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A B S T R A C T

The accurate modelling of delamination propagation is necessary to numerically assess the behaviour of
layered materials during failure. Many available methods present computational limitations for large structures.
Conventional cohesive zone modelling implies using a fine mesh, typically smaller than 1.0 mm, since several
elements are needed inside the fracture process zone. This article presents an ERR-Cohesive method to model
delamination in elements larger than the fracture process zone. The crack propagation is determined with an
estimation of the energy release rate by means of the virtual crack closure technique. To progressively open
the crack along the element length, a nodal cohesive law is introduced. The novel cohesive formulation allows
to smoothly release the interface while dissipating the appropriate amount of energy. Accurate results have
been obtained in double cantilever beam, end-notched flexure and mixed-mode bending tests with regular and
irregular meshes for element lengths from 2 mm to 8 mm.
1. Introduction

The introduction of composite materials into the transportation
industries has created a need for the accurate modelling of the damag-
ing process of Fibre-Reinforced Polymers (FRPs). Accurately capturing
delamination is essential as it is one of the main phenomena occurring
during the failure of such materials. Using a computationally efficient
modelling method is critical to fulfil the industry standards of large
structures designed in relatively short development cycles.

The use of Cohesive Zone Modelling (CZM) is currently the most
popular method to capture delamination growth accurately. In such
modelling, the material degradation in the Fracture Process Zone (FPZ)
is described by traction–separation interface laws [1,2], which requires
a well refined FPZ; a minimum of 3 elements in the FPZ can be
found as recommendation in the literature [3]. Unfortunately, when
it comes to brittle interfaces, such as between composite laminae,
the FPZ is typically smaller than 1 mm. Consequently, this leads to
the necessity of using a fine discretisation to model delamination. In
order to alleviate this higher computational cost, Turon et al. [3] have
proposed to artificially increase the size of the FPZ by reducing the
interface strength. This is effective to some extent, but the accuracy
rapidly decreases with larger element lengths. Acceptable results can be
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obtained with a mesh size of about 1 mm [4]. Nonetheless, this level of
refinement is still computationally prohibitive for large models in the
industry.

Another limitation of the CZM comes from the artificial stiffness in-
troduced in order to capture the damage initiation by means of a stress-
based criterion. On the one hand, this artificial stiffness needs to be
high enough to avoid adding unrealistic compliance to the model [3].
On the other hand, this high stiffness can lead to a small stable time
step, which further increases the computational cost of CZM. For these
reasons, CZM is usually discarded in the industry when it comes to large
structures, especially under dynamic loads.

Previous to the introduction of CZM, many authors had been relying
on the estimation of the Energy Release Rate (ERR) in order to assess
crack propagation of brittle interfaces. Several methods can be found,
either expressing directly the ERR as a function of the applied loads [5]
or using the stress intensity factor [6,7]. The J-integral method initially
proposed by Rice [8] is also commonly used to evaluate the ERR [9,10].
Finally, the crack closure integral introduced by Irwin [11] has led
to the Virtual Crack Closure Technique (VCCT) developed by Rybicki
et al. [12], which has been used extensively, see [13]. Compared to
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Nomenclature

𝐴 Area to open when propagating the crack
𝐴𝑒 Element area at the crack interface
𝑎 Crack length
𝑎0 Initial crack length for DCB, ENF and MMB

specimens
𝐵 Mixed-mode ratio
𝑏 Coefficient in the expression of the stable

time step
𝐶 Linear shape correction factor
𝑐 Lever length for the MMB tests
𝑐𝐼 , 𝑐𝐼𝐼 Shape correction factors in mode I (normal

opening) and mode II (shear opening)
𝐷 Damage variable of the cohesive law
𝑑 Damage function of the cohesive law
𝐸 Young’s modulus
𝑭 Interfacial force at the crack tip
𝑭 −,𝑭 + Allocated internal forces at the lower and

upper nodes of a tied node pair
𝐹𝐼 , 𝐹𝐼𝐼 Interfacial forces in mode I and mode II
𝐹 0
𝐼 , 𝐹

0
𝐼𝐼 Interfacial forces at which the critical ERR

has been met
𝒇−,𝒇+ Internal elemental forces of the lower and

upper sub-laminates
 Energy dissipated by the cohesive law
𝐺 Shear modulus
𝐺𝑐 Critical fracture toughness
𝐺𝑇 Total energy release rate
𝐺𝐼 , 𝐺𝐼𝐼 Energy release rates in mode I and mode II
𝐺𝐼𝑐 , 𝐺𝐼𝐼𝑐 Critical fracture toughnesses
ℎ Substrate thickness for DCB, ENF and MMB

specimens

CZM, these ERR-based methods do not aim to reproduce the phe-
nomenon occurring in the FPZ. They usually assume that the interface
is brittle leading to a negligible FPZ size where the assumption of Linear
Elastic Fracture Mechanics (LEFM) can be applied. Since they depend
on the ERR instead of the interface elemental stresses, these methods
are suitable for larger elements.

However, these ERR-based methods lack two advantages that CZM
has. Firstly, they cannot usually predict crack initiation as they rely on
an initial crack to be present in order to estimate if it will propagate
further. Secondly, they lack a damage evolution model able to absorb
the energy resulting from the progressive propagation of the crack
along the element length. In other words, when the ERR predicts crack
growth, the crack progresses instantaneously of a distance correspond-
ing to the length of one element. As such, the ERR-based methods do
not account for the proper conversion of the stored elastic energy into
fracture energy associated with the extension of the crack. This sudden
change in the equilibrium leads to either convergence issues associated
to high discontinuities under static loads [14–16], or uncontrollable
(and unphysical) vibrations under dynamic loads. As a consequence, for
ERR-based methods, a model describing the actual fracture process has
to be added in order for the crack to open in a controlled and accurate
way.

The present article focusses on the efficient modelling of the delam-
ination propagation once a crack has been initiated. Inspired by the
work from Mabson et al. [16,17], the proposed ERR-Cohesive (ERRC)
method uses an ERR estimation as crack propagation criterion and a
cohesive damage formulation to model the progressive growth of the
2

𝑘𝑝 Penalty stiffness
𝑘𝐼 , 𝑘𝐼𝐼 Stiffnesses of the cohesive law in mode I and

mode II
𝑘0𝐼 , 𝑘

0
𝐼𝐼 Initial stiffnesses of the cohesive law

𝐿 Sample half-span length for DCB, ENF and
MMB specimens

𝑙 Element length
𝑚 Effective mass
𝑚−, 𝑚+ Nodal masses associated with the lower and

upper nodes of a tied node pair
𝑃 Loading force
𝑡 Current time
𝒖−, 𝒖+ Displacements of the lower and upper nodes

of a tied node pair
𝑋𝐼 , 𝑋𝐼𝐼 Interface strengths of the cohesive law in

mode I and mode II
𝜟 Interfacial opening
𝛥𝐼 , 𝛥𝐼𝐼 Openings in mode I and mode II
𝛥∗
𝐼 , 𝛥

∗
𝐼𝐼 Openings adapted to account for the offset

𝛥𝑓
𝐼 , 𝛥

𝑓
𝐼𝐼 Failure openings when assuming linear

softening
𝛥𝑚𝑎𝑥
𝐼 , 𝛥𝑚𝑎𝑥

𝐼𝐼 Maximum openings
𝛥𝑜𝑓𝑓𝑠𝑒𝑡
𝐼 , 𝛥𝑜𝑓𝑓𝑠𝑒𝑡

𝐼𝐼 Offset openings
𝛿 Loading displacement
𝛿𝑡𝐼 , 𝛿𝑡𝐼𝐼 Cohesive stable time steps in mode I and

mode II
𝜂 Exponent for the Benzeggagh–Kenane equa-

tion
𝜃0 Crack tip opening angle
𝜅−, 𝜅+ Mass ratios of the lower and upper nodes of

a tied node pair
𝜈 Poisson’s ratio
𝜌 Density

crack along the element length. Among the different ERR estimation
methods, the VCCT has been chosen for its straightforward application
in Finite Element Analysis (FEA). It has proven to provide reliable ERR
estimation for the propagation of delamination with large elements [14,
18,19]. When the predicted ERR exceeds the fracture toughness, a
cohesive law is introduced at the crack tip nodes to release the interface
smoothly. In the present work, a novel damage formulation is used that
allows the appropriate amount of energy to be absorbed with elements
much larger than the size of the FPZ. The amount of energy to dissipate
is determined by the mixed-mode ratio and the area to be opened.
Additionally, the formulation does not add initial artificial compliance
to the model. Finally, to account for different element lengths ahead
and behind the crack front, a novel mode I correction factor for large
elements is proposed for the VCCT.

The model has been implemented as a user subroutine in the
commercial solver LS-DYNA [20] in the frame of an adaptive modelling
strategy previously published [21,22]. The numerical validation has
been carried out with standard delamination propagation tests: Double
Cantilever Beam (DCB), End-Notched Flexure (ENF) and Mixed-Mode
Bending (MMB). The results of the present method are compared to
analytical solutions based on LEFM. In the case of the DCB, a com-
parison with conventional cohesive elements illustrates the modelling
limitation of the latter with respect to the present method. The results
show the ability of the ERR-Cohesive method to model delamination
growth in regular and irregular meshes with element lengths from
2 mm to 8 mm.
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2. Model description

In this section, the ERR-Cohesive method is detailed. In the first
place, the VCCT serving as a crack propagation criterion is explained.
When the ERR reaches the fracture toughness 𝐺𝑐 , a cohesive law is
introduced at the crack front to model the progressive damage evolu-
tion. After presenting the cohesive law, the energy dissipated by this
law is derived to motivate the novel damage formulation used. Finally,
the considerations needed for the physical model to be implemented
numerically are discussed.

2.1. Crack propagation criterion

The aim of the present method is to efficiently model delamination
propagation in large models. Although the nucleation of cracks is out
of the scope of this article, it is worth noting that a previous work
by the authors aimed to develop a method able to detect possible
delamination initiation in large models [23]. In the following, it is
assumed that a crack has already been opened with the objective
to model its growth accurately and efficiently. A three-dimensional
configuration is considered; however, the crack is expected to grow in
a known direction.

Since the FPZ is expected to be much smaller than the element
length, a crack propagation criterion based on interface element
stresses would not be accurate. However, due to their brittle nature,
the assumption of LEFM can be applied to FRPs layer interfaces. In such
cases, the estimation of the ERR presents a reliable crack propagation
criterion. The crack grows when the ERR is higher than the fracture
toughness 𝐺𝑐 .

Fig. 1. 2-step crack closure technique. The virtual opening and the interface force are
easured in separate analyses.

In the original crack closure method presented by Irwin [11] two
nalyses were needed. The first one considering the crack opened as
n Fig. 1(a), which allows to evaluate the virtual openings 𝜟. The
econd one considering the crack closed as in Fig. 1(b), which allows to
valuate the final force 𝑭 necessary to close the virtual crack. The force

can be computed by making the sum of all the contributions from
he elements under the interface at the node 𝑖 [13]. Note that, due to
quilibrium it would be equal to the opposite of the contributions from
he elements above the interface. Irwin states that the energy needed
o close this virtual crack is equal to the ERR times the area to open, 𝐴.
t can also be interpreted as a variation of elastic energy per unit area.
t leads to the ERR expressed as

𝑇 = 1
2𝐴

𝑭 T𝜟. (1)

Applying this method to FEA is cumbersome due to the necessity
of running each increment twice. To solve this issue, Rybicki [12]
proposed to assume self-similar crack propagation in order to evaluate
the ERR in a single increment. While the force 𝑭 𝑖 is still evaluated at
the crack tip node 𝑖, the opening 𝜟𝑖−1 is evaluated at a node pair 𝑖 − 1
behind the crack tip, see Fig. 2. This method is known as the VCCT.

The ERR mode partitioning is done the following way:

𝐺𝐼 = 1
2𝐴𝑖 𝐹

𝑖
𝐼
⟨

𝛥𝑖−1
𝐼

⟩

𝑐𝑖𝐼 , (2a)

= 1 𝐹 𝑖 𝛥𝑖−1𝑐𝑖 , (2b)
3

𝐼𝐼 2𝐴𝑖 𝐼𝐼 𝐼𝐼 𝐼𝐼
where 𝐺𝛼 is the ERR corresponding to the mode 𝛼 (𝛼 = 𝐼, 𝐼𝐼), 𝐹 𝑖
𝛼 and

𝛥𝑖
𝛼 are, respectively, the force and the opening in mode 𝛼 at the node

pair 𝑖, 𝐴𝑖 is the area which will be opened from node pair 𝑖 to 𝑖 + 1
and ⟨⟩ are the Macaulay brackets defined as ⟨𝑥⟩ = 1

2 (𝑥+ |𝑥|). Finally, 𝑐𝑖𝐼
nd 𝑐𝑖𝐼𝐼 are correction factors, discussed below, which account for the
ifference between the element length behind 𝑙𝑖−1 and ahead 𝑙𝑖 of the
rack tip.

Fig. 2. Single-step VCCT configuration used in the present method. The openings and
the interface forces are measured in a single analysis by assuming self-similar crack
growth.

In the VCCT, the opening 𝛥𝑖−1 is used as an approximation of the
opening 𝛥𝑖 in the situation where a hypothetical crack would have
grown. In the case of a dissimilar element length, the measured opening
𝛥𝑖−1 should be corrected to be representative of the opening at a
different length 𝑙𝑖 from the crack tip. This shape correction factor is
needed to be coherent with the self-similar growth assumption. In the
literature, a linear factor

𝐶 = 𝑙𝑖

𝑙𝑖−1
(3)

is generally used, as proposed by Krueger [13]. This correction assumes
that the openings in mode I and II are linear with respect to the distance
from the crack tip. This assumption is reasonable close to the crack-tip,
where the crack tip angle dominates the response.

However, it is well-known that the mode I opening is not linearly
proportional to the distance from the crack tip beyond a reasonable
distance. For the present method to be used with large elements, a
better mode I correction factor is therefore needed. With this purpose,
a novel correction factor is proposed. Its derivation, based on the
Timoshenko beam theory, is presented in Appendix. As a result, a
higher order expression for mode I is found, which also includes the
crack tip opening angle 𝜃0. Thus, the shape correction factors are

𝑐𝑖𝐼 = 𝑙𝑖

𝛥𝑖−1
𝐼

𝜃0(1 − 𝐶) + 𝐶2, (4a)

𝑖
𝐼𝐼 = 𝐶. (4b)

Now that the modal ERRs have been defined, the total ERR 𝐺𝑇 can
e calculated as the sum of the two,

𝑇 = 𝐺𝐼 + 𝐺𝐼𝐼 , (5)

nd the critical fracture toughness 𝐺𝑐 can be defined using the
enzeggagh–Kenane equation [24],

𝑐 = 𝐺𝐼𝑐 +
[

𝐺𝐼𝐼𝑐 − 𝐺𝐼𝑐
]

𝐵𝜂 , (6)

where 𝐺𝐼𝑐 and 𝐺𝐼𝐼𝑐 are the pure-mode fracture toughnesses, 𝐵 is the
ixed-mode ratio defined as

=
𝐺𝐼𝐼
𝐺𝑇

, (7)

and the exponent 𝜂 is a parameter to be determined experimentally.
Based on the LEFM assumptions, the crack propagates when the

ERR 𝐺𝑇 reaches the critical fracture toughness 𝐺𝑐 . At this moment, the
constraint condition maintaining the node pair 𝑖 coincident is released.
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In the absence of an energy dissipation mechanism the crack propagates
suddenly from node pair 𝑖 to node pair 𝑖 + 1, creating uncontrollable
vibrations in dynamic analysis. These artificial vibrations often make
the crack to propagate further in a short time, up to the end of the
sample. An example of such behaviour is presented in Fig. 3.

Fig. 3. Example of uncontrollable crack propagation, in dynamic analysis, when the
VCCT is used without energy dissipation mechanism. The dimensions of the DCB test
and the material used are presented later on in Section 4.1.

In the present method, when the critical ERR is reached, a cohesive
law is introduced at node pair 𝑖 to control the progressive opening of
the crack along the entire element length, up to node pair 𝑖 + 1.

.2. Energy dissipation mechanism

The cohesive law starts in a closed configuration with the node pair
aintained coincident by the interface forces 𝐹 𝑖

𝛼 . Since the following
s derived for any given node pair, the superscript 𝑖 is dropped in the
otation. The modal force 𝐹 𝑖

𝛼 at which the critical ERR has been met
ecomes 𝐹 0

𝛼 .
The progressive opening is modelled by degrading the interface

orces by means of a damage variable 𝐷. This damage formulation
ust ensure that the dissipated energy corresponds to the opened area

hrough  = 𝐴𝐺𝑐 .
The cohesive law is expressed as follows:

𝐹𝐼 =

⎧

⎪

⎨

⎪

⎩

|

|

|

𝐹 0
𝐼
|

|

|

𝛥𝑚𝑎𝑥𝐼
(1 −𝐷) ⟨𝛥𝐼 ⟩ for 𝛥𝐼 > 0

𝐹𝐼 ∈
]

−∞, ||
|

𝐹 0
𝐼
|

|

|

]

for 𝛥𝐼 = 0
, (8a)

𝐹𝐼𝐼 =
|

|

|

𝐹 0
𝐼𝐼
|

|

|

𝛥𝑚𝑎𝑥
𝐼𝐼

(1 −𝐷)𝛥𝐼𝐼 for 𝛥𝐼𝐼 ≠ 0, (8b)

where 𝛥𝑚𝑎𝑥
𝐼 = max

𝜏∈[0,𝑡]
⟨𝛥𝐼 (𝜏)⟩ and 𝛥𝑚𝑎𝑥

𝐼𝐼 = max
𝜏∈[0,𝑡]

|

|

𝛥𝐼𝐼 (𝜏)|| with 𝑡 being
the current time. Furthermore, 𝐷 is the total damage defined by the
function

𝑑 = (1 − 𝐵)
⟨𝛥𝐼 ⟩

|

|

|

𝛥𝑓
𝐼
|

|

|

+ 𝐵
|

|

|

|

|

|

𝛥𝐼𝐼

𝛥𝑓
𝐼𝐼

|

|

|

|

|

|

, (9)

hich is ensured to be included in the [0, 1] interval by setting

= max
𝜏∈[0,𝑡]

[min{1, 𝑑(𝜏)}] . (10)

he mixed-mode ratio 𝐵 has previously been determined in the ERR
stimation and is considered to be constant throughout the energy
issipation. Finally, 𝛥𝑓

𝛼 is the opening at which the energy 𝐴𝐺𝛼 would
e consumed by linear softening in mode 𝛼:

𝑓
𝛼 =

2𝐴𝐺𝛼

𝐹 0
𝛼

(11)

t is worth noting, by comparing Eqs. (2) and (11), that the value of 𝛥𝑓
𝛼

s equal to the corrected opening 𝛥𝑖−1
𝛼 𝑐𝑖𝛼 at which the VCCT has been

riggered. Therefore, if 𝛥 and 𝛥 reach 𝛥𝑓 and 𝛥𝑓 , respectively, 𝐷
4

𝐼 𝐼𝐼 𝐼 𝐼𝐼
s equal to 1, thus respecting the self-similar growth assumption of the
CCT.

The current stiffness in mode 𝛼 can be expressed as

𝛼 =
|

|

|

𝐹 0
𝛼
|

|

|

𝛥𝑚𝑎𝑥
𝛼

(1 −𝐷) , (12)

here one can see that the initial stiffness is theoretically infinite due
o 𝛥𝑚𝑎𝑥

𝛼 being null when the cohesive law is introduced. This initial
nfinite stiffness can be explained physically by the thickness of the
odelled interface being null. In order to enable the implementation

f this physical model in a FEA software, a formulation presenting a
inite initial stiffness is presented in Section 2.5.

A representation of the resulting cohesive law is presented in Fig. 4.
aking the example of a simple pure mode I loading, such as a DCB
est, 𝐵 = 0 leads to 𝑑 being entirely defined by the mode I opening:
= ⟨𝛥𝐼 ⟩

|𝛥𝑓𝐼 |
. In this particular case, the softening is linear with respect to

the opening 𝛥𝐼 and will follow the straight line from (0, 𝐹 0
𝐼 ) to (𝛥𝑓

𝐼 , 0)
in Fig. 4(a). However, it is important to note that linear softening is not
true in general because the damage D is function of both mode I and
mode II openings.

More generally, the softening defined by Eqs. (8) and (9) states
that both modes are equally degraded and that each mode contributes
proportionally to its importance in the ERR into the total damage 𝐷.
Since the single damage variable 𝐷 depends on both 𝛥𝐼 and 𝛥𝐼𝐼 , the
softening of 𝐹 0

𝛼 is not necessarily linear with respect to its associated
opening 𝛥𝛼 . For example, a possible non-linear softening, corresponding
o a transition toward higher mixed-mode ratio, is represented by the
lue line in Fig. 4. However, also in such non-linear softening, the
issipated amount of energy is 𝐴𝐺𝑐 as demonstrated in Section 2.4.

.3. Mixed-mode behaviour

Conventional cohesive zone modelling, such as that developed by
uron et al. [2,3], reproduces the local phenomenon occurring in the
racture process zone with an evolving mixed-mode ratio 𝐵. Although
he global mixed-mode ratio may be constant (e.g. 50% in a case
f mixed-mode bending), it will not be kept constant locally in the
racture process zone [25]. Referring to Fig. 5, it is clear that its
nner part (closest to the intact interface) starts damaging in pure
ode II, while the outer part (to the right in the figure) finishes
amaging mostly in mode I [25]. Throughout its softening, in order
o respect the proper energy dissipation, the cohesive element must
ndure an average mixed-mode ratio equal to the global mixed mode
atio applied. For the FPZ to be reproduced accurately, sufficiently high
efinement has to be employed, typically more than 3 elements inside
he cohesive zone are recommended [3].

In the present modelling, where the FPZ is much smaller than the
lement length, only the outer node pair is carrying the cohesive law.
t the same time, the damage law presented here does not model

he FPZ, thus it should represent a crack growing along the entire
lement length, see Fig. 6. Therefore, it would not be relevant to use a
onventional cohesive formulation, where the mode mixity is defined
y the current opening at the node pair 𝑖. For this reason, the mixed-

mode 𝐵 is evaluated by means of the ERR and kept constant throughout
the energy dissipation. The important parameter is the amount of
energy 𝐴𝐺𝑐 to be dissipated for this mixed-mode ratio.

Additionally, in mixed-mode cases, one would observe that the
crack tends to open first in pure mode II (similarly to conventional
CZM). This motivates for a coupled damage variable where the initial
mode II opening allows for mode I softening, thus avoiding locking of
the opening 𝛥𝐼 .

When the damage 𝐷 reaches significant values (e.g. instant 𝑡𝑏 in
Fig. 6), one could make the physical interpretation that the crack
has grown along part of the element length. However, it should be
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𝑭

Fig. 4. Force-opening representation of the cohesive law. The cohesive law is initiated with the forces 𝐹 0
𝐼 and 𝐹 0

𝐼𝐼 for which ERR = 𝐺𝑐 . Under constant mode mixity, the cohesive
aw follows the straight lines from (0, 𝐹 0

𝛼 ) to (𝛥𝑓
𝛼 , 0). Under variable mode mixity, the path is not linear. It is ensured that the total energy absorbed is equal to 𝐴𝐺𝑐 .
Fig. 5. Conventional CZM with fine modelling represented for a 50% mixed-mode
ratio. Several elements are needed inside the fracture process zone.

mentioned that no discontinuity is present along the element length
due to the linear element formulation.

Finally, approaching the total decohesion moment 𝑡𝑐 , under con-
tant mixed-mode ratio, self-similar growth is observed in practice with
𝐼 = 𝛥𝑓

𝐼 and 𝛥𝐼𝐼 = 𝛥𝑓
𝐼𝐼 .

.4. Energy motivation for the cohesive law

One of the principal motivations for the chosen damage formulation
s that it should dissipate the correct amount of energy. In the following,
his energy is derived as a function of the damage 𝐷. The energy from
he dissipation mechanism can be expressed as the total work energy
inus the reversible elastic energy

= ∫

𝑡

𝑡𝑎
𝑭 T�̇�𝑑𝑡 − 1

2
𝑭 T𝜟, (13)

where 𝑭 =
[

𝐹𝐼 𝐹𝐼𝐼
]T, 𝜟 =

[

𝛥𝐼 𝛥𝐼𝐼
]T, 𝑡 is the current time, 𝑡𝑎 is

the time at which the cohesive law is initiated (𝐷 = 0) and ∙̇ repre-
sents derivative with respect to time. By assuming monotonic loading
(

i.e. 𝛥𝛼
𝛥𝑚𝑎𝑥𝛼

= 1
)

, Eq. (8) becomes:

= 𝑭 0 (1 −𝐷) . (14)

Introducing this into the expression of the dissipated energy leads to:

 =
𝑡
(1 −𝐷)𝑭 0T�̇�𝑑𝑡 − 1 (1 −𝐷)𝑭 0T𝜟. (15)
5

∫𝑡𝑎 2
Fig. 6. Present crack propagation modelling. The crack propagation is triggered by the
ERR estimation. A cohesive law is introduced to model the crack propagation along
the length of the element. The cohesive law is related to the crack growth and not to
the FPZ.

By setting

𝐷 = 𝑭 0T𝜟
2𝐴𝐺𝑐

=
𝐹 0
𝐼 𝛥𝐼 + 𝐹 0

𝐼𝐼𝛥𝐼𝐼

2𝐴𝐺𝑐
, (16)

the energy is expressed as a function of 𝐷 with

 = 2𝐴𝐺𝑐

(

∫

𝑡
(1 −𝐷)�̇�𝑑𝑡 − 1 (1 −𝐷)𝐷

)

. (17)

𝑡𝑎 2
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𝑑

ntegrating per part and recalling that 𝐷 = 0 at 𝑡𝑎, the expression
simplifies to

 = 𝐴𝐺𝑐𝐷. (18)

The derivations above show that the damage variable in Eq. (16)
ensures to dissipate the appropriate energy 𝐴𝐺𝑐 up to 𝐷 = 1. By
introducing Eqs. (7) and (11) into Eq. (16), and knowing that 𝐺𝑐 = 𝐺𝑇 ,
𝐷 can be expressed equivalently as

𝐷 = (1 − 𝐵)
𝛥𝐼

𝛥𝑓
𝐼

+ 𝐵
𝛥𝐼𝐼

𝛥𝑓
𝐼𝐼

. (19)

This expression is closer to the one exposed in Section 2.2 but some
differences remain.

First, to avoid non-physical healing of the cohesive law, the max-
imum of 𝑑 over time is taken in Eq. (10). It allows to substitute the
initial monotonic loading assumption by the one in which both 𝛥𝐼 and
𝛥𝐼𝐼 are unloading and reloading at the same rate. In other words, when
the maximum value of 𝑑 is reached for the second time, it is done with
the same values of 𝛥𝐼 and 𝛥𝐼𝐼 as the first time.

The second difference between Eqs. (9) and (19) is that the former
presents Macaulay brackets. They have been introduced to exclude the
contribution of mode I compression into the damage. From an energy
point of view, it represents excluding from the dissipated cohesive
energy the part corresponding to an anti-penetration force.

Finally, the last difference is the absolute values which have been
introduced to avoid negative contribution to the damage variable. This
change is motivated by the assumption that the shear damage behaves
in a symmetric way, thus the cohesive law damages equally for negative
and positive values of 𝛥𝐼𝐼 .

Eq. (18) shows that the chosen damage variable ensures the cohe-
sive law to dissipate the appropriate energy 𝐴𝐺𝑐 proportionally to the
damage 𝐷. This is coherent with the idea that the variable 𝐷 is related
o the proportion of the elemental area currently opened. Finally, it is
ecalled that Eq. (18) stands for any monotonic path followed by the
penings 𝛥𝐼 and 𝛥𝐼𝐼 .

.5. Avoiding an infinite stiffness

The cohesive law presented in Section 2.2 is the proposed physical
odel to represent crack growth with large elements. However, an

daptation needs to be made for its implementation in FEA software.
6

By associating the interface stiffness to a spring–mass system, the stable
time step in mode 𝛼 can be expressed as

𝛿𝑡𝛼 = 𝑏
√

𝑚
𝑘𝛼

, (20)

where 𝑚 is the effective mass and 𝑏 is a coefficient depending on the
stiffness of the connected elements. Since the initial stiffness of the
cohesive law 𝑘𝛼 is infinite, it would result in a stable time step being
null.

The proposed solution is to introduce an initial opening offset to the
cohesive law. A similar procedure can be observed in [26]. This is done
by setting:

𝐹𝐼 =
|

|

|

𝐹 0
𝐼
|

|

|

𝛥𝑚𝑎𝑥
𝐼

(1 −𝐷)
(

⟨𝛥𝐼 ⟩ + 𝛥𝑜𝑓𝑓𝑠𝑒𝑡
𝐼

)

− 𝑘𝑝 ⟨−𝛥𝐼 ⟩ , (21a)

𝐹𝐼𝐼 =
|

|

|

𝐹 0
𝐼𝐼
|

|

|

𝛥𝑚𝑎𝑥
𝐼𝐼

(1 −𝐷)
(

𝛥𝐼𝐼 + 𝛥𝑜𝑓𝑓𝑠𝑒𝑡
𝐼𝐼

)

, (21b)

where 𝑘𝑝 is a penalty contact stiffness and 𝛥𝑜𝑓𝑓𝑠𝑒𝑡
𝛼 is defined as

𝛥𝑜𝑓𝑓𝑠𝑒𝑡
𝛼 =

𝐹 0
𝛼

𝑘0𝛼
, (22)

with 𝑘0𝛼 being the initial stiffness either set as a user input or defined
with Eq. (20) for a certain stable time step. 𝛥𝑚𝑎𝑥

𝐼 and 𝛥𝑚𝑎𝑥
𝐼𝐼 naturally

become:

𝛥𝑚𝑎𝑥
𝐼 = max

𝜏∈[0,𝑡]

⟨

𝛥𝐼 (𝜏) + 𝛥𝑜𝑓𝑓𝑠𝑒𝑡
𝐼

⟩

, (23a)

𝛥𝑚𝑎𝑥
𝐼𝐼 = max

𝜏∈[0,𝑡]
|

|

|

𝛥𝐼𝐼 (𝜏) + 𝛥𝑜𝑓𝑓𝑠𝑒𝑡
𝐼𝐼

|

|

|

, (23b)

ith 𝛥𝑚𝑎𝑥
𝐼 being initialised to |𝛥𝑜𝑓𝑓𝑠𝑒𝑡

𝐼 | to account for cases where 𝛥𝑜𝑓𝑓𝑠𝑒𝑡
𝐼

s negative. The initial non-zero value of 𝛥𝑚𝑎𝑥
𝛼 allows for an initial finite

tiffness in Eq. (12).
Due to the introduction of the offsets, the damage function has to

e adapted such that

= (1 − 𝐵)

⟨

𝛥∗
𝐼
⟩

|

|

|

𝛥𝑓
𝐼
|

|

|

+ 𝐵

⟨

𝛥∗
𝐼𝐼
⟩

|

|

|

𝛥𝑓
𝐼𝐼
|

|

|

, (24)

with

𝛥∗
𝐼 =

⟨

𝛥𝐼 + 𝛥𝑜𝑓𝑓𝑠𝑒𝑡
𝐼

⟩

− |

|

|

𝛥𝑜𝑓𝑓𝑠𝑒𝑡
𝐼

|

|

|

, (25a)

∗ | 𝑜𝑓𝑓𝑠𝑒𝑡| |𝛥𝑜𝑓𝑓𝑠𝑒𝑡| . (25b)
𝛥𝐼𝐼 = |

|

𝛥𝐼𝐼 + 𝛥𝐼𝐼 |

|

− |

|

𝐼𝐼 |

|
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An illustration of the cohesive law with opening offset is presented in
Fig. 7. The value of 𝛥𝑜𝑓𝑓𝑠𝑒𝑡

𝛼 should be much smaller than 𝛥𝑓
𝛼 in order to

ensure that the energy balance is not significantly altered in unloading
cases. It is worth mentioning that the offset could be progressively
reduced once the interface starts degrading.

3. Implementation

The ERR-Cohesive model has been implemented as a user subrou-
tine for dynamic explicit integration scheme into the commercial FEA
software LS-DYNA [20]. In the following, the adaptive element frame-
work in which this implementation has been conducted is summarised.
Then, some key aspects of the employed procedure are explained.

3.1. Framework

The present work is part of a wider strategy to model the damaging
process of layered FRPs in large structures. A part of this strategy is
to use an adaptive modelling approach previously published [21,22].
The simulation starts in an unrefined state with a single through-
the-thickness linear solid-shell element defined by 8 base nodes. To
be specific, LS-DYNA’s reduced integration thick shell ELFORM 5 is
used. During the simulation, the model can – where necessary – be
refined through the thickness with weak (strain) discontinuities or
strong (displacement jump) discontinuities. This is achieved by respec-
tively adding 4 or 8 new nodes at the appropriate ply interface. The
laminate is suitably split between the newly defined lower and upper
elements. In order to know where to refine the model, a method has
previously been developed to reliably detect possible delamination in
linear elements [23]. Finally, the model presented in this article aims
to be used as a method to describe the propagation of already initiated
cracks. Naturally, the model has been implemented in the adaptive
element subroutine mentioned.

For development and validation purposes, only the final state of
the adaptive procedure (where the model is already refined with a
strong discontinuity) is used in the present work. Additionally, only
mode I and mode II are considered with a clear crack propagation
direction. In order to model a bonded interface, the nodes at the strong
refinements are coincident in space and tied together by imposing
equal acceleration on both nodes [21]. If a cracked interface is to
be modelled, the refined nodes are set free from each other and a
frictionless penalty contact is introduced. An illustration of the initial
state of refinement for the present study is presented in Fig. 8(a).

3.2. Procedure

One key aspect of the numerical procedure is the constraint method
applied at the bonded region and the computation of the crack tip
forces needed in the VCCT. The tied condition is ensured by a kinematic
constraint equalling the acceleration of both nodes of the interface:

�̈�− = �̈�+, (26)

where the superscripts − and + are respectively associated to the node
of the lower and upper sub-laminate. By assuming a lumped mass
matrix, a mass proportional damping and the absence of external forces,
the acceleration condition can be ensured by distributing the sum of
the internal elemental force of the lower and upper sub-laminates
(

𝒇− + 𝒇+) proportionally to the node masses 𝑚− and 𝑚+ [21]. The
forces allocated to the node of the lower sub-laminate become

𝑭 − = 𝜅− (

𝒇− + 𝒇+) , (27)

where 𝜅− = 𝑚−

𝑚−+𝑚+ . The equivalent is done for the forces at the upper
node 𝑭 +. For more details on the tied procedure, refer to [21].

The force at the lower node can be rearranged to make appear the
interfacial force 𝑭 𝑡𝑖𝑒𝑑 responsible for keeping the nodes coincident:

𝑭 − = 𝒇− + 𝑭 𝑡𝑖𝑒𝑑 , (28)
7

Fig. 8. Crack tip configuration in the adaptive element procedure. Each element is
composed of 8 base nodes and 8 extra nodes to represent the crack interface. The
opening, internal force and area information is shared between elements to compute
the ERR by means of the VCCT.

with

𝑭 𝑡𝑖𝑒𝑑 = − (1 − 𝜅−)𝒇− + 𝜅−𝒇+. (29)

These forces, oriented in the local crack tip coordinate system as shown
in Fig. 8(a), are directly used in the ERR estimation with 𝐹𝐼 = 𝐹 𝑡𝑖𝑒𝑑

3 and
𝐼𝐼 = 𝐹 𝑡𝑖𝑒𝑑

1 . Opposite forces would be found if calculated at the upper
ode.

Another aspect of the present procedure is the estimation of the area
𝑖 associated to the node opening. A simple procedure is employed here

or a single direction of crack propagation. At each node of the crack
ront, a loop over the connected elements is performed. Elements in
ront of the crack tip contribute with half of their elemental area 𝐴𝑖,𝑗

𝑒
uch that

𝑖 = 1
2
(

𝐴𝑖,𝑗
𝑒 + 𝐴𝑖,𝑗−1

𝑒
)

. (30)

An illustration is shown in Fig. 8(b). The nodes at the edges will receive
area contribution from one element only. This simple procedure allows
to account for irregular element widths. It should be reminded here that
the irregularity in element length (in the crack direction) is taken into
account by the shape correction factor 𝑐𝑖𝛼 in Eq. (2).

These procedures are fed with adjacent elemental history variables
through a built-in user subroutine in LS-DYNA. The latter allows to
sync non-local information between neighbouring elements distributed
in different memory partitions (computational nodes). The shared infor-
mation is the elemental forces, the node openings, the elemental area
at the interface and the tied status of the nodes.
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4. Numerical examples

In this section, a numerical validation of the presented
ERR-Cohesive method is carried out with standard delamination propa-
gation tests. DCB, ENF and MMB tests have been simulated with regular
meshes for various element lengths. It demonstrates the ability of the
method in modelling delamination propagation with large elements. In
the case of the DCB, a comparison with cohesive elements is presented.
Afterwards, the same cases are presented with irregular mesh sizes
to discuss about the accuracy of the VCCT shape correction factor
presented in Section 2.1.

4.1. Description of the propagation tests

Standard DCB, ENF and MMB tests have been used respectively for
pure mode I, pure mode II and 3 mixed-mode configurations (𝐵 =
0.2, 𝐵 = 0.5 and 𝐵 = 0.8). The dimensions and material properties
re extracted from a benchmark proposed by Krueger [27]. They are
ummarised respectively in Fig. 9 and Table 1. The laminate is made of
nidirectional carbon-FRP layers, aligned in the longitudinal direction
f the coupons. In order to ensure stable crack growth, the initial crack
engths have been adapted to 𝑎0 = 0.7𝐿 for ENF and to 𝑎0 = 0.67𝐿 for

the MMB case (where 𝐵 = 0.8).

Fig. 9. Benchmark configurations used for the numerical validation [27].

Table 1
Material properties used in the benchmark tests [27].

Property DCB ENF/MMB Units

Material T300/1076 IM7/8552
𝐸11 139.4 161.0 GPa
𝐸22 = 𝐸33 10.16 11.38 GPa
𝐺12 = 𝐺13 4.6 5.2 GPa
𝐺23 3.54 3.9 GPa
𝜈12 = 𝜈13 0.30 0.32 –
𝜈23 0.436 0.45 –
𝐺𝐼𝑐 0.170 0.212 kJ m−2

𝐺𝐼𝐼𝑐 0.494 0.774 kJ m−2

𝜂 1.62 2.1 –
𝜌a 1500 1500 kg m−3

aNot specified in [27], a standard value is used.
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The simulations have been calculated with element lengths of about
2 mm, 4 mm and 8 mm. In order to respect the coupon dimensions
while keeping a regular mesh, the exact element lengths slightly differ
throughout the different tests. Such mesh sizes have been chosen to
show the ability of the method in modelling delamination propagation
with element larger than the FPZ.

The results are compared with the analytical ones based on the
Corrected Beam Theory (CBT) [28–30]. In the case of the MMB tests
with 𝐵 = 0.5 and 𝐵 = 0.8, the results from the benchmark by Krueger
are also presented for 𝑎 > 𝐿.

The load is introduced through an imposed displacement following
a sinusoidal shape with a termination time of 0.5 s. It should be
noted that no damping has been introduced to the model. To show
the unloading capability of the present method, the simulations with
a mesh size of 4 mm are unloaded and reloaded at about half of the
imposed displacement. It has been ensured that it corresponds to a
moment where the cohesive law is active at the crack tip.

The stiffnesses 𝑘0𝐼 = 𝑘0𝐼𝐼 have been defined to ensure a stable time
step at the interface of 0.25 μs, by using Eq. (20) with 𝑏 = 0.9

√

2
(where 𝑏 =

√

2 is a value which has shown stability and 0.9 is a
safety coefficient). Examples of resulting stiffness and opening offset are
presented for the DCB and ENF cases in Table 2. It is worth noting that,
for the same interface stable time step, the ratio 𝛥𝑜𝑓𝑓𝑠𝑒𝑡

𝐼 ∕𝛥𝑓
𝐼 decreases

greatly for larger elements.

Table 2
Obtained values of stiffnesses 𝑘0𝐼 = 𝑘0𝐼𝐼 , opening offset |𝛥𝑜𝑓𝑓𝑠𝑒𝑡

𝛼 | and ratio of opening
offset to failure opening 𝛥𝑜𝑓𝑓𝑠𝑒𝑡

𝛼 ∕𝛥𝑓
𝛼 for the DCB and ENF cases. The stiffness 𝑘0𝛼 has

been determined using Eq. (20) with 𝑏 = 0.9
√

2 to ensure a stable time step at the
interface of 0.25 μs.

Element
length

𝑘0𝐼 = 𝑘0𝐼𝐼
(kN mm−1)

|𝛥𝑜𝑓𝑓𝑠𝑒𝑡
𝛼 |

(mm)
𝛥𝑜𝑓𝑓𝑠𝑒𝑡
𝛼 ∕𝛥𝑓

𝛼

DCB
𝛼 = 𝐼

2 mm
4 mm
8 mm

62.2
248.9
995.6

0.75 × 10−3

0.31 × 10−3

0.11 × 10−3

2.38%
0.42%
0.06%

ENF
𝛼 = 𝐼𝐼

2 mm
4 mm
8 mm

86.6
346.5
1385.8

6.58 × 10−3

3.37 × 10−3

1.79 × 10−3

60.04%
15.75%
4.43%

4.2. Double cantilever beam (DCB)

The DCB results in Fig. 10 show high accuracy of the present method
when comparing to the analytical solution. The ERR is well predicted
for all the mesh sizes. Further, the associated cohesive law allows
to smoothly propagate the crack along the element length with no
visible instabilities. By looking closely, a first discontinuity can be seen
before the peak-load is reached. This is due to the ERR being triggered
first at the middle (width direction) of the coupon. The peak load is
reached when the extremities of the crack front open as well. These
discontinuities repeat each time a new row of elements is encountered
by the crack front. Finally, the unloading and reloading behaves as
expected as illustrated by the results for the 4-mm mesh.

As a comparison, results with conventional CZM are presented in
Fig. 11. The material formulation MAT_138 from LS-DYNA [20] is used.
A prototype values of 30 MPa have been considered for the mode I
strength. When using a fine mesh of 0.25 mm, the difference with the
CBT solution is small. However, for the 2-mm and 4-mm mesh, the CZM
overestimates the initial force at which the crack starts propagating.
This is due to the FPZ being much smaller than the element length.
When using a reduced strength, as proposed by Turon et al. [3],
the initial response of the DCB is much softer than the LEFM one.
Additionally, the peak load is greatly underestimated. By comparing
the results of the 2-mm and 4-mm meshes, one can see that these
limitations worsen rapidly when increasing the element’s length.

A summary of the compared modelling methods, associated FPZ
sizes and element lengths is presented in Table 3. Here, the FPZ
have been estimated with the expression for linear softening by Soto
et al. [4].
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Fig. 10. DCB results for 3 sizes of regular meshes. Note that the curve for the 4-mm mesh includes loading and reloading.
Fig. 11. DCB results with conventional cohesive zone modelling. The strengths used and their associated FPZ sizes are summarised in Table 3. For comparison, the results of the
4-mm mesh with the present method are also plotted. Due to large vibrations, the results for the 2-mm mesh CZM are not plotted further than the initiation of propagation.
Table 3
Comparison between the element length and the size of the FPZ for the compared DCB
modelling strategies. The length of the FPZ is estimated with the expression from Soto
et al. [4]. For CZM with reduced strength, the strength 𝑋𝐼 has been lowered such that

elements are present in the FPZ.
Modelling
method

Strength 𝑋𝐼
(MPa)

FPZ size
(mm)

Element length
(mm)

ERR-Cohesive
(Present)

– – 2.08, 4.17
and 8.33

CZM
typical 𝑋𝐼

30 0.80 0.25, 2.08
and 4.17

CZM
reduced 𝑋𝐼

2.05
0.54

6.25
12.5

2.08
4.17
9

4.3. End-notched flexure (ENF)

The results for the ENF configuration are shown in Fig. 12. Accurate
mode II propagation is observed. Compared with the analytical solu-
tion, a slightly higher force is observed from 𝑎 = 𝑎0 (first discontinuity)
to 𝑎 = 𝐿 (second discontinuity). On the contrary, a slightly lower force
is observed for 𝑎 > 𝐿. These small differences are expected to come
from the full width representation of the coupon in the FEA differing
from the 2D analytical consideration of the CBT.

Additionally, some irregularities can be seen around a displacement
of 1.5 mm, corresponding to the crack tip reaching the point of appli-
cation of the load, i.e. 𝑎 = 𝐿. At this instant, the large elements prevent
modelling the transition smoothly. Furthermore, similarly to the DCB,
unloading and reloading is properly handled, as indicated by the results
for the 4 mm mesh where the force curve goes back to the origin before

reloading along the same path.
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Fig. 12. ENF results for 3 sizes of regular meshes. Note that the curve for the 4-mm mesh includes loading and reloading.
Fig. 13. MMB results for 3 sizes of regular meshes. 3 mode ratios are presented: 𝐵 = 0.2, 𝐵 = 0.5 and 𝐵 = 0.8. Note that the curve for the 4-mm mesh, with 𝐵 = 0.5, includes
oading and reloading.
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.4. Mixed-mode bending (MMB)

The results for three different mixed-mode ratios are presented in
ig. 13. It appears that the VCCT accurately predicts the proper mode-
ixity. Further, it is also shown that the present ERR-Cohesive method

s able to dissipate the correct amount of energy. It is recalled that only
ne row of elements at a time is modelling the progressive damage
ropagation.

The curves corresponding to the 2-mm meshes are closely following
he analytical solutions. Even if the coarser discretisation of the 8 mm
eshes leads to larger discontinuities, the results can be considered

cceptable. Generally, some small vibrations can be observed due to the
MB test having poor stability in dynamic modelling. The unloading

nd reloading, for 𝐵 = 0.5, presents the expected results as well under
ixed-mode loading.
10

a

.5. Results for irregular mesh size

Considering that element size variations are common in the industry
o represent complicated geometry, it appears relevant to validate
he present method in such conditions. As explained in Section 2.1,
o obtain a reliable ERR estimation with the VCCT when different
lement lengths are present ahead and behind the crack front, the shape
orrection factors of Eq. (4) are used.

The tests previously presented with regular meshes have been mod-
lled with mesh size variations. Two configurations are considered, see
ig. 14. For the DCB and ENF tests, the mesh length is alternating, in
he longitudinal direction, between 2 mm and 4 mm for the first con-
iguration and between 4 mm and 8 mm for the second configuration.
n the case of the ENF test, the second configuration uses sizes of 3 mm
nd 6 mm to be compatible with the dimensions of the coupon. In the
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Fig. 14. Irregular mesh configurations used for the validation of the shape correction
factors and area procedures. In the longitudinal direction, shorter and longer elements
are alternated. In the transverse direction, the width alternates every two elements.
The length values exposed are for the DCB test.

width direction, the mesh length is alternating in the same way, but for
every two consecutive elements, such that the area associated to each
node pair varies along the crack front. In all the cases, a length ratio
of 2 is used between the larger and the shorter elements.

The results for the DCB case with irregular meshes are shown in
Fig. 15. The curves with the present shape correction factor are in
agreement with the analytical one. However, it can be seen that the
ERR is slightly overestimated at the initial crack length, meaning that
the initial crack propagation (peak load) is predicted with a slightly
lower force. Once the crack has propagated along the length of the
first element, the mesh configuration is reversed and the ERR is slightly
underestimated. It should be noted that these small errors are similar
in both element lengths used. Finally, a stable crack propagation is
observed.

For comparison, the results for the linear shape correction factor
found in the literature are shown in light and dark grey. It can be seen
that the ERR estimation error is much greater. It is worth noting that
the error is greater for the 4 mm–8 mm configuration than the 2 mm–
4 mm configuration. It demonstrates that the assumption of linear
growth of the opening with respect to the distance to the crack tip is
not valid with large elements. In both configurations, these large errors
result in large vibrations. It is concluded that the presented correction
factor is preferable.

The simulations for ENF and MMB with 𝐵 = 0.5 are presented
in Fig. 16. The good results illustrate the accuracy of the present
shape correction factor for mode II and mixed-mode propagation. It
should be reminded that the mode II correction factor used here is the
linear one found in the literature. Although small vibrations appear, it
demonstrates that the linear correction can be used with large element
in mode II.

5. Conclusions and outlook

5.1. Conclusions

In this paper, an ERR-Cohesive method to efficiently model delam-
ination propagation in composite materials has been presented. The
method estimates the energy release rate at the crack front by means
of the VCCT. When the ERR exceeds the fracture toughness of the
material, the delamination is propagated further. A cohesive law is then
introduced to progressively release the entire interface along the length
of the element.

The novel cohesive formulation presented ensures the dissipation
of the appropriate amount of energy, corresponding to the global mode
mixity, for any monotonic evolution of the openings. The coupled dam-
age variable allows to obtain a reliable behaviour under mixed-mode
loading.

Compared to traditional cohesive zone modelling, which needs a
fine discretisation, the presented method can be used with elements
11
that are much larger than the fracture process zone. Therefore, the
method is efficient in the sense that it can be used with large elements.
The modelling of the progressive damage is carried out by a single
element in the direction of propagation. The interface starts degrading
from a non-null interface force, which avoids adding initial artificial
compliance.

The novel method has been used to model DCB, ENF and MMB
tests with regular and irregular meshes. The results are in agreement
with the analytical solutions for the 3 element lengths used: 2 mm,
4 mm and 8 mm. The ability of the presented ERR-Cohesive method
to propagate delamination with large elements opens possibilities to
accurately model delamination in large structures. It is especially suited
for the industries where entire vehicles are represented in the FEA.

5.2. Outlook

Ensuring a sufficiently large stable time step is critical for the
ability to model large structures in dynamic FEA solvers with explicit
integration schemes. A typical stable time step of 0.5 μs can currently
be found in the automotive industry. Such stable time steps are usually
incompatible with conventional CZM due to the fine discretisation and
high stiffness needed (to avoid adding artificial compliance).

In the present modelling strategy, large in-plane element stable time
step can be reached since large elements can be used. Nevertheless, in
some cases, a relatively high stiffness is also needed to ensure a low
value of 𝛥𝑜𝑓𝑓𝑠𝑒𝑡

𝛼 , thus limiting the interface stable time step. However,
the method could offer two reasonable ways to alleviate this limitation.
First, since no artificial compliance is initially added to the model, by
assuming monotonic loading, 𝑘0𝛼 could be lowered. Second, because
the cohesive law is present at the crack front only, the mass could be
artificially increased locally. Both resulting in a larger stable time step.

The present ERR-Cohesive method has been presented in the frame
of a near 2D configuration where the crack propagates in a clear
direction. The procedure would need further adaptations in order to
propagate the crack front in the correct direction of the plane. Addition-
ally, the crack front would have to propagate in cases where it is not
aligned with the mesh. Future works could focus on the generalisation
of the method to arbitrary crack growth.

The VCCT relies on the existence of a crack in order to compute
the energy release rate. Therefore, the initial crack opening is another
aspect to be solved on the way toward a complete delamination strategy
for large structures. A previously published work by the authors [23]
has shown the possibility to accurately compute transverse stresses in
linear shell elements. Therefore, opening possibilities for a stress-based
criterion to initiate new cracks. The transition from a closed to an open
crack could, in such a case, be ensured by the cohesive law presented
in this article.

With these further developments, the proposed method can for-
mulate an effective strategy to model delamination failure in large
structures.
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Fig. 15. DCB results with irregular mesh configurations, where results from using the proposed shape correction factor are also compared to results obtained with a classical linear
correction.
Fig. 16. ENF and MMB results with irregular mesh configurations using the proposed shape correction factors.
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Appendix. Opening correction for dissimilar element lengths

As explained in Section 2.1, the opening 𝛥𝑖−1 measured behind the
crack must be corrected when the element lengths are different on
each side of the tip in order to comply with the self-similar growth
assumption. This section aims to express the correction factor 𝑐𝑖𝛼 to be
applied to the VCCT due to the variation of element length

𝑐𝑖𝛼 =
𝛥𝑖
𝛼

𝛥𝑖−1
𝛼

. (A.1)

Using the Timoshenko beam theory, the generalised strain 𝑢,𝑖 and
𝜃 are expressed as a function of the normal force 𝑁 and moment 𝑀
,𝑖
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Fig. A.17. Crack tip representation of the upper arm according to Timoshenko beam
heory.

y means of the inverse of the ABD matrix applied to the upper arm:
[

𝑢,𝑖
𝜃,𝑖

]

=
[

𝐴𝑈 𝐵𝑈
𝐵𝑈 𝐷𝑈

] [

𝑁
𝑀

]

. (A.2)

he rotation of the vertical section 𝜃 is expressed as

= 𝑤,1 + 𝜙, (A.3)

where 𝜙 is the additional rotation of the section, due to transverse
shearing, with respect to the beam axis orthogonal plane, see Fig. A.17.
By combining Eqs. (A.2) and (A.3), inserting the transverse shear strain
𝜙 = −𝛾13 = −𝑄𝑈𝐾𝑈 and expressing the resultant stresses as functions
f the upper arm loads 𝑁 = 𝑁𝑈 , 𝑄 = 𝑄𝑈 and 𝑀 = 𝑀𝑈 +𝑄𝑈

(

𝑥𝑈 − 𝑥
)

,
he following differential equations can be obtained:

𝑢,1 = 𝐴𝑈𝑁𝑈 + 𝐵𝑈
(

𝑀𝑈 +𝑄𝑈
(

𝑥𝑈 − 𝑥
))

, (A.4a)

𝜃,1 = 𝐵𝑈𝑁𝑈 +𝐷𝑈
(

𝑀𝑈 +𝑄𝑈
(

𝑥𝑈 − 𝑥
))

, (A.4b)

,1 = 𝜃 +𝐾𝑈𝑄𝑈 . (A.4c)

fter integration, inserting the expression of 𝜃 into 𝑤, considering that
he displacement at the bottom of the beam is equal to the displacement
t the mid-surface, and finally that at 𝑥 = 0, 𝑢 = 0, 𝑤 = 0, 𝜃 = 𝜃0𝑈 , the
ollowing is obtained:

𝑢𝑈 =
(

𝐴𝑈𝑁𝑈 + 𝐵𝑈
(

𝑀𝑈 +𝑄𝑈𝑥𝑈
))

𝑥 − 𝐵𝑈𝑄𝑈
𝑥2

2
, (A.5a)

𝑤𝑈 =
(

𝜃0𝑈 +𝐾𝑈𝑄𝑈

)

𝑥 +
(

𝐵𝑈𝑁𝑈 +𝐷𝑈
(

𝑀𝑈 +𝑄𝑈𝑥𝑈
)

)𝑥2

2
−𝐷𝑈𝑄𝑈

𝑥3

6
.

(A.5b)

y applying the same reasoning to the lower arm and taking the
ifference, the openings are expressed as

𝐼 = 𝑤𝑈 −𝑤𝐿 = 𝛼1𝑥 + 𝛼2𝑥
2 + 𝛼3𝑥

3, (A.6a)

𝛥𝐼𝐼 = 𝑢𝑈 − 𝑢𝐿 = 𝛽1𝑥 + 𝛽2𝑥
2, (A.6b)

ith

1 = 𝜃0 +𝐾𝑈𝑄𝑈 −𝐾𝐿𝑄𝐿, (A.7a)

𝛼2 =
1
2

(

𝐵𝑈𝑁𝑈 − 𝐵𝐿𝑁𝐿 +𝐷𝑈
(

𝑀𝑈 +𝑄𝑈𝑥𝑈
)

−𝐷𝐿
(

𝑀𝐿 +𝑄𝐿𝑥𝐿
)

)

,

(A.7b)

𝛼3 =
1
6
(

𝐷𝐿𝑄𝐿 −𝐷𝑈𝑄𝑈
)

(A.7c)

𝛽1 = 𝐴𝑈𝑁𝑈 − 𝐴𝐿𝑁𝐿 + 𝐵𝑈
(

𝑀𝑈 +𝑄𝑈𝑥𝑈
)

− 𝐵𝐿
(

𝑀𝐿 +𝑄𝐿𝑥𝐿
)

, (A.7d)

𝛽2 =
1
2
(

𝐵𝐿𝑄𝐿 − 𝐵𝑈𝑄𝑈
)

, (A.7e)

and where 𝜃0 = 𝜃0𝑈 − 𝜃0𝐿.
In the literature, it is common to consider a linear correction with

respect to the length of the element [13]. It is assumed that the linear
13

part of the openings is predominant and that the higher terms can be
neglected. With such an assumption, the correction factor becomes

𝑐𝑖𝐼 =
𝛼1𝑙𝑖

𝛼1𝑙𝑖−1
= 𝑙𝑖

𝑙𝑖−1
= 𝐶, (A.8a)

𝑐𝑖𝐼𝐼 =
𝛽1𝑙𝑖

𝛽1𝑙𝑖−1
= 𝑙𝑖

𝑙𝑖−1
= 𝐶. (A.8b)

This correction factor gives good results for small element lengths
where the openings are dominated by the linear terms. However,
when using large elements in mode I, the quadratic term is no longer
negligible. Therefore, a correction factor considering the quadratic term
is proposed here

𝑐𝑖𝐼 =
𝛼1𝑙𝑖 + 𝛼2𝑙𝑖

2

𝛼1𝑙𝑖−1 + 𝛼2𝑙𝑖−1
2
, (A.9)

which can be expressed as

𝑐𝑖𝐼 = 𝑙𝑖

𝛥𝑖−1
𝐼

𝛼1(1 − 𝐶) + 𝐶2, (A.10)

rom which 𝛥𝑖−1
𝐼 , 𝑙𝑖 and 𝐶 are known from the finite element analysis

nd 𝛼1 needs to be evaluated. By assuming that the shear terms are
egligible in the expression of 𝛼1, it becomes equal to 𝜃0 = 𝜃0𝑈 − 𝜃0𝐿

which can directly be measured in the analysis, see 𝜃0𝑈 in Fig. A.17.
Finally, it is obtained

𝑐𝑖𝐼 = 𝑙𝑖

𝛥𝑖−1
𝐼

𝜃0(1 − 𝐶) + 𝐶2. (A.11)

A comparison between the linear and quadratic correction is pre-
ented for a DCB with irregular mesh lengths in Section 4.5. The
ccuracy of the linear correction for mode II propagation is also ex-
osed.
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