(J55) and the stress concentration factor (K ) [21,22], it is necessary to
quickly determine the 75 and K, to characterise the nominal strength
of any notched structure. Within the context of the current work, we
directly examine the previous results and present the relevant aspects
from [21,22].

4.1. Translaminar fracture toughness

Previously, we used half-symmetric plane-stress CT FE models to
determine the increment of translaminar toughness due to pseudo-
ductility [21]. Non-dimensional analysis revealed that the steady-state
crack propagation in a pseudo-ductile material (following Fig. 2b) could
adequately be characterised by [21],

sS
jss T

== =fss (sy’gzbsH)

gI c
The pseudo-yield strain (sy) was eliminated from Eq. (15), as its
influence is deemed negligible [32,34] and we also confirmed its negli-
gible influence in [21]. A reasonable functional form (inspired by [35])

(15)
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that describes the relationship between the normalised translaminar
toughness and the non-dimensional variables ¢, and sy is given by,

— -1
T m 1+ Bey [S”s ] a6

H
where B and aq are fitting coefficients. Based on the FE results [21], for
the same material DOE (Fig. 4), coefficients of B and « are 25.776 and
2.105, respectively (See Appendix C for detailed information). Despite
the potential circular reasoning, we have observed a strong correlation
between the predictions (Eq. (16)) and the FE results [21], as shown in
Fig. 6 — correlation coefficient (R?) of 0.98.

Another approximation to the normalised fracture toughness could
be obtained by adapting Zehnder et al. [35] models to the linear
pseudo-plastic materials (see Appendix C), resulting in,

—SS -1
J =1+2i(%—1)[s”2 ]=1+ “
n sy 27st5y

@a7)

From Eq. (16), it is apparent that when s = 1, J55 experiences no
enhancement because the damage is likely to be confined to a plane.
Contrarily, Eq. (17) indicates a minor enhancement. Additionally, while
Eq. (17) implies a correlation with ¢,, numerical results reveal no
significant influence [21,34].

4.2. Pseudo-ductile stress concentration factor

In an earlier work, [22], analytical models were used to characterise

the stress concentration factor K, for pseudo-ductile materials. As sy
characterisation (Egs. (3) and (11)) requires K,, we briefly explain our
approach from [22] here for completeness. Following Stowell [23] and
Hardarth [36], the plastic stress concentration for any notch is given
by,
Eg (Umean)
where, Eg¢(64x)/ Es(Cpean) 1S the secant modulus ratio between the
point of the maximum stress and the average stress in the failure plane,
and KF is the elastic K, (KF from handbooks [29,37] is presented in
Appendix A).

For the idealised pseudo-ductile material (Fig. 2b) considered here,
there exist three distinct regions of the secant modulus ratio
Eg(0arax)/ Es(0arean), Which correspond to different stress concentra-
tion factors. These regions are: the elastic region (o), < 0,), the
small-scale yielding region (6., > ¢, and oy,,, < ), and the large-
scale yielding region (o), > 0, and oy, > o)), resulting in [22],

(18)

E ;
K, if opay <0,
KE+1my .
P 1 P
K" =45, if oppge > 0y and oy, < 0, (19)

KE—-1+h(1+1Ty)

1+(KF-2)(1-h(1+My)) if Ortean > &

y

where ITy is e;/sy with e, = (g,4/€,). Validated by the FE models,
Eq. (19) displays a good correlation (R?) between predicted and FE
results for EH and OH, 0.88 and 0.99, respectively.

5. Results

This results section uses FE models to validate the proposed modifi-
cations (Egs. (10) and (12)) to BaZant’s SEL (Eq. (3)). Our initial focus is
a detailed comparison of FE results with predictions from the modified
and Bazant’s SELs for geometrically scaled FE models (Sections 5.1 and
5.2). These models consist of three notch shapes (CC, EH, and OH)
and are made of a high pseudo-ductility material. Subsequently, we
evaluate the modifications’ prediction accuracy across various pseudo-
ductile materials, notch shapes, and sizes. The modified SEL is used
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Fig. 5. Representative half-symmetric FE models of (a) centre-crack, (b) elliptical hole and (c) open hole specimens and its boundary conditions. R and W are notch radius and

specimen half-width, respectively.
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drawn using the functional form identified in Appendix C.

to probe the generalised s, behaviour for all notch types (CC, EH,
and OH) with an elastic material and two pseudo-ductile materials of
different ductility levels (Section 5.3). Further, with the modified SEL
we extend the investigation to various notch shapes with R/b ratios
from 1 to oo (Section 5.3). The study concludes with a brief analysis of
the pseudo-ductility’s effect on notch-sensitivity (Section 5.4).

5.1. Nominal strength of notched pseudo-ductile specimens with centre-
crack

We consider an arbitrary pseudo-ductile material with ¢, = 6.75%,
e, =1.25%, sy = 1.6 and I1)y/h = 33.75. Fig. 7 shows that the strength
limits align well with the expected response of a centre-cracked quasi-
brittle material, i.e., limgz_ sy = (fSEL)l/Z, and limg_sy = 1. The
LEFM limit is determined by accounting for the toughness improve-
ments due to pseudo-ductility, J55(=1.4G,,), which is calculated using
the functional form in Eq. (16). For the considered pseudo-ductile
material, the Bazant SEL predictions (Eq. (3)) show good agreement
with both extremes of specimen size (solid line in Fig. 7) when the
corresponding J5* is used. However, below the critical specimen size
- R < Zgg, (53, — 1) — the agreement is poor, with nominal strength
differences of up to —14%. Whereas, the nominal strengths from the
proposed modifications (Eq. (10)) correlate well with the FE results for
the entire range of specimen sizes (dash-dotted line in Fig. 7).

£q4=0.0285
£4=0.0675

15 o = £4=0.0050
£4=0.0120

TG [-]

(b)

=SS
Fig. 6. Normalised steady-state energy release rate (J = J55/G,.) for (a) increasing ¢, and (b) increasing s, . Markers represent the FE results and the continuous lines are

6007 o . -
500 N\
400
Oy
B e e S
5
& 200 5
Z \
b m FE * 1
100 + 3
{1 —— BaZant SEL
] . EG.
—.—- Modified SEL FRe?
50 T RELELELELAA | T T T T T T
0.1 1 10 100 1000

2R [mm)]

Fig. 7. Nominal strength (centre-cracked) predictions of secant modulus modified
Bazant size effect law (Eq. (10)) for a pseudo-ductile material with A = 0.1, s, =
1.6 and ¢, = 6.75%.

To confirm the general applicability of these identified modifica-
tions, we use the same procedure to characterise the s, with the FE
models, for all pseudo-ductile materials considered in the DOE (Fig. 4),
detailed in Appendix E. Fig. 8 reinforces the universality of these
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Fig. 8. Comparison of notched strengths (centre-crack) from FE models and modified
nominal strength scaling laws (Section 2.1): A “1:1” correlation analysis. Markers
represent FE Results (diamonds for linear-elastic, circles for pseudo-ductile).
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Fig. 9. Size-effect behaviour of a pseudo-material (h = 0.1, s;; = 1.6 and ¢, = 6.75%)
for EH and OH notches. oy, is computed using the pseudo-stress concentration factor
(Kr” ) derived from the modified Stowell model (Eq. (19), dotted line) and FE models
(dash-dotted line). For an OH, the discrepancy between K,P estimates from the modified
Stowell model and FE models is negligible; hence it is not depicted.

modifications, as demonstrated by the “1:1” correlation value of 0.997
(R?) between the predicted s, (Eq. (10)) and the FE results.

5.2. Nominal strength of notched pseudo-ductile specimens with elliptical
and open-hole

Using the methodology outlined in Section 5.1, we compare the sy
from the FE models with the predictions from both BaZant’s Size Effect
Law (SEL, Eq. (3), solid lines) and the modified SEL (Eq. (12), dash-
dotted lines). This comparison, Fig. 9, applies to a pseudo-ductile ma-
terial characterised by Ty /h = 33.75 (the same as in CC, Section 5.1),
with both EH and OH notches. All predictions utilise the pseudo-
ductility modified translaminar toughness J5°, which is 1.4G,,.

The accuracy of the s, and the elastic limit hinges on the precision
of K. Thus, we compare the sy predictions using K, from the
modified Stowell model (Eq. (19), dotted lines) and FE models (dash-
dotted lines) in Fig. 9. For the EH and OH, the FE models yield K
values of 2.03 and 1.52, respectively. However, the modified Stowell
model underestimates K for EH (1.74) while closely matching the FE
results for OH. For an equivalent linear elastic material (¢ + =500 MPa
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and ¢, = 0), the elastic stress concentration factors, KIE , would be 4.24
and 2.58 for EH and OH notches, respectively (Appendix A).

As demonstrated by the s, from FE models and the modified SEL
predictions in Fig. 9, these findings align well with established limits
(see Fig. 1). When R — oo, the expected elastic limit is achieved for
both notches, provided that the stress concentration factor K derived
from FE models is used (c,/ K} values are 246.3 and 328.95 MPa for
EH and OH notches, respectively). However, the elastic limit for EH
notches is overestimated when K/ from the modified Stowell model is
used — because the KIP is overestimated with Eq. (19) [22].

Bazant’s SEL (Fig. 9, solid lines) predicts well the s, for large
specimens, R — oo, where the average stresses in the failure plane
remain elastic (o) < o). Nevertheless, Bazant’s SEL overestimates the
sy by an average of 11.56 and 7% for EH and OH, respectively, in
specimens with sy > 1/sy, i.e, ® R < fSEL(Sz — 1), as it does not
account for damage due to pseudo-ductility. Conversely, our proposed
modifications to the BaZant SEL (Section 2.1) capture s, behaviour
well; within 0.37% for EH and 0.89% for OH, when K tP from FE models
are used. However, when K,P from the modified Stowell model is used,
the accuracy of s, decreases to an average of 6.3% for EH (Fig. 9).

To evaluate the efficacy of our proposed modifications to the scaling
laws (Section 2.1) in predicting nominal strength of a wide range
of materials, we applied the same procedure to the pseudo-ductile
materials included in the DOE (Section 3). The s, results showcased in
Figs. 8 and 10 display a strong “1:1” correlation (R?) between the FE
estimates and the modified size-effect law predictions (Eq. (12)). With
the respective R? values of 0.992 and 0.990 for EH and OH notches,
these values underline the general applicability of the proposed mod-
ifications. It is important to note that we used the K, values from the
FE models for this comparison. If the K, values from the modified
Stowell model (Eq. (19)) were used instead, prediction accuracy would
remain relatively unchanged for OH but would slightly decrease for EH,
reducing the R? value to 0.972. This discrepancy can be attributed to
the reduced K, correlation (R> = 0.877) between the modified Stowell
model predictions and FE results for EH, while OH predictions present
an excellent alignment (R?> = 0.994) [22].

5.3. Generalised behaviour of pseudo-ductile material containing notches

To discern the influence of pseudo-ductility on the s,, we consid-
ered the typical notches (CC, EH and OH) in an infinite plate (R/W
= 0). Two pseudo-ductile materials are distinguished by their IT /A
value (e, /(hsg)), 0.417 and 33.75 for low and high pseudo-ductility,
respectively. A linear elastic material (IT,/h = 0) is also included to
serve as a benchmark.

The functional forms presented in Section 4.1 provide the J5°
(Eq. (16)) and Section 4.2 (Eq. (19)) the K,P for any given pseudo-
ductile material. It is imperative to highlight that this approach is not
exclusive to the configuration with R/W = 0. The influence of finite
width is solely accounted for through the geometric correction factor
(F) and the corresponding K. Thus, estimating the sy for any other
R/W ratio involves using the appropriate values of F and KF.

Firstly, we display the normalised size effect [4] behaviour along
with the roots of Eq. (10) (Section 2.1.1) for CC specimens in Fig. 11.
Fig. 11 showcases the well-established asymptotes of the size effect
behaviour (Figs. 1 and 3). By presenting the s, with normalised mate-
rial characteristic length (elastic), Z,,, pseudo-ductility shifts the s, by
In (j SS) on the x-axis. Consequently, the corresponding roots to the

yield strength, /n(1/sy), should also shift, resulting in [(s%{ - 1)5 Ssl
being the critical specimen size. As we have previously demonstrate

(Figs. 3 and 7a in [21]), pseudo-ductility exerts a negative impact on
specimens below this specimen size and a positive influence above
it. The changes to nominal strengths are negligible for materials with
low pseudo-ductility (dash-dotted line). However, for materials with
high pseudo-ductility (dashed line), s, decreases below the critical
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is computed using

radius but improves above it. With the increase in pseudo-ductility
(corresponding to an increase in ITy, /h), the sy decreases further as the
average damage in the failure plane increases for the specimens below
the critical specimen size, fSELC[(sz -nJ 53 . In contrast, s retention
increases with increasing pseudo-ductility, as the positive influence of
the translaminar toughness is retained when oy < o,. Further, the
elastic limit for any pseudo-ductile material is captured well with the
spL-

Similarly, we illustrate the sy as a normalised size effect in infi-
nite plates containing EH (Fig. 12a) and OH (Fig. 12b). The nominal
strength limits for large specimen size are /n(1/5) and /n(1/3) for EH
(b/R = 1/2) and OH, respectively ([37], Appendix A). As with CC
specimens, pseudo-ductility exerts a positive influence on both notch
shapes above the critical radius, R % s, (szH -nJ 58 , but a negative
one below it. The influence of the pseudo-ductility is significant, even
in the case of low pseudo-ductility, where minor stress redistributions
result in substantial nominal strength recovery. For instance, in the low
pseudo-ductile material considered (ITy/h = 0.42), the K, is reduced
by 16% and 13% for an EH and OH, respectively. This reduction results
in a corresponding 10% and 13% nominal strength recovery in EH and
OH specimens. In the region of negative influence, EH appears to be
more adversely affected than OH, which could be attributed to the
increased K,. As pseudo-ductility is increased, the consequent increase

in R/W further reduces the K, thereby pushing the elastic limit line
upwards. However, altering R/W has a negligible influence in highly
pseudo-ductile materials, as changes to KF would be minimal, as is
exemplified in Fig. 12b for IT, /h = 33.75 with OH.

Leveraging the modifications to SEL (Section 2.1), coupled with our
ability to calculate the 755 and K} for any pseudo-ductile material and
notch shape, we plot the nominal strength response for the same three
materials across different notch shapes in Fig. 13. The highlighted lines
represent the limiting nominal strengths for an OH (black line) and a CC
notch (red line). For all notch shapes, gseudo-ductility tends to elevate
the surface for R X g [(sz -nJ s , while exerting a downward
influence below this specimen size.

5.4. Pseudo-ductility and notch-sensitivity

We considered two materials for the analysis of the effect of notch-
radius to specimen width: a linear elastic material and a pseudo-ductile
material with ITy /h = 33.75. Notably, BaZant’s SEL [28] presumes con-
sistent geometric ratios between scaled specimens, including a similar
damage mode, to asymptotically match the strengths between elastic
and plastic limits. Varying the R/W ratio breaches this assumption. We
employ distinct SELs for each R/W value to characterise the o, for a
given notch radius. BazZant’s SEL for linear elastic specimens (Eq. (3))
and the modified SEL for pseudo-ductile specimens (Eq. (12)) align
well with the FE solutions, as illustrated in Fig. 14. As earlier, pseudo-
ductility manifests a dual response in this size effect scenario as well,
enhancing s, above a certain notch ratio while adversely affecting it
below this value.

6. Discussion

In discussing the implications of our findings, we first provide
recommendations to guide future experimental campaigns. Even mod-
est enhancements in K, due to pseudo-ductility can increase nominal
strength retention. For instance, consider the lower range of pseudo-
ductility (low pd), as illustrated in Figs. 11 and 12 with ITy /h = 0.417,
a value closer to current literature [38]. Noticeable nominal strength
retention emerges in specimens exceeding the critical notch size. This,
however, is contingent upon the condition that the failure strength
(o) and fracture energy (G;.) of the pseudo-ductile laminate is at
least equal to those of the linear-elastic (reference) laminate. However,
achieving this balance is not straightforward. For instance, owing to
the ply thickness influence [11,39], the un-notched strength of thin-
ply linear-elastic laminates typically surpasses that of pseudo-ductile
laminates. Thus, optimising pseudo-ductility while minimising the un-
notched strength reduction is essential for maintaining a favourable
balance between these characteristics.
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Fig. 14. Open-hole notched (gross-) strength size effect in terms of notch-size ratio
(R/W). Validity of the BaZant SEL is dependent on geometric constancy, changing
the R/W ration, however, invalidates this condition. Nevertheless, the validity is
maintained by extracting the o, for each R/W ratio using different SELs (Egs. (3)
and (11)).

Secondly, though pseudo-ductility typically manifests as damage
post ¢, rather than the metal-like hardening, we hypothesise an in-
termediate behaviour reminiscent of metals. Recently, for materials
following Ramberg—-Osgood behaviour [40], Nguyen [25] and Don-
mez [41] have rigorously shown the presence of a millimetre-scale

fracture process zone and an intermediate asymptotic behaviour bridg-
ing the well-established elastic and plastic limits. Drawing parallels
from their work, we demonstrate that our approach, as detailed in
Section 2.1, is versatile and can be tailored to accommodate different
material constitutive behaviours, including those of plastic-hardening
materials.

The uniaxial stress—strain behaviour of a plastic-hardening material
can be adequately characterised with the Ramberg-Osgood (power-
law) [40] as,

6—£+a& z ’ (20)
E TE\o,

where «, is an empirical parameter and n is the hardening exponent.

Following the approach laid out in Section 4.2 and by Stowell [23],
we can first define the plastic stress concentration factor (KtP ) for a
power-law material [22], as,

-1
l+a, (sH/KtP)n

—1
1+ apsL

Subsequently, the secant modulus (Ej) for a power-law material at o
is,

KP=1+(kF-1) (21

E
Eg=——7—— (22)

n—1
1+ ap, ( SHSN )
By substituting Eq. (22) in the modified size effect law (Eq. (11)), the
77l s
SEL ~*?

N 1

Sy~ (KrM)_r L+a,(sysy)

1-=s

1 _
fSEL -

— for /sy <sy <1 (23)
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Fig. 15. (a) . Normalised uniaxial stress-strain curves for linear and plastic-hardening materials with 2 = 0.1,s; = 1.5 and n = 8. (b). Normalised size-effect behaviour of CC
specimens according to our presented modifications, linear (Eq. (10)), power-law (Eq. (24)) and Eq. (25) presented by Dénmez et al. [41].

where K,M is defined according to Egs. (13) and (21). For a CC
specimen (r = 2 and K,M — o), the size effect law (Eq. (23)) can be
expressed as,

2
f—l_l_SN 1
SEL = T 2

Sy l+a, (sHsN)

— for /sy <sy <1 24)

Recently, Nguyen [25] investigated the strength scaling laws associ-
ated with specimens containing a sharp crack in elasto-plastic materials
following the power-law (Eq. (20)). Further, Donmez [41], in a related
development, proposed the subsequent size effect law (adapted with
the notation of this paper),

2(n+1

=1/v )
1+f-,ElL/C)\/2/(n+1) + (f*l )\/(n+l)/2:|

S| SEL (25)

sy =|(
This equation adheres to the well-known strength limits of a CC
&

imen: s. — .
specimen: sy 1 for very small specimens (¢

- 0) and sy
(Zser) /2 for very large specimens <fS‘ElL - oo). Additionally in Eq. (25),
there exists an intermediate asymptote, sy = (cZgp;)'/"*D, for speci-
men sizes in the region where 1/cz < L’S‘EL < Si{ /7.

Using the same arbitrary pseudo-ductile material from our analysis
of the proposed modifications in Section 2.1.1 - s;; = 1.5 and A = 0.1,
together with a nearly equivalent plastic-hardening material (Eq. (20))
with n 8, we demonstrate the behaviour of Egs. (24) and (25)
alongside Egs. (9) and (10). The stress-strain curves for both the
considered materials, in their normalised form, are shown in Fig. 15a.
Fig. 15b presents the sy values for both materials, across #; values
ranging from 1073 to 10°. To fit the SEL (Eq. (25)), an additional
parameter, ¢ = 5(1;_'0 = 0.0585, is chosen to ensure that the two
asymptotes (intermediate and large-size asymptote) intersect at the
yield strength, or sy = s;ll. Fig. 15b clearly demonstrates that our
proposed modifications closely align with the comprehensive treatment

recently proposed by Nguyen et al. [25] and Donmez et al. [41].

7. Conclusions

This work proposed modifications to nominal strength scaling laws
to account for the effects of pseudo-ductility. Our previous research [21,
22] demonstrated that the conventional scaling laws (Bazant SEL),
although helpful, fall short of capturing the negative effect displayed by
the notched pseudo-ductile materials for specimen sizes below a critical
specimen size, R < ¢gg;. (531 -nJ 31, we proposed modifications to
these scaling laws, drawing on the ideas of Nguyen et al. [25] and
Stowell [23].

It was necessary to calculate the altered translaminar toughness for
any pseudo-ductile material to implement these modifications, as it

10

is influenced by pseudo-ductility. Our non-dimensional analysis facili-
tated the identification of a functional form that captures this increment
of translaminar toughness well.

The effectiveness of these modifications is emphasised by their
ability to predict the nominal strengths for a wide range of pseudo-
ductile materials. A “1:1” correlation coefficient (R2) of 0.997, 0.992,
and 0.990 was achieved between the predicted and FE estimates for
CC, EH, and OH shapes, respectively. Utilising these modified scaling
laws, we also illustrated the influence of pseudo-ductility on nominal
strength across various notch shapes, from CC to OH, and the size effect
on nominal strength in terms of the notch size ratio.

Our findings highlight the potential benefits of pseudo-ductility in
improving the notched strength recovery, achieved through enhanced
translaminar toughness and reduced stress concentration factor. How-
ever, a critical caveat emerges from this study: since pseudo-ductility is
based on promoting non-recoverable sub-critical damage mechanisms,
it can have an adverse effect on specimens falling below a critical
specimen size. This highlights the necessity for careful consideration
when applying pseudo-ductile materials, particularly for small-scale
specimens. Moreover, the modifications we proposed to Bazant SEL can
help quickly characterise the size effect behaviour.
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Appendix A. Elastic stress concentration factor equations
The equations for the elastic stress concentration factors, defined in

terms of nominal stress (net-section stress), for an open-hole and an
elliptical-hole in the plate centre are [37],

Ey _ _5)_ ( _RY _RY
(KE) o 2+0.284(1 o) 0600 (1 W) +1.32(1 W) (A1)
R R 2 3
(KtE)EH:C1+C2(W>+C3 (W) +C, W) (A.2)

while 1.0 < R/b < 8.0, the coefficients are,

C, = 1.109 — 0.188+/R/b + 2.086R /b
C, = —0.486 +0.213y/R/b — 2.588R /b
C; =3.816 — 5.510/R/b + 4.638R/b
C, = —2.438 + 5.485\/R/b — 4.126R/b

The nominal and gross stress concentration factors are related through,

RA\-!
K, = K,<1 - W) (A.3)
Appendix B. Finite width correction factor

The finite width correction factor for all the considered geometries
is given by [29],

Fe [1 —o.ozs(%)zm.%(%ﬂ Sec(%%)

where R/W is the ratio of notch radius to specimen width.

(B.1)

Appendix C. Functional form identification for translaminar tough-
ness of pseudo-ductile materials

Our previous work [21], utilising the same DOE (Fig. 4), suggested
=SS
a near-linear relationship for J
approximated by,

(€4), which can be conveniently

533 ~1+me, (C.1)

Further, the non-dimensional analysis presented in Eq. (15) suggests
that the slope, m, should also be depend on the strength ratio, sy (=
o/0,). Rearranging Eq. (C.1), we obtain,

—SS
J -1

£q

~m (C.2)

By examining m versus sy (see Fig. C.16a), we can establish a fitting
equation for m that encompasses both the influential non-dimensional
variables ¢, and s . Fitting the FE data to Eq. (C.2) leads to a satisfac-
tory approximation of the form,

e (L) -

By sul??%tituting the coefficients (B and a) from Eq. (C.3) to Eq. (C.1),
the J  can be represented as Eq. (16).

Alternatively, from the perspective of strain energy, Zehnder [35]
proposed the steady-state energy release rate (J°5°) for elastic—plastic
materials, to be of the form,

(C.3)

IS =G + Ry, (c.4
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where R, is the plastic zone size and @, is the energy per unit volume
of material associated with unloading. For the idealised pseudo-ductile
material, Fig. 2b, the unloading phase (¢ > o,) signifies a damaged ma-
terial with a reduced elastic modulus that reaches the origin. Therefore,
the energy under the unloading curve, @,, can be expressed as,

2
o c
d):_y<£_1) RIS
? 2E\H o

y

(C.5)

Substituting Eq. (C.5) and the first-order plastic zone estimate, the
Irwin length Ry = (EG,,) / (7[0‘%), into Eq. (C.4), results in Eq. (17).

Appendix D. Derivation of modified size effect law for centre-
cracked notch

We define the inverse of the normalised failure process zone (FPZ)
length, Zgg;, as x for convenience,
RF?62

x=7z1 = s

SEL W (Dl)

For a pseudo-ductile material described by Eq. (6), substituting the
pristine materials’ elastic modulus in (E) in Eq. (D.1) with the secant
modulus (E,) results in Zgg; within the “yielding” region (1/sy < sy <
1). Therefore, when o; = oy,

o _ RF%; (oy —(1=h)o))

SEL ™ EJSShoy

_on (- Re, D.2)

-1
hO'NfSEL

where, J55 is the translaminar toughness of the pseudo-ductile mate-
rial.

According to LEFM, the s, size-effect relationship for a CC pseudo-
ductile specimen is given by Eq. (9). Through Eq. (D.1) it can be
conveniently represented as,

(5w e =/

Now, we can extend the LEFM size effect to accommodate the effective
modulus modification by replacing Zgg; in Eq. (D.3) with g+ (Eq. (8))
and subsequently solving for o, (in the region 1/sy < sy < 1):

(D.3)

1 4EhJSS
oN = 5 (ay—hay+\/v +(h - 1?6} (D.4)
By re-arranging Eq. (D.4) and normalising by o,
oy _1-h h h=1Y
=N _ L D.5
(SN )LEFM oy Zom + 7o + < 2, ) (D.5)

SEL

In a similar vein, we apply the secant modulus modification to
Bazant SEL (Eq. (3)). Firstly, for a CC notch configuration (K, = o
and r = 2) the SEL can be succinctly expressed using x (Eq. (D.1)) as,

(5n)gpy, = ZspL _ 1/x _ /1
N/SEL 1+ Copy 1+1/x V1i+x

By replacing ¢z, in Eq. (D.6) with Zg+ (Eq. (D.2)) and solving for
o, within the region 1/sy <sy <1,

(D.6)

2
RF2620,(1— h) + \/4EhJSSn§ (Eh.]SS ¥ RF%}) i [RFZcr}ay(—l n h)]

ONn =

2 (EhJSS + RFZaj)
(D.7)

Re-arranging Eq. (D.7) and normalising by o, gives Eq. (10).
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Fig. C.16. Translaminar toughness of pseudo-ductile materials. (a). Determination of fitting coefficients for Eq. (C.3) (b). Surface plot of the fitted translaminar toughness function

(Eq. (16)) with the dependencies.

Appendix E. Coefficient of determination of the modified size-
effect law

To assess the effectiveness of the proposed modifications outlined
in Section 2.1, we illustrate the “1:1” correlation between FE and
predicted s, values for all three notch types (CC, EH and OH) in
Figs. 8 and 10. These plots also contain other metrics, such as the
total number of evaluated specimens, coefficient of determination (R2),
Mean Average Error (MAE), and Root Mean Square Error (RMSE)
for a comprehensive evaluation. All notch radii in the intermediate
region are considered, defined by R < g, (Sir -DJ 58 , totalling 100
samples in each notch. Beyond this region, we selected only a subset of
radii as the influence of pseudo-ductility can be solely characterised
using the appropriate translaminar toughness (j SS) and K'P, see
Section 2.1.
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