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Compositional data carry relative information. Hence, their statistical anal-
ysis has to be performed on coordinates with respect to a log-ratio basis.
Frequently, the modeler is required to back transform the estimates obtained
with the modeling to have them in the original units such as euros, kg or
mg/liter. Approaches for recovering original units need to be formally intro-
duced and its properties explored. Here we formulate and analyze the proper-
ties of two procedures: a simple approach consisting of adding a residual part
to the composition and an approach based on the use of an auxiliary variable.
Both procedures are illustrated using a geochemical data set where the original
units are recovered when spatial models are applied.

KEY WORDS: Aitchison geometry, Logratio, Percentages, Simplex, Spatial
analysis.

INTRODUCTION: THE PRACTICAL PROBLEM

Compositional data (CoDa) conveys relative information that is meaningful
when expressed in the form of ratios between parts. These data are common in
environmental and geochemical studies when the constituents and compounds
are described in terms of their concentration in air (Jarauta-Bragulat et al.
2016), water (Olea et al. 2018), or in terms of solids and other wastes (Edjabou
et al. 2017). When one decides to analyze a data set X (n x D; rowsX columns)
using compositional methods, such as weight (kg) of different materials in
waste data, one is assuming that any observation x (a row of X) is a member
of an equivalence class (Barcelé-Vidal and Martin-Fernandez 2016). That is,
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the relative information contained in x is the same as in k - C(x) for any real
scalar k > 0 and C(-) the closure operation defined by

This property is known as scale invariance (Aitchison 1986). Importantly,
CoDa occupy a quotient space (Barcel6-Vidal and Martin-Fernandez 2016).
A representative of the quotient space is the D-part unit simplex SP =
{peRP :p; >0 j=1,..D; ZkD:ﬂUk = 1}, that is, in practice,
for convenience, compositions are commonly expressed as a vector of pro-
portions p € SP. Following Barcel6-Vidal and Martin-Ferndndez (2016), a
logarithmic isomorphism between the quotient spaces S, which is governed
by Aitchison geometry (Pawlowsky-Glahn et al. 2015¢), and the hyperplane
ZP ={z e RP : ijzl zj = 0} can be defined. Accordingly, a composition x
can be expressed in terms of the vector z = (In(z1/g(x)),...,In(zp/g9(x))),
where g(x) is the geometric mean of x. The vectors z € Z”, known as the
centered log-ratio (clr) vectors (Aitchison 1986), are in a hyperplane of dimen-
sion D — 1. The inner product, distance and norm in S” can be defined via
the clr variables (Barcel6-Vidal and Martin-Ferndndez 2016). These metric
elements are used to construct orthonormal log-ratio bases in SP. A compo-
sition x can be expressed in terms of its corresponding orthonormal log-ratio
(olr) coordinates y = olr(x) = (y1,--.,yp—1) (Egozcue and Pawlowsky-Glahn
2019; Martin-Ferndndez 2019), where, for example

D—j T; .
yj:,/D_jJrllnD_ & i=1,...D—1.
W/Hk-:j-uxk

Ratios and logratios cannot be computed when one of the parts is zero or
missing. Methods to deal with this problem have been described in numer-
ous papers. Readers will find a general description in Palarea-Albaladejo and
Martin-Ferndndez (2015). Importantly, a composition x and any member of
its equivalence class have the same log-ratio coordinates (Barcelé-Vidal and
Martin-Ferndandez 2016). Conversely, given a vector of coordinates y = olr(x)
one can easily recover the original composition x using the procedure

D
X = (ij) - Clolr™!(y). (2)

The term C(olr™*(y)) is a vector of proportions p € SP. The vector p takes
the same value for all the members in an equivalence class. On the other
hand, the term (D x;) determines the particular composition x recovered using
information based on its original units.

It is generally agreed upon that a statistical analysis of CoDa has to be per-
formed on coordinates with respect to a log-ratio basis (Mateu-Figueras et al.
2011). In particular, the Aitchison distance d, between two compositions x;
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Units recovery for CoDa 3

and xo can be calculated as the Euclidean distance d. between their corre-
sponding vectors of olr-coordinates: d,(x1,%x2) = d.(olr(xy),0lr(x2)). Anal-
ogous definitions can be provided for the norm and scalar product, and for
the log-ratio normal probability distribution (Mateu-Figueras et al. 2013).
These basic elements are the basis of most statistical methods. Commonly,
researchers apply statistical methods such as, among others, linear regression,
time series, or cokriging, to get predictions or estimates. When the response
variable is a composition, the statistical method provides the estimates ex-
pressed in log-ratio coordinates. Frequently, the researcher requires back trans-
forming these estimates to express them in the original units such as euros,
kg, mg/liter or percentages. In the latter case, the modeler is dealing with
non-closed subcompositions where the values are expressed in percentages or
proportions. However, in all these cases, it is not possible to apply Eq. 2 to the
estimates because in this case the term based on the original units is unknown.
In consequence, other different strategies must be explored. This communica-
tion explores the advantages and disadvantages of two solutions to the units
recovery problem.

The work is organised as follows. In Section 2, two different approaches for
recovering original units are formally introduced. In Section 3, we apply the
approaches when the goal is the estimate of the expected value of a random
composition. We illustrate the procedures using a geochemical data set. Section
4 introduces how to recover the original units when using spatial models such
as cokriging. Lastly, Section 5 concludes with some final remarks.

All data analyses discussed in this work were done using the R statistical
programming environment (R Core-Team 2019).

TWO DIFFERENT APPROACHES FOR RECOVERING ORIGI-
NAL UNITS

Consider n realizations x;,7 = 1,2,...,n of a D-part random composition.
That is, consider a set of D-part compositions

X={z;;:i=1,2,...,n,j=1,2,...,D},

expressed in original units. Importantly, we assume that the units of compo-
sitions in X are homogeneous. For instance, all values are percentages, ppm,
mol/L, or pg/m?3.

Available methods for estimation will lead to results in closed form, that
is, summing to unity, percent, or the like. Here we explore two different ap-
proaches when the data are in some units that do not sum to a constant, like
ug/L, or when one is dealing with a non-closed subcomposition.

First approach: adding a residual part

A pragmatic approach consists in imposing a total T to the composition and
performing the estimation using an auxiliary part Res, namely the residual,
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where Res; = T — Z?:l x;5. The idea of considering the part Res in a compo-
sitional analysis was used for the first time for different purposes in Buccianti
et al. (2014) and Buccianti (2015). Note that Res; allows the recovery of the
original units because it includes the term ZjDzl x;; with the information re-
lated to the original units (Eq. 2).

Figure 1 shows the complete procedure for recovering the original units of
an estimate. The residual Res and the total T play a crucial role. Given a set
X of D-part compositions, the procedure consists of the following steps:

COORDINATES ESTIMATES

Estimates o

—_> Y

olr1

olr2

Back transform

<€

Sum(p*e)= 1

X*e=T- p*e= (Xg, Resg)

Figure 1: Procedure diagram for recovering original units of a set X of D-part
compositions when adding a residual part Res, where X*, p%, X% € SP*!
and Y*, Y% € RP. Background pictures represent the corresponding spaces
for D = 3.

1. Select a total T, T > maxi{Zle x;j}, where ¢ = 1,2,...,n. For each

sample compute the residual Res; = T — ZJD:1 Zij,t = 1,2,...,n. Con-
sider the extended data set adding the residual part. That is, for ¢ =
1,2,...,n, consider the (D+1)-composition x} = (z;1, %2, ..., %D, Res;),

where ijll xi; =T,
2. Express the extended compositions using log-ratio coordinates. That is, for
1=1,2,...,n, consider the D-vector

y; = (olry(x]),0lra(x}),...,olrp(x})).

3. Apply the statistical method to obtain the corresponding estimate yg*.
4. Back transform the estimate to obtain the corresponding vector of propor-

tions pe* = (pel,PES, - PED,PED41)- The part pp},, is the proportion
estimated for the residual.
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Units recovery for CoDa 5

5. Multiply the vector of proportions pg* by T to recover the original total:
xg* =T pg* . The parts (zg1,TEs,...,2Ep) are the estimated compo-
sition expressed in original units.

Importantly, when the statistical method allows to work on the simplex, steps
2 to 4 can be replaced by: apply a simplicial method using raw data to obtain
the estimated vector of proportions pg*. The procedure above describes the
process for only one estimate but it can be easily extended by repetition to
a number of estimates, for example, when obtaining the estimates in a linear
regression model where the composition is the response variable then one has
an estimate for each observation (row) of the data set.

Second approach: using an auxiliary real variable

A different approach results when using an auxiliary real variable related to the
original units of the composition. Typical examples of these real variables are,
among others, variables based on the sum of the composition (Z?Zl xj), the
sum of any subcomposition of the composition (i.e., 3+ ), or the geometric
mean ((HjD:1 2;)*/P). In general, let ¢ be an auxiliary real variable based on
the original units, that is, one can assume that there exists a function f where
t = f(x).

The complete procedure for recovering the original units using an auxiliary
variable is shown in Fig. 2. The relation ¢t = f(x) allows to recover the original
units. Given a set X of D-part compositions, the procedure consists of the
following steps:

RAW DATA COORDINATES ESTIMATES

X=0GY) __Y=(0Ir(X), £) Y'es(olrX)g, o

olrt ol olr2

&0

Back transform

te=f(Xe)

Sum(pg)= 1

Figure 2: Procedure diagram for recovering original units of a set X of D-part
compositions when using an auxiliary real variable ¢, where py € S” and
Y*, Y% € RP. Background pictures represent the corresponding spaces for
D =3.
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1. Fori=1,2,...,n compute t; = f(x;) and create the vector X} = (2,1, Zia, ..., ZiD, ;).

2. Express the extended vector using appropriate coordinates y;, for i =
1,2,...,n. The composition x; is expressed using olr coordinates. The co-
ordinates of the auxiliary variable are the most appropriate for its sam-
ple space. For example, when t; = ijzl 2;; a simple logarithm is used
£ =In(X2, 2y,).

3. Apply the statistical method to obtain the corresponding estimate yg*.

4. Back transform the estimate to obtain the corresponding vector of propor-
tions pg and the value of the auxiliary variable tg. The value tg informs
about the original units of the composition.

5. Finally, use the function ¢ = f(x) to recover the original units vector
(XE1,XE2, .., XEp) for the composition estimated. For example, when ¢ =
x3 + g, using pg, tg, and the relation ps + ps = (x3 + z6)/(>_ x;), one
calculates the estimate of the total ) xg; to obtain the composition in
original units xg = (}_*g;) - PE.

Pawlowsky-Glahn et al. (2015b) present a practical example of this procedure.

Importantly, steps 2 to 4 can be removed from the procedure when the statis-

tical method is able to provide the estimates pg working on raw data, that is,

when it is not required to work on log-ratio coordinates. One example of this
situation is the center of a CoDa set.

ESTIMATING THE EXPECTED VALUE OF A RANDOM COM-
POSITION: THE CENTER

The simplest case where one is dealing with estimates is when the expected
value of a random composition is analyzed. In this analysis, the expected value
is estimated by calculating the center of the data set available (Pawlowsky-
Glahn et al. 2015¢). Let X = {z;; : i =1,2,...,n, j=1,2,...,D} be a data
set, the sample center is defined as

n 1/n n 1/n n 1/n
g=cen(X)=0C <H;v21> , (Hxﬂ) ey <H$i0> ,
i=1 i=1 i=1

the closure of the columnwise geometric mean. Remarkably, the sample center
g can be obtained by back transforming the columnwise arithmetic mean of
the log-ratio coordinates (Pawlowsky-Glahn et al. 2015¢). The question that
automatically arises is the advantages and disadvantages of the two approaches
introduced above when expressing the estimate of the expected value in orig-
inal units.

How to obtain the center by adding a residual part?

According the definition of center given above, it is not necessary to work on
coordinates to obtain the estimate of the expected value of a random compo-
sition. In consequence, the procedure consists of the following steps:
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1. Select a total T, T > maxi{Z?:l z;;}. Compute the residual Res; = T —

Z?:l xij,%=1,2,...,n and create the composition (z;1, Zi2, . . ., Tip, Res;).
2. Compute the non-closed geometric mean of each part of the extended data
set, that is, the geometric mean columnwise:

G" = (Gr1,Gza,...,Gxp,Gr)

n 1/n n 1/n n 1/n n 1/n
(H JCﬂ) ) <H $i2> yes (H xip> , (H Resi>
i=1 i=1 i=1 i=1

3. Apply the closure operation to G*:

. G!,Cl GLL'Q GLL'D g T
& =\ 9G'SG "8G SG)

where SG = (Zf:l ij) +Gr, T is the closure constant, and, in this case,

pe’ =g"/T.
4. Consider only the parts corresponding to the original composition to make
the estimate of the center of x on the original units:

G!,Cl GCL‘Q GLL'D T
SG’ SG’T SG '

xg = cen (X) = (

Steps 4 and 5 can be replaced by: first, consider the log-ratio coordinates of
the samples (including the residual) and compute the arithmetic mean of these
coordinates; second, back transform the vector of arithmetic means and apply
the closure operation with the closure constant T.

Four important remarks follow:

I. Consider two different totals T; and Ty. Following the procedure above
the two estimates of the center for a part x; in x using each of the two
totals are, respectively,

Gy, Gz,

kA kA
5q, v ad e T

Note that the factors sTél and 5%2 are different (see Appendix A for a
detailed proof). Consequently, the two expressions in the original units
of the estimate are different, and the procedure is not invariant under a
change of the total.

II. The factor % tends to 1 when the total T tends towards infinity (Appendix
A). In that case, the estimate of the center g* approaches the non-closed
geometric mean G*.

III. Let xn be the random composition obtained by adding a new part to x.
That is, xy = (z1,22,...,Zp,xp+1) and x = (21, Z2,...,2p). Consider
a total T, T > max;{ ;7_):""11 x;j}. Let Res be the residual part for x, and

Respy the residual part for xp; thus Resy = Res — zp11. Let zp be a
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single common part in xy and x, that is, Kk = 1,2,..., D. Following the
procedure above the two estimates of the center for the part z; in x and
Xy are, respectively,

. Gy .
SG (prl ij) + Gr*

=1

T.

Note that the factors % and are different because the

1

(ij Gz ;)+Gr+
geometric mean is a non-linear operator, that is, despite Resy = Res —
Tpy1, its geometric mean Gr* is not equal to the subtraction of geometric
means Gr — Gz p41. Consequently, the two expressions in the original units
of the estimate are different, and the procedure is not invariant under the
change of the subcomposition where the part is included.

IV. Although the procedure gives expressions in the original units of the center
which are not invariant under change of total or change of subcomposition,
all of them are in the same equivalence class. Thus, the common subcom-
position xg-the composition xg* without the residual part—expressed in
any log-ratio coordinates (i.e., alr, clr and any olr) are invariant and equal
to the log-ratio coordinates of the corresponding subcomposition of G*.
That is, the closed subcomposition is exactly the same regardless of the
total selected.

Estimating the expected value using the multiplicative total

A different approach results when using the concept of multiplicative total
of a composition. Let x be a D-part composition and m = (ijzl xj)l/D
its geometric mean. The value m” informs about the multiplicative total of
the composition. Importantly, the additive total of a vector is equal to its
arithmetic mean multiplied by D, the number of parts. That is, the arithmetic
mean gives information about the additive total. Analogously, the geometric
mean gives information about its multiplicative total. Note that the sum of the
vector x/ (Zle x;) equals to one, while the vector x/m has a multiplicative
total equal to one. Therefore, given two arbitrary positive values T and M, the
vectors (x/ Zf:l xj) - T and (x/m) - M have additive total T and geometric
mean M, respectively.

The procedure to estimate the center in original units consists of the fol-
lowing steps:

1. Compute the geometric mean of each part of the data set:

n 1/n n 1/n n 1/n
G = <H xil) ) <H ﬂm) Yo (H fiD)
i=1 i=1 i=1

Consider the notation G = (Gx1, Gz, ...,Gzp).
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2. Apply the closure operation to G to obtain a closed geometric mean or
center of the data set:

< le GLL'Q G:L‘D
g= ) s e D .
199 Here pg = g. That is, it plays the role of the estimate.
3. For each sample compute the row-wise geometric mean:
b 1/D
m; = H.’,Eij ,?::1,2,...,71.
j=1
200 Here t; = m;. That is, it plays the role of the auxiliary variable.

4. Compute the geometric mean of these geometric means:

n 1/n
i=1

201 This value informs about the average of the row-wise geometric mean in
202 the data set, and it plays the role of the estimate tgp = M.
5. Let mg be the geometric mean of the closed geometric mean g. Scale ac-
cordingly the closed geometric mean g to obtain the estimate of the center
in the original units:

G, Gao Gzp M
cen (X) = 5 =5 s =P C—
203 Note that the geometric mean of cen (X) is equal to M.
204 Three important remarks follow:
205 1. Note that
M

cen (X) = (Gx1,Gxa,...,Gxp) -

mg - (Y1, Gaj)
= (Gz1,Gxs,...,Gzp) -

D G /b D
<Hj—1 m) ’ (Zj:l Gz;)
M

= (Gz1,Gza,...,Gzp) -

(H?_l (12, xij)l/D>1/n
(2 em) "

= (Gl‘l,Gl‘Q,...,GZ‘D) .

= (G$1,Gx2,...7GxD) .

206 That is, the estimate of the center expressed in original units is equal to
207 the non-closed geometric mean vector.
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Pawlowsky-Glahn et al. (2015a) studied the properties of the T-space de-
fined by a composition and a total. They state that D-1 olr coordinates y;
together with the coordinates of a multiplicative total m? lead to the same
distances among individuals as in the space of the logarithms of absolute
values. Following Coenders et al. (2017), the coordinates of the value m; is
associated to the projection of vector In(x;) to the unit normalized vector
(1/v/D)1p, where 1p is the D-vector (1,1,...,1). This vector is orthogo-
nal to the space of log-ratio coordinates, forming an orthonormal basis of
the complete real space R”. Let U be a D x D matrix where the first D-1
columns are the vectors of an olr basis and the last column is the vector
(1/v/D)1p. Tt holds

(yimi) =In(x;) - U and In(x;) = (yim;) U, (3)

where UT - U =1Ip and UT = U™, being I the D x D identity matrix,
and m;} the coordinates of m; (mf = v/DIn(m;)). That is, the U matrix is
an orthonormal change of basis from In(x;) into the RP space (Coenders
et al. 2017).

According this approach, the procedure above to estimate the center in
original units is equivalent to: first, olr-transform the compositional data
set; next, extend the data set of log-ratio coordinates by adding the log-
score of the geometric mean v/D - In(m;),i = 1,2,...,n, to each vector
of olr-coordinates; compute the arithmetic mean of the extended data set;
back transform the vector of arithmetic means. Where the back transfor-
mation simply consists of a change of basis and the exponential function
(Eq. 3):

xg = exp((ygmp) - U™1).

The procedure provides an estimate of the center that is invariant under
change of subcompositions, where the part is included.

»s  Example: center of a compositional data set

The Meuse data set (Rikken and Rijn 1993) is included in the “gstat” R-
package (Graler et al. 2016). The data set gives locations (in meters) and
topsoil heavy metal concentrations (in ppm), along with a number of soil and
landscape variables at n = 155 observation locations, collected in a flood plain
of the river Meuse, near the village of Stein (NL). Heavy metal concentrations
of (Cd,Cu, Pb,Zn) have been measured in composite samples of an area of
approximately 15 m x 15 m. Table 1 shows the values in original units (ppm)
of the estimates for the center of the Meuse data set. Because the maximum
value of the sum for the samples in the 4-part subcomposition (Cd, Cu, Pb, Zn)
is 2630, the sequence of 10 different totals considered is

T = {2650, 3150, 3650, 4150, 4650, 5150, 5650, 10, 10°, 105} .
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For this sequence the procedure consisting of adding a residual part is applied
to the 3-part subcomposition (Cu, Pb, Zn) as well as to the 4-part subcompo-
sition (Cd, Cu, Pb, Zn). Also, the procedure based on the multiplicative total
is applied to this subcomposition. Table 1 shows that, as expected, the expres-
sion in original units of the 3-part subcomposition (Cu, Pb, Zn) is different
when the total changes, and also when one uses the 4-part subcomposition.
In addition, when the residual part increases, the other four parts diminish,
approaching the results obtained using the multiplicative total.

Table 1: Values in original units (ppm) of the estimates for the center of Meuse
data set. (3-sub = 3-part subcomposition; 4-sub = 4-part subcomposition)

Total Subcomp. Ccd Cu Pb Zn Resid
2650 3-sub 38.90 135.81 399.40 2075.89
4-sub 1.95 39.02 136.23 400.64 2072.16
3150 3-sub 37.61 131.31 386.18 2594.90
4-sub 1.88 37.65 131.44 386.54 2592.49
3650 3-sub 37.06 129.40 380.55 3102.99
4-sub 1.85 37.09 129.49 380.81 3100.77
4150 3-sub 36.72 128.20 377.01 3608.07
4-sub 1.84 36.74 128.27 377.22 3605.94
4650 3-sub 36.48 127.36  374.55 4111.62
4-sub 1.82 36.49 12742 374.72 4109.55
5150 3-sub 36.30 126.73 372.72 4614.25
4-sub 1.82 36.31 126.78 372.86 4612.22
5650 3-sub 36.16 126.25 371.30 5116.29
4-sub 1.81 36.17 126.30 371.43 5114.29
104 3-sub 35.62 124.36 365.73 9474.29
4-sub 1.78 35.62 124.38 365.79 9472.42
10° 3-sub 35.10 122.55 360.41 99481.94
4-sub 1.76  35.10 122,55 360.42 99480.17
108 3-sub 35.056 122.39 359.93 999482.62

4-sub 1.75 35.05 122.39 359.94  999480.87
Mult. total 4-sub 1.75 35.05 122.37 359.88

Residual versus multiplicative total

The results shown in the previous sections suggest an analysis of the relation
between the residual part and the multiplicative total of a composition. Let x
be a D-part composition and m?” = H]D:l x; its multiplicative total. Let T be

a fixed total and Res = T— ijzl x; the corresponding residual part. Once one
has defined a particular orthonormal basis to get the olr coordinates of x, one
can assume that the variable added by the residual part in the first procedure

D . Res
D+1 In m

variable added by the multiplicative total is v/D - Inm. At this point, one can
assume that T is fixed but as large as we need, that is, the residual Res is as

is the last olr variable , whereas in the second procedure the
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large as we need. In consequence, for each sample, it holds that (Appendix B):

A W DY (S WYY
D+1 " m “VDy1 " D+1 M

Let a =4/ DLH -InTand b= —,/ %H be two constants. For a large T it holds

that the log-ratio coordinate of the residual part is approximately a linear
transformation of the log-score of the multiplicative total: a+b-v/D-Inm. This
linear relationship suggests that, when the total is “large”, the results provided
by any equivariant method applied to the set of log-ratio coordinates including
a residual part will be related to the results obtained using the multiplicative
total. Note that the results shown in Table 1 confirm this idea. Because the
estimation of the mean using log-ratio coordinates is an equivariant method,
the center obtained for a large T approaches the center using the multiplicative
total.

SPATIAL ANALYSIS
Method for regionalised compositions

The general case of spatial interpolation can be summarized by the expression

Yi(s) = Z A(ss) - Y (s4), withz A(s;) =1, (4)

where Yg(s) is a vector of estimates, A(s;) is a scalar “weight”, and Y (s;) is
a vector of observations at location s; in a spatial domain D, i = 1,2,...,n.
Observe that the estimate Y g(s) is a weighted arithmetic mean. For the CoDa
case, consider a D-part regionalised composition X (s;) observed at locations
s; in the spatial domain, ¢ = 1,2,...,n and the compositional geostatistics
workflow summarized as follows (Tolosana-Delgado et al. 2019):

1. Express the compositions X (s;), ¢ = 1,2,...,n in one of the log-ratio
scores Y (s;).

2. Compute variation-variograms of Y.

3. Fit a valid model, such as the linear model of coregionalization.

4. Apply cokriging to the log-ratio scores at the nodes of a suitable chosen
grid.

5. Back transform the predicted values.

These available methods for estimation/interpolation of regionalised compo-
sitions like X will lead to results in closed form, that is, summing to unity,
percent, or the like, which can be a problem or not desired result when the data
are in some units, like pg/liter, or data are a non-closed subcomposition ex-
pressed in proportions, percentages or ppm. That is, the compositions X (s;),
i =1,2,...,n, in their original units do not sum to a constant. To solve this
problem one can use one of the two approaches proposed: add a residual part or
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use an auxiliary variable. Importantly, in both approaches the log-ratio scores
vector Y (s;) will be replaced by the extended vector of coordinates Y* (s;) to
compute the variograms and fit a model. In order to avoid an influence of the
variogram modeling in our study about the two approaches, we replace these
points (steps 2 and 3) by an interpolation method based on the geographical
distance. That is, we consider the scalar weight A(s;) is proportional to the
inverse of the geographical distance between locations s and s;,7=1,2,...,n.
In consequence, in both approaches the expression to calculate the estimates
is

n 1
Yi(s) =Y A(si) - Y(si), where A(s;) = el —  (5)
i=1 Zk:l de(s,5k)

and Y*(s;) is respectively obtained by adding the residual part or using the
auxiliary variable selected. The estimated value in original units Xpg(s) is
respectively obtained following the schemes in Fig. 1 and Fig. 2.

Example: maps using original units
Table 2 shows the main quantiles and the geometric mean of the Meuse data

set. In this table, the geometric mean is the non-closed geometric mean vector
(Table 1).

Table 2: Basic statistics of Meuse data set (in ppm)

Cd Cu Pb Zn
Minimum 0.2 14.0 37.0 113.0
Q1 0.8 23.0 72.5 198.0
Median 2.1 31.0 123.0 326.0
Geomean 1.8 35.1 122.4  359.9
Q3 3.9 49.5 207.0 6745
Maximum  18.1 128.0 654.0 1839.0

The values of the statistics suggest, for the four parts, a right skewed distri-
bution, which is common for geochemical elements. Note that all the values
in Table 2 are expressed in ppm but the ranges of the parts are very different,
with C'd being the part taking the smallest values and Zn the largest values. In
particular, the minimum of Zn is approximately 500 hundred times the min-
imum of Cd. For this 4-part composition (Cd, Cu, Pb, Zn) we will show the
results for the element C'u using a kriging method based on the inverse of the
geographical distance (in meters) between locations with both approaches pro-
posed and comparing the results for the 3-part subcomposition (Cu, Pb, Zn).
Analogous results were obtained when the part analyzed was Cd, Pb, and Zn.

Figure 3 shows the maps with the concentration estimated for element Cu
using the 4-part composition. Following the same procedure as in previous
section, the approach consisting of adding a residual part was applied for the
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sequence of totals T = {2650, 3150, 3650, 4150, 4650, 5150, 5650, 10%, 105, 105}
Figures 3(a-c) show the results for T = 2650,4650,10°. The maps state dif-
ferences between the estimates, where the values decrease when the total T
increases. No relevant differences are detected when the map for T = 10° (Fig.
3c) is compared to the map using the multiplicative total (Fig. 3d). This sim-
ilarity agrees with the performance analyzed for the estimation of the centre
of a random composition.

Cu (ppm) <3200 ° Cu (ppm)
ES

y(m)
y(m)

wes0 w0 90 edo0  e000 sl 1sisoo e w0 w0 la0  e0s0 0o e300

xm) x(m)

Cu (ppm) ssa000 ] Cu (ppm)
50 %

ym)
y(m)

wes0 w00 190 edo0 000 sl 1sisop e w00 a7eso0 00 1ok 1siboo

195000
x(m) x(m)

(©) (d)

Figure 3: Map of Meuse data set: concentration estimated in element C'u for
the 4-part composition (Cd, Cu, Pb, Zn). The approach used is: (a) residual
part with T= 2650; (b) residual part with T= 4650; (c) residual part with
T= 105; (d) multiplicative total. The data set gives locations (in meters) and
topsoil heavy metal concentrations (in ppm).

To analyze the error of the estimates in original units one can consider
the absolute error |Cuops — Ciest|, where |Cu,| are respectively the values ob-
served and estimated for the element C'u in one location. When one wants to
calculate the accumulated error for all the data, it is preferable to consider the
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| Cuops—Clest
Cuobs

. Moreover, when the estimated value approaches

the observed, the relative error approaches the logratio |In &= Cuest | This term
can be interpreted as a measure of the contribution of element Cu to the per-
turbation difference vector between the observed and estimated composition
(Martin-Fernédndez et al. 2015, 2019). Table 3 shows the log-ratio accumulated
error. This error is calculated using the log-ratio expression for the cases of the
3-part and 4-part composition for some selected totals T and the multiplica-
tive total. The accumulated error is very large suggesting that the cokriging
method applied provides poor results in this case. The difference between er-
rors is very small when the results for the 3-part and 4-part are compared.
Moreover, in both cases, the error diminishes when the total T increases and
tends towards the error provided by the multiplicative total approach. This
behavior is shown in Fig. 4. The difference Cus — Cugz (in ppm) between es-
timates for part C'u using the 4-part and the 3-part composition decreases
and approaches to zero when total T tends towards 10°. The values of the
differences are positive indicating that the estimates provided by the 4-part
composition are greater than the estimates for the 3-part composition. This
effect is related to the third remark in previous section for the estimation of
the center of a data set where the subcompositional coherence for the residual
approach is explored and it is also stated in Table 1.

relative error

Table 3: Log-ratio accumulated error for estimates of Cu using different totals
T and the multiplicative total with the 3-part or the 4-part composition. (3-sub
= 3-part subcomposition; 4-sub = 4-part subcomposition.)

Total T
Composition 2650 3150 4650 10° 105 Multiplic.
3-sub 63.37 62.27 61.37 60.37 60.33 60.33
4-sub 63.49 62.30 61.38 60.37 60.33 60.33

CONCLUSIONS AND FINAL REMARKS

When the purpose is to recover the original units in a compositional analy-
sis it is necessary to add more information to the relative information pro-
vided by the olr coordinates of the original D-part composition. Two different
approaches for units recovery in compositional analysis have been explored:
adding a residual part and using an auxiliary variable. The approach to add
a residual part is the simplest technique and it can be considered the most
intuitive approach for CoDa originally expressed in proportions, percentages
or ppm. However, we have found that adding a residual part presents undesir-
able properties that a modeler should be take into account. In particular, the
estimates in original units obtained using the residual approach:

— depend on the total T considered;
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Figure 4: Box plots for the difference in ppm for the estimates of part Cu using
4-part and 3-part compositions when the residual approach is applied for 10
totals, from T=2650 to T=10°.

— depend on the number of parts forming the composition; and
— approach the estimates obtained using the multiplicative total when the
total T tends towards infinity.

On the other side, exploring the approach using an auxiliary variable, we found
that the most sensible option is the information provided by the geometric
mean of the composition, that is, the variable called multiplicative total. We
have stated that the set formed by the olr coordinates of the composition and
the log-score of the multiplicative total are appropriate to obtain estimates
in original units, being invariant regardless the number of parts forming the
composition. This approach, being equivalent to work with the log-transformed
data, has the advantage of providing knowledge about the relative (olr coordi-
nates) and the absolute information (multiplicative total), information which
remains hidden otherwise. However, when only one part has been measured (D
= 1) this approach is inapplicable because there are no multiple proportions
to generate auxiliary variables.

Importantly, both approaches provide the same estimates expressed in olr
coordinates. In other words, the relative information in the estimates is the
same regardless the approach used, the total T considered and the number of
parts forming the composition. Only the absolute information of the estimates
depends on the approach used. In this sense we recommend to use the approach
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based on the multiplicative total because it splits the estimates into the olr
coordinates of the composition (relative information) and the score of the
geometric mean (absolute information).
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APPENDIX A
Let f(T') be the function

T

ATy = SP . Gay + Gr’

then it holds

— f(T) > 1, for any total T. To prove this property one can use the well-
known inequality between the geometric and arithmetic means

D D n n
ZGl‘j + Gr < Z <;ZCEZ]) +%ZR€317
j=1 i=1 i=1

Jj=1 3 1=
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where the equality holds only for a constant series, which is not the case
in our context. Therefore,

D n D
1
Zij+GT<ﬁZ ZCL’Q'FR&% =T.
j=1 =1 \j=1
— limp_s 1o f(T) = 1. For any T > 0, the expression
T T
£(T) -— —
Zj:l Gr; + (Hi:l (T - Zj:l x”))

B ijzl Gz + Gr

is equal to

1
f(T) = ;
Z]_Dzl Gz n Z]_DZI zi; 1/n
D U N e
D . b
31 where limr_< ;oo %] =0 and limp_s 4 %M =0.

— f(T) is a monotonically decreasing function. To prove this behaviour one
can prove that the function g(T) = 1/f(T) is a monotonically increasing
function. The derivative function ¢'(T) is equal to

J(T) = " (H?ﬂ (T -2k “’””‘))l/n (ZL TZIDI> T )
T2

Zjll Gr; + (H:‘L=1 (T - Z]]'D:l fm;)) e

T2 ’
where using the inequality between the geometric and arithmetic mean it
holds
1 n T D 1/n n 1 T T
n Hi:l - Ej:l Lij Zi:l T—ZD o -
/ j=1""
1 n T D 1/n n 1 1
n H¢:1 - Zj:l Lij Zi:l T—ZD N
= J=1 Y
T
n D 1/n
432 Because the term [];_; (T — 2= xij) is the geometric mean of the
433 residuals and the term % (Z?_l TZ:1D> is the inverse of the harmonic
>
a3 mean of the residuals, the sign of the numerator is positive. Therefore

435 g (T) > 0.
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s APPENDIX B

Let T be a total fixed but as large as we need, like a “big T”. In consequence, for
i=1,2,---,n, the residual Res; is as large as we need, that is T >> Zle Tij-
Fori=1,2,---,n, it holds that

D
D D
- In|T-— - Inm; =
D—|—1 n( jzzlxj D+1 nm
D
D D1 Tij
= ‘In | T-[1—- =2 —/—=—— lnm; =
D+l n( ( T )) Dy1 ™
D
D D >j=1 %ij D
i1 TV o ln<1 Vo1

In consequence, because T >> Zle Z;5, it holds that
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