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A B S T R A C T

The complex failure mechanisms involved in failure of interfaces requires the use of an accurate
description of the cohesive law. In recent years, there have been many developments to
determine the full shape of the cohesive law. However, most of the existing cohesive zone
models assume a simplified shape, such as bilinear, trapezoidal or exponential, which are
usually simple to model. Their accuracy is found to be rather limited, especially in the presence
of a large fracture process zone due to either plastic deformation or fibre bridging. In this
work, a new cohesive element description is proposed to formulate a general cohesive zone
model to overcome these limitations. The benefit of the new approach is that it allows for
convenient implementation of any arbitrary shape of the cohesive law obtained experimentally.
The authors present a new procedure based on the superposition of 𝑛-bilinear cohesive zones
to obtain an equivalent multilinear cohesive law that fits any experimental measurement. The
new element formulation has been implemented in the commercial finite element software
ABAQUS, using user element subroutine. Verification of the methodology is performed at the
single element level and the approach is validated for different material systems (adhesives
and composites) using the double cantilever beam, end-notched flexure and mixed-mode
bending tests. Excellent correlation between all numerical predictions and experimental results
is obtained, demonstrating the robustness of the proposed methodology.

. Introduction

In the framework of finite element analyses, cohesive zone modelling is a powerful tool to simulate interfacial debonding and
elamination analyses having the ability to model both crack initiation and propagation [1–9]. Accurate simulation of delamination
s also important when predicting the detailed failure modes of composites, as they are generally governed by a complex interaction
etween ply splits and delaminations as shown by Tijs et al. [10].

The Cohesive Zone Model (CZM) has become a popular approach to accurately simulate the fracture process of interfaces [11,12].
he CZM method relates the cohesive stress to the displacement jumps along a damage length at an interface where a crack may

nitiate. The cohesive law of the element governs the softening behaviour and influences the development of the Fracture Process
one (FPZ). The principle is as follows: (1) the elements initially behave linearly according to their penalty stiffness; (2) at a specific
raction stress, damage initiates and starts the softening process; (3) during softening, the element stiffness is gradually damaged
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while dissipating energy according to a given fracture energy; (4) a new crack surface is formed when the stiffness and the strength
are fully degraded and complete separation is obtained [13]. The initiation strength, fracture toughness and shape typically have
to be determined experimentally and are different for the three opening modes: mode I (in the normal direction), shear mode II
(in-plane direction) and mode III (out-of-plane direction), and mixed-mode. Different shapes of cohesive laws have been purposed
in literature and applied for simulation of debonding and delamination in composite structures. Cohesive laws can be determined
using direct methods that rely on experimental measurements of the traction separation law parameters, however, this is difficult
to perform [14]. On the other hand, the cohesive law can also be calculated analytically or semi-analytically by using an inverse
method [15,16]. The existing cohesive zone models in literature are formulated using various idealized shapes of the cohesive law,
e.g. bilinear [4,11], trapezoidal [6] and exponential [17]. The above mentioned shapes are typically simple to model, however, their
accuracy is found to be rather limited, especially in the presence of a large fracture process zone due to either plastic deformation
or fibre bridging. In order to solve this, Sorensen et al. [18] combined a bilinear traction separation relation with an exponentially
decaying function to represent the bridging effect. Airoldi and Dávila [19] and Tamuzs et al. [20] used a cohesive trilinear law to
provide a simple linear description of the bridging. Furthermore, Dávila et al. [21] showed that bilinear softening provided a better
approximation of the experimental R-curve during fracture of composites. Following the microscopic mechanism of delamination
failure, Gong et al. [22] and Yin et al. [23] modified the method to represent quasi-brittle matrix failure and fibre bridging by
assuming that the displacement at damage onset of fibre bridging is the same as the complete failure displacement for matrix
failure. However, the mixed-mode tractions and separations leading to a particular cohesive law were not described, and this method
required a genetic algorithm to determine the most suitable softening parameters. Jensen et al. [24] formulated a constitutive model
based on a multilinear cohesive law with an arbitrary number of line segments. In this approach, the same Mixed-Mode interpolation
between Mode I and Mode II components was selected for all the line segments and the pure mode cohesive laws were obtained by an
optimization process to fit the numerical response to the experimental data of an specimen loaded with uneven moments. Tijs et al.
[25] used a cohesive law in tabular form to describe fibre bridging in thermoplastic composites using the built-in Abaqus cohesive
element, which requires an user-defined interpolated cohesive law. In Tijs et al. [25], the pure mode cohesive laws were obtained
from an inverse procedure and the influence of the dependence of the different failure mechanisms with the mode mixity was
investigated. De Carvalho et al. [26] proposed a cohesive element using a piecewise-linear cohesive law assuming different shapes
for mode I and II to account for different failure mechanisms. The measured cohesive law is scaled differently for mode I and II to
avoid artificial damage/healing during mixed-mode loading. The concept of generalized piecewise-linear cohesive laws can also be
adopted to take into account the failure mechanisms caused by the fibrillation of soft adhesive layers and the variation of the peel
angle considering the shear flow mechanism that influence the mixed-mode behaviour [27]. Therefore, there is a need of defining a
general cohesive law that can be adapted to the experimental measurements, with a straigh-forward model parameter identification,
and also able to independently deal with the mixed-mode interpolation of the different failure mechanisms. Compared to the above
mentioned works, the benefit of the proposed methodology is that it allows for a straight-forward parameter identification process
and mixed-mode interaction can be defined on the individual line segments, which makes it possible to treat individually each
failure mode that contributes to the cohesive law.

In the current work, the constitutive model by Turon et al. [11] is further developed to account for softening using a MultiLinear
ohesive Law (MLCL) with an arbitrary number of line segments that can fit any experimentally measured cohesive law. The
onstitutive model is implemented in the commercial Finite element software ABAQUS using the user element subroutine. The
umerical model is first verified on several single element tests and validated on a number of fracture toughness tests from the
vailable experimental work on adhesives by Sarrado et al. [14] and thermoplastic composites by Tijs et al. [25].

. Formulation of the multilinear cohesive zone model

The formulation of the multilinear cohesive zone model is described in more detail in this section. The procedure is based on the
ame interface kinematics as described by Turon et al. [11], where the model is further developed to solve problems that require
he use of a complex shape of the traction-separation law.

.1. Multilinear cohesive law

The multilinear shape of the traction separation law, with an arbitrary number of line segments (NCL), can be simplified,
mploying the principle of superposition [21] of bilinear traction separation laws, as shown in Fig. 1:

𝜏𝑗 (𝛥𝑗 ) =
𝑖=𝑛−1
∑

𝑖=1
𝐾𝑗(𝑖)(1 −𝐷𝑗(𝑖))𝛥𝑗 (1)

here 𝜏𝑗 and 𝛥𝑗 are the traction stress and the displacement jump for a certain loading mode 𝑗 = 𝐼 , 𝐼𝐼 , 𝐼𝐼𝐼 , respectively. For an
rbitrary bilinear traction separation law, 𝐾𝑗(𝑖) is the equivalent stiffness and 𝐷𝑗(𝑖) is the damage parameter associated with loading
ode 𝑗 and the bilinear cohesive law number 𝑖 (𝑖 = 1, 2, 3,… ,n − 1; where n is the end-point of the MLCL as shown in Fig. 1).

Each bilinear cohesive law can be defined using three parameters: the onset traction stress 𝜏𝑜𝑗(𝑖), the initiation and the critical
isplacement jumps (𝛥𝑜

𝑗(𝑖) and 𝛥𝑐
𝑗(𝑖)). Each of these parameters can be defined using the process summarized in Fig. 2 where any

hape of the cohesive law can be transformed into a series of bi-linear cohesive laws. Firstly, it is considered that the two end-points
f the last segment of the MLCL composes of the softening part of the last bi-linear cohesive law (see Fig. 2-b where i = n − 1) and

𝑜

2

he onset traction stress 𝜏𝑗(𝑛−1) of the last bi-linear cohesive law is equal to the traction stress 𝜏(𝑛−1) of the MLCL. For clarity, the
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Fig. 1. A mixed-mode multilinear cohesive law.

Fig. 2. A procedure of superposing of multilinear cohesive law into n-bilinear cohesive laws where (a) the input multilinear CL, (b) the superposition process
nd (c) the output n-bilinear cohesive laws.

rocess is initiated by assembling the bi-linear cohesive laws from the last segment to the first one of the input multilinear cohesive
aw.

Once the last bilinear cohesive law is defined, a systematic procedure can be performed using Eqs. (2) and (3) (see Fig. 2-b).
he displacement jumps at the two end-points of each segment in the MLCL are the initiation and the critical displacement jump
𝛥𝑜 and 𝛥𝑐) in the associated bilinear cohesive law. Where subindex 𝑖 refers to the MLCL point and the 𝑖− 1 number of the bilinear

cohesive law, being 𝑛 the total number of points and NCL = 𝑛 − 1 the total number of cohesive laws. Finally, 𝛥𝑐 = 𝛥𝑜 and the
3

𝑗(𝑖) 𝑗(𝑖+1)
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Fig. 3. The equivalent mixed-mode series of bilinear cohesive laws.

nset traction stress can be defined using the following equations:

𝜏𝑗 = 𝜏𝑜𝑗(𝑖) +
𝑛−1
∑

𝑀=𝑖+1
𝐾𝑗(𝑀)𝛥

𝑜
𝑗(𝑖) (2)

𝐾𝑗(𝑖) =
𝜏𝑜𝑗(𝑖)
𝛥𝑜
𝑗(𝑖)

(3)

2.2. Damage model and mixed-mode interpolation

Moving to the interaction between these bilinear cohesive laws to form the damage model, the mixed-mode displacement jump
(𝜆) can be defined as [11]:

𝜆 =
𝐾𝐼 ⟨𝛥𝐼 ⟩

2 +𝐾𝑠ℎ𝛥2
𝑠ℎ

√

𝐾2
𝐼 ⟨𝛥𝐼 ⟩

2 +𝐾2
𝑠ℎ𝛥

2
𝑠ℎ

; 𝛥𝑠ℎ =
√

𝛥2
𝐼𝐼 + 𝛥2

𝐼𝐼𝐼 (4)

here 𝐾𝑗 and 𝛥𝑗 are the mode dependent penalty stiffness and the displacement jumps at the integration points for a certain loading
ode, 𝑗 = 𝐼, 𝐼𝐼, 𝐼𝐼𝐼 . For convenience, subindex 𝑗 = 𝐼 for mode I loading and 𝑗 = 𝑠ℎ for shear loading (combination of modes II and

III). The ⟨∙⟩ is the Macaulay bracket defined as ⟨𝑥⟩ = 1
2
(𝑥+ |𝑥|). The local degree of mixed-mode ratio (𝐵) is computed pointwise at

every finite element integration point [4,11]:

𝐵 =
𝐾𝑠ℎ𝛥2

𝑠ℎ

𝐾𝐼 ⟨𝛥𝐼 ⟩
2 +𝐾𝑠ℎ𝛥2

𝑠ℎ

(5)

There is one equivalent mixed-mode cohesive law for a given set of pure mode cohesive laws and a mixed-mode ratio. This
ixed-mode cohesive law can be transformed into a series of mixed-mode bilinear cohesive laws (see Fig. 3). For each 𝑖th pair of
ure mode cohesive law, the mixed-mode variables (𝜆𝑜(𝑖) and 𝜆𝑐(𝑖)) can be associated with the 𝑖th cohesive law (see Fig. 4). 𝜆𝑜(𝑖) and
𝑐
(𝑖) are the dummy mixed-mode onset, and critical displacement jumps for the selected bilinear cohesive law, which can be defined
sing Benzeggagh–Kenane [28] as mixed-mode interaction:

𝜆𝑜(𝑖) =

√

√

√

√

𝐾𝐼(𝑖)(𝛥𝑜
𝐼(𝑖))

2 + [𝐾𝑠ℎ(𝑖)(𝛥𝑜
𝑠ℎ(𝑖))

2 −𝐾𝐼(𝑖)(𝛥𝑜
𝐼(𝑖))

2]𝐵𝜂𝑖

𝐾𝐵(𝑖)
(6)

𝜆𝑐(𝑖) =
𝐾𝐼(𝑖)𝛥𝑜

𝐼(𝑖)𝛥
𝑐
𝐼(𝑖) + [𝐾𝑠ℎ(𝑖)𝛥

𝑜
𝑠ℎ(𝑖)𝛥

𝑐
𝑠ℎ(𝑖) −𝐾𝐼(𝑖)𝛥𝑜

𝐼(𝑖)𝛥
𝑐
𝐼(𝑖)]𝐵

𝜂𝑖

𝐾𝐵(𝑖)𝜆𝑜(𝑖)
(7)

where 𝛥𝑜
𝐼(𝑖), 𝛥

𝑜
𝑠ℎ(𝑖) are the onset displacement jumps, and 𝛥𝑐

𝐼(𝑖), 𝛥
𝑐
𝑠ℎ(𝑖) are the critical displacement jumps, respectively. Subindexs ∙𝐼(𝑖)

and ∙𝑠ℎ(𝑖) refer to the mode I and the shear mode of loading, while (𝑖) is the order in the series of the bilinear cohesive laws. 𝐾𝐵(𝑖)
is the equivalent penality stiffness associated with the 𝑖th cohesive law:

𝐾𝐵(𝑖) = 𝐾𝐼(𝑖)(1 − 𝐵) +𝐾𝑠ℎ(𝑖)𝐵 (8)

During the failure process, different failure mechanisms develop depending on the mode mixity (and the material system) and
can result in large fracture process zones (for example due to fibre bridging) that significantly change from opening to shear mode
loading. Then, the mixed mode interpolation becomes tricky [25] and can also result in an unequal number of line segments for pure
4



Engineering Fracture Mechanics 284 (2023) 109233S. Abdel-Monsef et al.

a
p
b
t

v
r

w
t

w

Fig. 4. Representation of the 𝑖th bilinear cohesive law used in the formulation for a fixed mode ratio. 𝜇𝑜
(𝑖) is the onset stress.

Fig. 5. Sketch of mixed-mode interpolation of two different number of line segments of cohesive laws.

mode cohesive laws. The formulation presented above is, in these sense, very flexible: each bilinear cohesive law or line segment
can be associated with a different damage mechanism and the mixed mode interpolation can be dealt independently, defining a
different BK parameter (𝜂𝑖) for each bilinear cohesive law. For example, Fig. 5 represent the mixed mode interpolation between

3-segment mode I cohesive law and a 2-segment mode II cohesive law. The reason for such kind of interpolation can be in the
resence of extensive fibre bridging, which does not play a role in mode II. Therefore, the last segment goes from the mode I ‘‘fibre
ridging toughness’’ to a mode II fracture toughness of zero. Furthermore, the BK parameter 𝜂𝑖 of each segment can also be adjusted
o control the interpolation. (see Fig. 4).

The damage activation function presented in [11] is used locally for each mixed-mode bilinear constitutive law where a 2𝑛 state
ariable is used to store the associated threshold function 𝑟(𝑖)

. For the 𝑖th bilinear cohesive law, the local damage activation function
eads:

(𝑖)(𝜆) = (𝑖)(𝜆) − 𝑟(𝑖)
≤ 0 (9)

here (𝑖)(𝜆) is the local monotonic loading function that is updated at every time 𝑡 increment of the analysis. Both of (𝑖)(𝜆) and
he local damage activation function 𝑟(𝑖)

can be defined as:

(𝑖)(𝜆) = 𝑚𝑖𝑛

{

𝜆 − 𝜆𝑜(𝑖)
𝜆𝑐(𝑖) − 𝜆𝑜(𝑖)

, 1

}

(10)

𝑟(𝑖)
= 𝑚𝑎𝑥{0, 𝑚𝑎𝑥

𝑠
[(𝑖)(𝜆)]} 0 < 𝑠 < 𝑡 ∀𝑡 (11)

Finally, to complete the definition of the constitutive model, a global damage variable, , should be defined, which is used to
define the constitutive tangent tensor:

(1 −)𝐾𝐵 =
𝑖=𝑛−1
∑

𝑖=1
[1 −

𝑟(𝑖)
𝜆𝑐(𝑖)

𝑟(𝑖)
𝜆𝑐(𝑖) + (1 − 𝑟(𝑖)

)𝜆𝑜(𝑖)
]𝐾𝐵(𝑖) (12)

here 𝐾𝐵 is the equivalent penalty stiffness of the mixed-mode MLCL which can be decomposed using the following superposition:

𝐾𝐵 =
𝑖=𝑛−1
∑

𝐾𝐵(𝑖) (13)
5

𝑖=1
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Fig. 6. The numerical results of using three different shapes of cohesive law.

. Verification of methodology

In order to verify the aforementioned formulation, different finite element models, consisting of a single user element, have been
sed. First, three different FE models have been constructed using cohesive laws consisting of different number of line-segments to
emonstrate the capability of the new formulation. And then, the mixed-mode interpolation has been verified using a MLCL shape
or both mode I and mode II.

The MLCL formulation presented in the previous section has been implemented in ABAQUS [29] as a user-written element
ubroutine (UEL). The lower surface of the single element is fixed while the upper surface is subjected to predefined displacements
𝑋 and 𝑈𝑍 , which represent the shear displacement jumps 𝛥𝑠ℎ𝑒𝑎𝑟 and the separation opening displacement 𝛥𝐼 , respectively. The

general loading mode can be defined by applying the displacement 𝑈𝑚 and the loading angle 𝜃 which corresponds to the mixed-mode
ratio. Angle 𝜃 is defined in radians ranging from 0 to 1 (Mode I: 0, Mode II: 1). Therefore, 𝑈𝑋 and 𝑈𝑍 can be defined as:

𝑈𝑋 = 𝑈𝑚 sin(𝜃) ; 𝑈𝑍 = 𝑈𝑚 cos(𝜃) (14)

Three different shapes of cohesive laws (NCL = 2, 4 and 15) that have the same fracture toughness, onset traction stress and
enalty stiffness have been modelled, see Fig. 6. The CLs obtained from the simulations have been compared to the predefined ones.
he new formulation is capable of modelling the different shapes of cohesive laws, ranging from bi-linear shape to more complex
hapes, as shown in Fig. 6 where the output of the simulations lies on top of the input cohesive laws.

To this point, the procedure is capable of modelling the nonlinear shape of the cohesive law. Moreover, to clarify how the
ixed-mode interpolation works, FE models have been constructed using an arbitrary shape of cohesive law consisting of 15 line

egments for both mode I and mode II, see Fig. 7. The area under the cohesive laws represents the fracture toughness value (𝐺𝐼𝑐
0.45 N/mm, 𝐺𝐼𝐼𝑐 = 1.85 N/mm) for mode I and mode II respectively. The single user element FE model has been run with the

oundary conditions defined to ensure a constant mixed mode ratio of 50% and 75%, respectively. As can be seen in Fig. 7, the
nput cohesive laws are solid lines while the resulting nodal force–displacement curves obtained from the user element model are
lotted in dashed lines for both mixed-mode ratios of 50% and 75%. The areas under the output nodal force–displacement curves
re perfectly equal to the calculated fracture toughness using Benzeggagh–Kenane (𝜂𝑖 = 2) for both mixed-mode ratios. Moreover,
he present formulation works in the case of more complex shapes of mixed-mode cohesive laws as shown in Fig. 7.

. Numerical analyses

In this section, the MLCL formulation is validated on a number of fracture toughness tests from the available experimental work
n composite bonded joints (adhesives) by Sarrado et al. [14] and thermoplastic composites by Tijs et al. [25].

.1. Analysis of bonded joints

Three different bonded joints configurations found in [14], Double Cantilever Beam (DCB), End Notched Flexure (ENF) and
ixed Mode Bending (MMB) 50%, were simulated using the commercial software ABAQUS [29]. The geometry and properties of

he specimens (named A2T2) were taken from Ref. [14]. The arms of the specimens were 250 mm long, 25 mm wide and 2.2 mm
hick (the two T800S/M21 carbon/epoxy adherends were co-bonded using two layers of the FM-300 adhesive layer with an insert
ength of 60 mm). The elastic properties of the adherends are listed in Table 1. For a more detailed explanation of the specimen
onfigurations, the reader should refer to [14].

The finite element models were performed using 2D plane strain CPE4I elements for the adherends, connected using 4-node
6

ohesive elements along the crack path. Five elements were used in the thickness direction for each adherend, and the element
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Fig. 7. The numerical results for mixed-mode ratios of 50% and 75%.

Table 1
Elastic properties of the adherends.
𝐸11 𝐸22 = 𝐸33 𝐺12 = 𝐺13 𝐺23 𝜈12 = 𝜈13 𝜈23
142.0 GPa 7.80 GPa 4.00 GPa 2.80 GPa 0.34 0.40

Fig. 8. The cohesive laws of A2T2 specimens [14] for Mode I and Mode II.

ength was set to 0.1 mm in the longitudinal direction. Two different methods were used to obtain the cohesive laws. The first one is
n experimental method used by Sarrado et al. [14] while the second one is semi-analytical method (called inverse method [15,16])
hat extract the cohesive law from only the load–displacement curve for each of the mode I and mode II test configurations. Fig. 8
hows the extracted cohesive law plotted together with the softening part of the experimental cohesive law.

A comparison among the experimental results and the finite element model behaviour using the specimen A2T2 is plotted in
ig. 9. The numerical load–displacement curves obtained using bilinear cohesive law show an overestimation of the peak load
ith respect to the experimental response, in addition to some difference between the numerical load–displacement curve and the
xperimental response. Therefore, the bilinear cohesive law is not enough to simulate the studied bonded joints. On the other hand,
pplying the new approach using the MLCL gives an excellent agreement with the experimental load–displacement curves in [14]
s shown in Fig. 9.

The new MLCL methodology can simulate a bonded joint using a mixed-mode MLCL with an arbitrary number of line segments
rom the results mentioned above. Nevertheless, what happens if a bilinear cohesive law is used? To answer this question, four
ifferent cohesive laws are selected while using the same fracture toughness and maximum traction stress. A comparison of the
our different cohesive laws is shown in Fig. 10(b). The obtained numerical results in Fig. 10(a) show that using a bilinear cohesive
aw predicts a different response and leads to an overestimation of the peak load. As the number of the cohesive law segment lines
ncreases, the accuracy of the simulation also improves. This demonstrates the importance of accounting for an accurate shape of
he cohesive law in the simulation of interfaces.
7
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Fig. 9. Experimental [14] and numerical load–displacement curves of the (a) DCB, (b) ENF, and (c) MMB 75% tests.

Fig. 10. Numerical analysis of A2T2 specimen [14]: (a) For different load–displacement curves (b) four different cohesive laws based on same fracture energy
and maximum traction stress.

Table 2
AS4D/PEKK-FC thermoplastic composite elastic properties [25,30].
𝐸11 𝐸22 = 𝐸33 𝐺12 = 𝐺13 𝐺23 𝜈12 = 𝜈13 𝜈23
133.15 GPa 10.95 GPa 5.19 GPa 3.50 GPa 0.316 0.487

4.2. Analysis of interlaminar fibre bridging of thermoplastic composites

The MLCL methodology is further evaluated by analysing the interlaminar behaviour of thermoplastic composites. The Double
antilever Beam (DCB) results presented in Tijs et al. [25] show a dominant effect of fibre bridging, which is highly influencing the

nterlaminar behaviour. The AS4D/PEKK-FC thermoplastic composite material properties are given in Table 2. For the longitudinal
nd transverse modulus, the average of tension and compression is presented.

The DCB test is performed following the ISO 15024 test standard [31]. Side-clamp beam [32] hinges are used to load the
8

pecimens with an initial crack length of 𝑎0 = 48 mm. The experimental load–displacement curve of the DCB test is shown in
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𝜂
i

Fig. 11. Interlaminar experimental data thermoplastic composites from [25]: (a) load–displacement curves of DCB test; (b) the associated cohesive law and
J-curve.

Fig. 12. Comparison of numerical TABULAR and MLCL to experimental results of DCB test from Tijs et al. [25].

Fig. 11(a) and the corresponding numerical cohesive law and J-curve are shown in Fig. 11(b). As can be observed in Fig. 11, fibre
bridging highly influences the interlaminar fracture toughness and this results in a long tail in the cohesive law and corresponding
J-curve. The shape at the start of the cohesive law and J-curve is also shown in more detail in Fig. 11(b).

The analysis results using the MLCL methodology are compared against the experimental and numerical results presented in [25],
this is shown in Fig. 12. A tabular cohesive law (named FEM(tabular)) is defined using the procedure described in [25] that allows
for an accurate description of the cohesive law in the ABAQUS finite element software. Tijs et al. [25] demonstrated that this is
especially important when a high penalty stiffness is used or when sudden changes in the shape of the cohesive law are present.

The comparison in Fig. 12 shows an excellent agreement between the experimental and numerical tabular cohesive law. The
same level of correlation can be achieved by making use of the MLCL (named as FEM(case 2)). However, it is not the case for
the cohesive law without fibre bridging (FEM(case 1)), see Fig. 12. Including or removing the fibre bridging effect in the MLCL
methodology is easily achieved by adjusting only the cohesive law that is responsible for the tail of the traction-separation law.

The experimental data reported by Tijs et al. [25] has been used to demonstrate the capability of the proposed methodology to
model the influence of fibre bridging of thermoplastic composites subjected to mixed-mode loading conditions. As reported by Tijs
et al. [25], no fibre bridging was observed during the MMB 50% test, but it has a dominant influence in mode I.

Fig. 13-a shows the interpolation of the multilinear cohesive law. Mode I and mode II have a different number of line segments
and different values for the BK-parameter (𝜂1 and 𝜂2) associated with individual failure mechanism. 𝜂1 represents the BK-parameter
for the first two segments while 𝜂2 is used for the last segment. The fibre bridging effect is associated to the tail or third segment
of the mode I cohesive law. Different values of 𝜂1 and 𝜂2 have been selected to show the influence of the mixed mode interpolation
on the results. The first selection is 𝜂1 = 𝜂2 = 2.9 which is the value reported in Tijs et al. [25]. However, as discussed in Tijs et al.
[25], if the fibre bridging effect is disregarded, then 𝜂 = 2.1. Therefore, 𝜂1 has been ranged from 2.9 to 2.1 and the corresponding
2 value has been computed to obtain a total mixed mode fracture toughness for 𝐵 = 0.5 equal to 1.27 N/mm, the value reported
n Tijs et al. [25]. The dependence of the mixed-mode fracture toughness on the different selection of (𝜂 , 𝜂 ) is shown in Fig. 13-b.
9
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Fig. 13. Mixed mode interpolation of mode I and mode II cohesive law.

Fig. 14. Comparison of numerical MLCL to experimental results of MMB 50% test from Tijs et al. [25].

It can be observed that for lower mode mixities the influence of the third segment of the mode I cohesive law strongly depends
on the selection of 𝜂2. The limit case, 𝜂2 = 0, supress the fibre bridging effect if there is a mode II displacement component. The
influence of the selection of the (𝜂1, 𝜂2) parameters on the load–displacement curve of a mixed-mode bending test with 𝐵 = 50% is
shown in Fig. 14. The numerical results are compared to the experimental data from Tijs et al. [25] and the Linear Elastic Fracture
Mechanics (LEFM) curve. For 𝜂1 and 𝜂2 is equal to 2.9 a large mismatch between the numerical and the experimental propagation
is obtained. When decreasing the value of 𝜂 , the numerical prediction approaches the LEFM solution. If the fibre bridging effect is
10
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limited to almost pure mode I loading (𝜂2 = 0.005), then a good agreement between the numerical and the analytical responses is
obtained .

5. Conclusions

A new MLCL formulation for cohesive elements has been successfully developed that can describe the complex failure mechanisms
involved in failure of interfaces. The methodology is verified on the single element level and validated for metal bonded joints
(adhesives) and delamination in composites. It is shown that the MLCL formulation can adapt to complex shapes to match the
failure behaviour such as fibre bridging observed experimentally. The original formulation, [4,11], was limited to the bilinear
shape of cohesive law while the current version is based on the superposition of 𝑛-bilinear cohesive zone to produce an equivalent
MLCL with an arbitrary number of line-segments. One of the benefits of the proposed methodology is that it allows for a straight-
forward parameter identification process and mixed-mode interaction can be defined on the individual line segments, which makes it
possible to treat each failure mode that contributes to the cohesive law individually. Validation of the methodology shows excellent
correlation between numerical predictions and experimental results, demonstrating that the methodology provides an accurate
solution for the simulation of delamination and damage in interfaces.
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