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Abstract
The aim of this study is to provide data to better understand the processes of early 
mathematical modelling. According to this, an early mathematical modelling activ-
ity carried out by 21 Spanish schoolchildren aged 5–6 years is analysed, using the 
validated tool “Rubric for the Evaluation of Mathematical Modelling Processes” 
(REMMP). The results show that children link the content of the problem with their 
prior knowledge (understanding); identify the important data of the problem and 
simplify it (structuring); show some difficulties in substituting the elements of the 
real context for mathematical objects (mathematizing); use progressively mathemat-
ical objects and strategies in order to propose solutions for the problem (working 
mathematically); compare the solution with the initial problem (interpretation); jus-
tify the proposed model via valid arguments (validation); and also communicate the 
decisions taken throughout the modelling process and the concrete model obtained 
applied to the real context (presenting). We conclude that the description of this type 
of activities and the tools for their analysis could be used for grading and teaching 
tool in order to promote mathematic modelling in early childhood education.

Keywords Early mathematical modelling · Concrete model · Real problems · 
Rubric · Early childhood education

Introduction

Different institutions and authors have begun to suggest the need to incorporate 
mathematical modelling into the early years of education (Alsina et  al., 2021b; 
Alsina & Salgado, 2021; English, 2006, 2010; English & Watson, 2018; English & 
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Watters, 2005; CCSSI, 2010; NCTM, 1989, 2000; Ruiz-Higueras & García, 2011; 
Ruiz-Higueras et  al., 2013; Shahbari & Peled, 2017; Suh et  al., 2017;  Toalongo-
Guamba et al., 2021, among others), due to its importance in both real-world appli-
cations and mathematics education itself. With the aim of distinguishing advanced 
mathematical modelling from activities which make it possible to generate initial 
models in early years, in this article, we shall use the term “early mathematical 
modelling”. This term emphasizes initial knowledge in the process of translating 
between real-world contexts and mathematics, assuming that mathematical model-
ling is a process which employs mathematics to represent, analyse, make predictions 
and provide information about the phenomena of the real world (Bliss & Libertini, 
2019; Blum & Borromeo Ferri, 2009).

This new approach to mathematical modelling applied to the early years does not 
claim to consider modelling as a collection of isolated themes. In other words, the 
aim is not to associate mathematical modelling exclusively to the use of manipula-
tive models (physical materials) or graphic and/or visual models (representations) in 
order to teach contents. Rather, we conceive early mathematical modelling as a pro-
cess or cycle which, within the framework of the resolution of real problems, helps 
to create initial models for analysing, explaining and understanding reality, based 
on a process of reflection which implies constant comings and goings between real 
contexts and the mathematics used by early year learners (Alsina & Salgado, 2021).

The literature describes modelling cycles in various ways, because they are 
dependent on various directions and approaches of how modelling is understood 
and, in some cases, if complex or non-complex tasks are used. Borromeo-Ferri’s 
(2006) focus lies on the view of various modelling cycles with respect to the aspects 
of the differentiation of real situation (RS), situation model (SM) respectively men-
tal representation of the situation (MRS), real model (RM) and mathematical model 
(MM). The terms situation model (SM) and mental representation of the situation 
(MRS) are used synonymously. Based on these aspects, she divides the four groups 
of modelling cycles concerning the first three phases: (1) distinction between situa-
tion model (SM)/mental representation of the situation (MRS) and real model (RM); 
(2) mixed type of SM/MRS and RM; (3) no distinction between SM/MRS and RM; 
and (4) from real situation (RS) to mathematical model (MM) without distinction 
in SM/MRS and RM. In the current study, we focus especially on group 1, which 
consider the cognitive processes of individuals during modelling processes. This is 
why the situation model is included in this cycle, because it is supposed that this 
phase is more or less undergone by all individuals during modelling. According to 
Borromeo Ferri (2006), the well-known term situation model is mainly used in con-
nection with non-complex modelling problems, to be precise, with word problems. 
A situation model can be described, without going into great detail here, as a men-
tal representation of the situation, which is given in the word problem. From this 
point of view, we assume the modelling cycle proposed by Blum and Leiβ (2007), 
who used the situation model learning on Reusser’s approach (1997) and integrated 
it as new phase in their modelling cycle (Fig. 1). One of the main features of this 
modelling cycle is that pupils can start from one point of the cycle without the need 
to follow an established order. It is precisely this coming and going which allows 
them to progressively perfect the model sought. What is more, as can be seen, in the 
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final phase, it is important for pupils to socialize the model with their classmates, to 
gather the relevant observations and to carry out any necessary adjustments with the 
aim of progressively improving the model. This is a particularly relevant feature in 
early childhood education, where the processes of interaction, negotiation, dialogue 
and co-construction of knowledge are very present (Alsina et al., 2021a).

It should be mentioned that, to the present time, there is only a limited number 
of studies which have analysed the processes of early mathematical modelling from 
this perspective. Furthermore, in early year mathematics curriculums, there is no 
approach which deals with the different standards in a transversal way or which 
implies a process of reflection in the translation process between real-world contexts 
and mathematics  (Trelles-Zambrano & Alsina, 2017). This panorama has nega-
tive repercussions on the pedagogical knowledge of mathematics teachers of young 
children, who have lack of opportunities in promoting mathematical modelling pro-
cesses via real problems.

With the purpose of generating an inflection point, this study aims to advance the 
understanding of early mathematical modelling and to offer specific guidelines and 
tools to teachers of the initial stages of education. In order to achieve this goal, the 
following research question is posed: How can the early mathematical modelling 
carried out by 5- and 6 year-old pupils be characterized? To answer this question, 
the aim of this study is to analyse an early mathematical modelling activity carried 
out by 21 Spanish schoolchildren aged 5–6 years, based on a real problem. In order 
to analyse the modelling cycle, we used a previously validated tool in the form of a 
rubric. This tool has been named “Rubric for the Evaluation of Mathematical Mod-
elling Processes” (REMMP) and includes specific indicators for early childhood 
education (Toalongo-Guamba et al., 2020).

Fig. 1  Blum and Leiβ’s mathematical modelling cycle (2007)
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Mathematical Modelling in Early Years

Studies that have begun to analyse mathematical modelling at early years have pro-
vided some relevant initial data. For example, Ruiz-Higueras and García (2011) and 
Ruiz-Higueras et al. (2013) state that 3–6-year-old children can develop modelling 
processes on complex systems of variation in order to construct their initial numeri-
cal knowledge or to establish justified connections between the tangible world and 
a model thereof, the symbolic regime of which has internal rules with different lev-
els of formalization. Alsina and Salgado (2021) analysed a mathematical model-
ling activity with 4–5-year-old children based on Blum and Leiβ (2007) modelling 
cycle. They conclude that children are capable of generating a model, although they 
present some deficiencies, particularly in the final phases of the modelling cycle. 
Subsequently, using the same modelling cycle, Alsina et al. (2021b) compare two 
early mathematical modelling activities implemented to the same group of children 
in 3 years and 5 years, respectively, to analyse the skills that they develop to cre-
ate models. The results show that 3-year-olds begin to work on various steps of the 
cycle, such as interpretation, structuring and comprehension and, to a lesser extent, 
mathematization and mathematical work; however, validation and exposition/pres-
entation are still difficult to achieve. However, in the same group of children, but 
at the age of 5 years, it can be seen that the first steps of the cycle are reinforced 
and progress is made in validation and exposition/presentation. Furthermore, they 
conclude that the cognitive development of children in early childhood education 
determines their capacity for abstraction, since their thinking is concrete and, con-
sequently, the models they can create are also concrete, which is why they call them 
concrete models.

Studies with primary children by English (2006, 2010), English and Watters 
(2005) and English and Watson (2018) indicate that modelling activities make it 
possible (a) to generate models for resolving a situation; (b) to recognize the limi-
tations generated by the creation of the model and its application; (c) to facilitate 
the interpretation, organization and operation of data by way of informal inferences; 
and (d) to acquire knowledge from higher levels of the study plan. Peter-Koop 
(2009) confirmed that mathematical modelling provides opportunities for children 
to develop new mathematical knowledge which is higher than that which would cor-
respond to their age. However, in general, she puts forward the idea that mathemati-
cal modelling is a tool which goes beyond finding the solution to a specific problem. 
Suh et al. (2017), examine the experiences of two elementary teachers’ implementa-
tion of mathematical modelling in their classrooms and how the enactment by the 
teachers and the engagement by students exhibited their creativity, critical think-
ing, collaboration and communication skills. From their results, they propose that 
mathematical modelling provides space for teachers and students to have a collective 
experience through the iterative process of making sense of and building knowledge 
of important mathematical ideas while engaging in the critical 21st Century Skills 
which are necessary in our complex modern world.

In recent decades, some mathematics curricula have begun to incorporate 
mathematical modelling. In Principles and Standards for School Mathematics 
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(NCTM, 2000), it is presented as a notion with different meanings: (a) to refer 
to the physical materials with which pupils work (manipulative models); (b) to 
suggest exemplification or simulation, such as when the process of resolving a 
problem is modelled; and (c) as an approximate synonym of “representation”. 
From this viewpoint, a mathematical model refers to the mathematical represen-
tation of the elements and connections in an idealized version of a complex phe-
nomenon. It is also stated that all teaching programs from all stages of education 
should prepare all pupils to use representations to model and interpret physical, 
social and mathematical phenomena:

From pre-kindergarten up to level 2 (3-8 years of age), pupils can model 
how to distribute 24 cookies between 8 children, using tiles or logic blocks 
in different ways. In stages 3-5 (9-11 years of age), they begin to use rep-
resentations to model phenomena of the world around them, which helps 
them to recognize quantitative patterns (…). (NCTM, 2000, p. 75)

As can be observed, the NCTM encourages learners from the age of three to 
begin to use representations to model phenomena of different natures and, at the 
same time, attempts to reinforce the idea that the presence of mathematical mod-
elling should increase in subsequent academic levels.

In Common Core State Standards for Mathematics (CCSSM), mathemati-
cal modelling is defined as “the use of mathematics or statistics to produce a 
description (i.e. a model) of a real-world situation and to deduce additional 
information about the situation by way of calculations and mathematical or sta-
tistical analyses” (Common Core Standards Writing Team, 2013, p. 5). In gen-
eral terms, mathematical modelling receives more attention in the CCSSM than 
in the NCTM proposal (Hirsch & McDuffie, 2016; Trelles-Zambrano & Alsina, 
2017). Furthermore, the CCSSM document is clear in stating that modelling 
should be considered as a process and not as a collection of isolated issues. 
However, it is evident that it receives no transversal treatment, as there are fields 
in the different levels of education which do not possess standards relating to a 
modelling process.

Given its impact in curriculums, the considerations of The International 
Community of Teachers of Mathematical Modelling and Applications (ICTMA) 
are also analysed. This organization was set up in 1983 with the aim of promot-
ing the research and teaching of mathematical modelling and its applications 
in different levels of education, from primary to university education. One fac-
tor worthy of mention is that this Community brings together both teachers and 
professionals of mathematical modelling on a scientific level. Therein lies its 
strength, as dialogue between mathematicians and mathematics teachers is an 
increasingly latent need. One relevant aspect of recent meetings has been the 
construction of a theory making it possible to unify criteria to implement math-
ematical modelling in the classroom. In this regard, general parameters for the 
teaching and learning of mathematical modelling have been established (Kaiser 
et al., 2006, 2011; Stillman et al., 2013, 2015, 2017, 2020): the learning objec-
tives, the fundamental reasons for achieving these objectives in different levels 
of education, proven ideas on how to support teachers in the implementation 
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of learning objectives and the recognized educational challenges and dilemmas 
relating to different ways of organizing teaching, together with theoretical and 
empirical analyses of the learning difficulties related with modelling and ideas 
on different ways of evaluating learning in modelling activities and the related 
obstacles.

Methodology

A qualitative study of an exploratory nature was designed (McMillan & Schumacher, 
2001) in order to describe and analyse the modelling process carried out by 21 Span-
ish schoolchildren of 5–6 years of age, based on a real problem: the pupils acquired 
the role of apple farmers, and, during the 2-h task, they had to determine criteria 
for classifying the apples according to their qualitative and quantitative attributes 
and sell them to different potential buyers. A task such as this is stated as a genuine 
problem, reflecting a real-world context and shows students when and why someone 
might need to sort apples. It also prompts students to describe their process, which 
relates to creating a generalizable model (Peter-Koop, 2009).

Description of the Early Mathematical Modelling Activity “Classifying Apples 
for Potential Buyers”

The teacher took apples of different morphological and physical characteristics (size, 
shape and weight) and of different external appearances (colour, marks or visible 
defects) to class for the pupils to observe their different characteristics and to take 
on the role of apple farmers in order to establish different categories and to offer dif-
ferent qualities. In order to do so, a dialogue was established in which the children 
expressed the similarities and differences which they could observe at first sight. 
During this dialogue, the teacher posed questions for the pupils to state whether 
they knew anyone who grew apples, whether all the apples were of the same quality, 
where they had seen apples of different qualities, etc. Once the dialogue had fin-
ished, the teacher proposed the following problem:

You are apple farmers and must classify the apples in your basket for several buy-
ers: high quality gift basket distributors (the “best” apples); supermarkets (“apples 
which can be sold”); school districts (“smaller apples for lunch”); and the least 
attractive apples which can be used for making purées and juices. Each group has 
tools for measuring, weighing…and a blank piece of paper for writing the results. 
You must classify your apples for the different buyers and then explain how you 
have decided to classify the apples and why. In order to do this, each group has to 
prepare a presentation for the other apple farmers in order to help them understand 
how to classify their apples for potential buyers. In the end, we will bring together 
all of your explanations.

With this real-world problem, the aim is that each small group can formulate an 
initial model enabling the apples to be classified according to their qualitative and 
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quantitative attributes before concluding by bringing together their ideas in order 
to refine the model. Thus, the main types of knowledge employed are the devel-
opment of the habit of working in groups and application; critical sense; personal 
initiative; curiosity and interest in learning; the development of skills in resolving 
real problems; the identification and comparison of the characteristics of the apples; 
the discrimination of concepts of measurement (big, small, heavy, light, etc.); the 
use of both standard and non-standard units of measurement in real situations; and 
the description of the problem-solving process, which is related with the creation 
of a generalizable model. This knowledge is promoted through the mathematical 
teaching practice of the classroom teacher, which is based on teaching mathemat-
ics through mathematical processes (Alsina et  al., 2021a; NCTM, 2000): problem 
solving, reasoning and proof, communication, connections and representation. In 
this sense, during the modelling activity, the teacher poses questions to promote rea-
soning and critical thinking, encourages the children to communicate and represent 
their mathematical ideas, etc.

Data collection

In order to gather data, the activity was recorded via video and photographs and then 
transcribed. In addition, the work produced by the pupils (drawings, written texts, 
etc.) was analysed. In order to record the activity, two adults were present in the 
class: the teacher and a trainee teacher (pre-service teacher), previously trained in 
early mathematical modelling. The teacher wore an audio recorder around her neck 
in order to record the small groups, and a video camera was also used to record the 
teacher and the whole group. The camera was located in a corner of the room, thus 
recording the small groups in the room. During filming, the person recording paid 
attention to what was happening in the room, moving the camera when necessary or 
zooming in to capture what was happening more effectively. The camera followed 
the teacher constantly, taking in as many students as possible and zooming in to 
record teacher-student interactions or to focus on the worksheets when a student or 
students were explaining something written on them.

Data analysis

In order to analyse the modelling cycle, we used a previously validated instructional 
rubric. According to Andrade (2000), an instructional rubric lists the criteria for a 
piece of work or what counts and can be used both as a marking tool and as a teach-
ing tool. From this point of view, the “Rubric for the Evaluation of Mathematical 
Modeling Processes” (REMMP) was specially designed for scoring at the level of a 
group of students interacting during a modelling task and also to guide teachers in 
the modelling process (Toalongo-Guamba et al., 2020). In this study, the rubric is 
mainly used to observe children’s mathematical modelling.

The REMMP is based on the seven elements of the different phases of the model-
ling cycle proposed by Blum and Leiβ (2007). It contains seven components cor-
responding to each phase of the modelling cycle and different indicators for the 
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different education levels from 3 to 18 years of age. For the construction of the indi-
cators, the results of prior studies have been taken into consideration. For example, 
from an early age, children consider the limitations and scopes of the model obtained 
and its application (English & Watson, 2018; English & Watters, 2005; English, 
2006, 2010). It has also been taken into account that the modelling cycle should not 
serve solely for pupils to find the solution to a problem. Rather, they should develop 
new mathematical knowledge and create generalizable models (Peter-Koop, 2009), 
along with the role of mathematical modelling in promoting creativity, critical 
thinking, collaboration and communication skills (Suh et al., 2017). More generally, 
the design of the rubric has been based on the educational perspective of mathemati-
cal modelling (Kaiser & Sriraman, 2006), as it pursues pedagogical and disciplinary 
objectives, both in the structuring of learning processes and in the introduction and 
development of concepts.

On the other hand, the guidelines for assessment and instruction in mathematical 
modelling education (COMAP & SIAM, 2019), along with Fredj (2013) meta-anal-
ysis on the main proposals for evaluating mathematical modelling, have also been 
taken into account.

Table 1 outlines the components and indicators as far as the stages of early years 
and primary education are concerned, which are the levels in which we situate early 
mathematical modelling.

With the aim of facilitating the analysis with the REMMP tool, an initial cod-
ing of the data transcribed in different episodes was carried out. These episodes 
were understood as temporal units associated to the different phases of the model-
ling cycle, in which the central point of the discussion was to resolve sub-activities, 
making it possible to approach the general solution to the problem. The episodes 
were distinguished separately by the authors, and discrepancies were subsequently 
discussed until agreements were reached, according to the procedure established by 
Ferrer et al. (2014).

In the following we describe our findings based on our research question using 
the specific early mathematical modelling activity implemented. First, we categorize 
the data into phases to describe the actions that took place during the modelling 
cycle. Second, we show the analysis of the modelling cycle through the REMMP.

Task Process

Five phases are described according to the different moments of the modelling activ-
ity. These five phases are linked to the seven phases of modelling cycle proposed by 
Blum and Leiβ (2007), which in turn coincide with the seven aspects of the rubric 
used: phase 1 is motivational for the children; in phase 2, the teacher promotes 
understanding of the activity so that the children begin to structure their ideas, in 
accordance mainly with the first two phases of the modelling cycle used; phase 3 
is when the children, in teams, mostly carry out the mathematization, mathematical 
work and interpretation, to generate a concrete model from the real problem pro-
posed; and in phases 4 and 5, the sharing of the models of each team is promoted. In 
these last two phases, the teacher tries to ensure that, through interaction, negotiation 
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and dialogue, the children create a more refined model that is shared by all. It should 
be noted that although the teacher is well aware of the modelling cycle, she does not 
provide students with guidance on how to proceed in each phase but she does carry 
out the necessary mediation. That is, on the basis of the previous design of the activ-
ity and the teaching practice through the mathematical processes, students classify 
the apples according to different criteria, taking into account that they can start from 
a point in the cycle without the need to follow an established order, as mentioned in 
the theoretical framework. Thus, the modelling cycle arises almost naturally in the 
modelling or problem-solving process.

Phase 1: Watching the Story “Isabella y las manzanas de caramelo”

The activity begins by watching the story “Isabella y las manzanas de caramelo” 
(“Isabella and the toffee apples”), which is used as motivation for the topics to be 
addressed (https:// www. youtu be. com/ watch?v= oBMHP 7VkRq w& ab_ chann el= 
Puert oInfa nciaJ ardin). In brief, it tells the story of Isabella, a girl who lives in an 
apple-producing village. She and her family collect apples in order to sell them at 
the market. One morning, among the big, small and damaged apples, she found 
some shiny ones which tasted of toffee.

After reading the story, the teacher mentions the variety of apples and their col-
ours and sizes. She asks some initial questions to encourage all the children to par-
ticipate, such as “What did Isabella do in the mornings?”, “Were all the apples she 
collected the same?”, “How was she surprised one morning?”, “Could she sell them 
at the market?” and “How much would they cost?”, to which the children respond 
according to their own opinions.

Phase 2: Identification and Comparison of the Characteristics of the Apples

The teacher shows four baskets containing apples of similar characteristics. A dia-
logue is initiated with the children in which they compare the apples according 
to their most evident physical characteristics, such as colour and size. In order to 
encourage the children to think of other possible criteria for classifying the apples, 
the teacher asks how they can know which apple is the biggest. The pupils begin to 
respond by saying that they can be compared by measuring, weighing, etc.

Phase 3: Relationships of Equivalence According to the Criteria of Length 
and Mass

Four small working groups are created (three groups of 5 children and one of 6, as 
there is a total of 21 pupils). The teacher gives each group a basket intentionally con-
taining apples of different qualities and reminds them that they must classify them 
for sale to several potential buyers: high-quality gift basket distributors (the “best” 
apples); supermarkets (“apples which can be sold”); school districts (“smaller apples 
for lunch”); and the least attractive apples which can be used for making purées and 
juices. Each group has tools for measuring and weighing and a blank piece of paper 

https://www.youtube.com/watch?v=oBMHP7VkRqw&ab_channel=PuertoInfanciaJardin
https://www.youtube.com/watch?v=oBMHP7VkRqw&ab_channel=PuertoInfanciaJardin
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for making a brief presentation explaining how they have classified the apples and 
why. Subsequently, the process of each group is described in order to formulate an 
initial model in accordance with the problem posed:

– Green team: They start by weighing each of the apples on digital scales. They 
identify the numbers but are not aware of the quantity represented by the 
three figures. Due to their lack of understanding of the numbers and their 
positional value, they reach a consensus: to begin with, they read the figures 
on the scales from right to left and vice versa, until one member of the group 
notices and tells the group that it is always “from here to there”, with “here” 
being left and “there” right, thereby establishing a starting point and an end 
point as a strategy for knowing the weight of the fruit. However, they then 
disregard the attribute of weight to classify the apples and, instead, to decide 
“which apples are of better quality”, they take into account their size, stat-
ing that “the bigger ones are for luxury hotels” and “the smaller ones are for 
purees” but do not explicitly discuss those of supermarkets and school can-
teens.

– Yellow team: To start with, they measure and weigh, register quantities and, 
in the end, select the length (the perimeter of the apple) for classification, 
as they agree that they know these quantities and can compare them. In the 
end, they conclude that “the best ones are these ones because they measure 
8”, “the ones that measure 4 are for juices”, “these ones are for the canteen 
because they measure 5” and “these are for the supermarket because they 
measure 6” (they refer to cm, although they do not state this orally).

– Blue team: The members divide themselves up, some weigh, and others 
measure. They measure with rulers and tape measures and weigh with ana-
logical scales. They complete the activity in both cases and gather numeri-
cal data which is lacking in apparent meaning. They do not share the data, 
merely collecting information and not comparing results. In the end, they 
agree to classify the apples according to their appearance; the discoloured 
ones for purées and the biggest, shiniest and most attractive ones for hotels.

– Red team: They select the analogical scales. Initially, the children all agree 
that they must pay attention to the size and, therefore, must weigh the apples. 
The lack of meaning of the data obtained leads them to use pictorial repre-
sentations to register the data obtained from the scales: The more the needle 
turned, the greater the weight. Thus, they classify apples on the basis of their 
weight, but they do not take into account the number indicated by the ana-
logue scale but the amplitude of the needle in relation to 0, which could be 
considered a qualitative rather than a quantitative attribute.

As can be seen, the working groups use different criteria to classify the 
apples: the green team, based on weight and mainly size; the yellow team, based 
on weight and mainly length; the blue team, although measuring and weigh-
ing, based mainly on appearance; and finally, the red team weighs the apples 
but classifies them on the basis of their size and, more specifically, according 
to the amplitude of the analogue balance needle. In general terms, then, it can 
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be observed that, although all groups use some quantitative attribute (mainly 
weight), in several groups qualitative criteria (size and appearance of the apples) 
predominate. This may be due to the fact that at this age there is a primacy of 
perception, as Piaget already pointed out (Piaget, 1936, 1947), over other attrib-
utes that are not as evident as quantitative ones, which need to be measured indi-
rectly through an instrument such as a scale or a tape measure.

Phase 4: Pooling Information From all of the Teams

Finally, each small group presented its classification and the criteria chosen. In pre-
senting their ideas, each team justified and argued their process and their results.

Phase 5: Generalization

The four empty baskets were presented, and the pupils were invited, as apple farm-
ers, to improve the classification and to determine a common criterion for the poten-
tial buyers. They were sure that all of them was right and that all of their ideas were 
good. Therefore, they agreed to make a new classification with all of the contribu-
tions of the four teams: (a) the apples for the luxury hotels were the biggest, shiniest, 
most attractive one and measured 8; (b) the apples for the purées and juices were 
all marked and measured 4; (c) those for the school canteen were stripes, small and 
measured 5, so that the children would not feel too full; and (d) those for the super-
market were shiny and measured 6.

The selection with the contributions of all of the teams was much more refined 
and selective. Finally, each small group placed its apples in the corresponding bas-
ket, checking in case of doubt that it met the general criterion established by the 
class group.

Results

We show the analysis of the modelling cycle, involving all the pupils in the class-
room, the teacher and a pre-service teacher. As indicated above, a total of 21 pupils 
aged 5–6 years participate.

In order to carry out the analysis, the components and indicators of the REMMP 
described in Table 1 (Toalongo-Guamba et al., 2020) have been taken into account. 
The seven components of the rubric are closely linked to the seven steps of model-
ling cycle proposed by Blum and Leiβ (2007).

For the purposes of coding, the term “Child” is used, followed, in all cases, by the 
initial of the name in order to maintain anonymity. For the adults, the same code is 
used, albeit without the initials: “Teacher 1” and “Teacher 2”, respectively.
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The Understanding Phase

As can be seen in Table  2, the first step of the modelling cycle proposed by 
Blum and Leiβ (2007) is very present in the activity analysed, as practically all 
the indicators of the first component of the REMMP tool are observed. Specifi-
cally, all of the small groups of pupils start to establish links between the prob-
lem (classifying the apples for different buyers according to different criteria) 
and their prior knowledge in such a way as to identify, collaboratively, the main 
characteristics of the items: colour, shape, size, mass, etc., as can be observed 
in the transcriptions of indicators 1.1.a and 1.1.b. Furthermore, some pupils for-
mulate questions in order to gain a better understanding of the characteristics of 
the apples. They do drawings and set out an initial solution to the problem, for 
example, that the size of the items alone does not determine which are the best; 
they also have to be attractive (indicators 1.2.ab, 1.3.a and 1.4.a).

Table 2  Understanding phase
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The Structuring Phase

The actions described in Table  3 show that the second step of the modelling 
cycle proposed by Blum and Leiβ (2007) is also present in the activity analysed. 
On the one hand, some of the actions observed indicate that the children identify 
the important elements of the problem (indicators 2.1.a and 2.1.b in Table  1). 
For example, they identify the attributes of the apples in order to start to classify 
them (colour, appearance, size, etc.), along with other doubtful criteria, such as 
whether they are shiny and if they have stripes. On the other hand, some contri-
butions were made towards simplifying the problem, such as indicating that the 
apples can be classified by their weight using scales (indicator 2.2.a).

The Mathematizing Phase

The components of the REMMP tool corresponding to this phase have been explic-
itly identified (Table  4), which show the third step of the modelling cycle pro-
posed by Blum and Leiβ (2007). For example, from the moment that the working 
groups begin to gather and record the data regarding the length and mass of the 
different apples, they progressively substitute these items for mathematical objects 
(numbers and drawings), creating a pictorial representation. On the sheets of paper, 

Table 3  Structuring phase

2.1.a Teacher 1: We have a basket of apples. We have to classify them for different types of buyers: 
luxury hotels, for sale in supermarkets, for school lunches and for making purées. How do you 
think we can do it?

Child M: First, classify them and then sell them
Teacher 1: What criterion are we going to apply to classify them? Any ideas?
Child N: Attractive ones and ugly ones
Teacher 1: And you, Child G?
Child G: The same
Teacher 1: There are two teams who say that we can classify them by appearance: attractive ones 

and ugly ones, but that way we have two groups and we need four. What shall we do?
Child N: Less attractive and less ugly, then we have two more

2.1.b

2.2.a Teacher 2: Oh, but that classification depends on each person’s tastes. Do we all like the same 
things?

Child HC: No, by colours
Child NI: The ugly ones are really ugly. I’m sure the hotels won’t want them
Teacher 1: Let’s think. Can anyone tell me another way to classify them?
Child HC: There are big ones and small ones
Teacher 1: How can we know which ones are big and which ones are small?
Child LC: By measuring them
Child HC: By measuring them we can see which ones are bigger than the others and put them into 

groups
Teacher 1: What a good idea! Do you know another way?
Child E: No
Teacher 1: If you have two apples, how can you know which one is bigger?
Child NU: Using scales
Teacher 1: Using scales, very good
Child NU: Which one is very fat, which one is fat, less fat and thin
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they record the data (numbers) of the measurements and explain the meaning, with 
greater or lesser accuracy depending on their understanding, as is shown in the evi-
dence of indicator 3.1.ab. At the same time, they explain and justify how the results 
are read on the scales (indicators 3.2.a, 3.2.b and 3.3.b).

The Working Mathematically Work Phase

In the activity carried out, it is observed how the pupils use different strategies and 
age-appropriate mathematical objects to take measurements and solve the problem. 
Thus, for example, they take indirect measurements mainly using the digital scales 
or the tape measure, even though, in some cases, they do not have control over their 
use or over the understanding of large numbers. However, they realize that the big-
ger the number of digits, the higher the number, as is shown in the evidence of the 
different indicators of this phase (Table 5).

Furthermore, as can be observed in indicator 4.3.ab., some teams propose an ini-
tial mathematical model. Thus, as mentioned in the description of the activity, the 
yellow team formulates an initial generalization, which consists of stating that the 
greater the result, the bigger the length: (a) with regard to length, when ordering the 
eight apples, they reach the conclusion that the better quality apples are those with 
a longer perimeter (the longest ones), and (b) with regard to mass, they conclude 

Table 4  Mathematizing phase
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that the heaviest ones are better, establishing some relationships between the two 
aspects. These findings show the presence of mathematical work in the process of 
mathematical modelling, which is another step in the modelling cycle proposed by 
Blum and Leiβ (2007).

Table 5  Working mathematically phase

4.1.a Child E: Not like that, the other way 
Teacher 1: How? 
Child E: First the 1 and then the 3 and then the 3 g 
Teacher 1: Why? 
Child E: Because it’s like this one, and this is 1, 3, 0. If they are the same, they have to start with 
1 
Teacher 1: What are you basing that on? How do you know that?
Child E: (Takes an apple in each hand and answers) My hands tell me

4.2.ab Teacher 2: How do you know it is?
Child NA: Because we put it here (on the ruler) and look how big it is (pointing to the 8)
Teacher 2: And these numbers here? Aren’t they important?
Child NA: They’re from the scales. It’s what the scales said
Teacher 2: And what do they say? What information do they give?
Child LC: How much they weigh
Child NI: The fat ones

4.3.ab Firstly, they order according to the criterion of length:
Child NA: The luxury ones 8, the ones for the purée 4, for the supermarket 6 and the canteen 5
Then, according to the criterion of mass:
Teacher 1: Ah, don’t you consider the data from the scales?
Child LC: No, they’re very big
Teacher 1: Really?
Child LC: There are three numbers
Child NA: Miss, the luxury ones weigh the most because they have the number with the most 

figures. They’re bigger in every way

Table 6  Interpretation phase

5.1.ab Child E.: Look at them both, they start with the same number and they have three figures 
Child NU: They’re the same 
Child M: The same size. They’re the biggest ones 
Child C: And then this one is medium
Child NU.: These ones are the small ones, they only have two numbers

5.2.a Teacher 1: So, which weigh more? The apples for the school canteen or for the supermarket?
Child Na: The ones for the supermarket, they are 6
Teacher 1: Why?
Child Ni: 6 is more than 5. The ones for the school are 5

5.2.b Teacher 1: So, if we take an apple for the supermarket, what happens?
Child NI: That it is 6 long
Teacher 3: Why?
Child NA: Because the ones for the supermarket are like that. If it was more, they would be for 

the luxury hotels
Child LC: And less for the purées and for the schools
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The Interpretation Phase

The majority of indicators of this phase, which are linked to the fifth step of the 
modelling cycle proposed by Blum and Leiβ (2007), have been identified in all 
of the groups. For example, as is shown in the evidence in Table 6, in the green 
team, a solution was proposed which consisted of stating that the better qual-
ity apples, for the luxury hotels, were the biggest and heaviest ones. This solu-
tion was interpreted based on the fact that the greater the size, the more fruit 
and weight. Some pupils also contribute certain arguments in order to justify the 
validity of the results. For example, if the numbers are big, it means that they 
weigh more or that the numbers depend on the size of the apples.

The Validation Phase

In the sixth step of the modelling cycle (Blum & Leiβ, 2007), all of the groups 
explain and check their models (indicator 6.1.ab). Furthermore, they evaluate 
whether they offer a (total or partial) solution for ordering the apples based on 
length and/or mass or other aspects (6.2.ab), and in some cases they make generali-
zations (indicator 6.3.b). These justifications and evaluations occur on a micro level, 
in other words, inside of each group (Table 7).

Table 7  Validation phase

6.1.ab Teacher 1: Which is the biggest? 
Child J: This one 
Teacher 1: Why? 
Child J: Because it weighs a lot 
Teacher 1: How much is a lot? 
Child J: A lot of numbers 
Child B: The arrow went right to the bottom 
Teacher 1: And this one? (pointing to a small apple with blemishes)
Child B: This one over here, not many numbers, the arrow didn’t move much

6.2.ab Teacher 1: How did you classify them? Which ones are for the purées?
Child NU: The ugly ones, the ones with marks on them
Teacher 1: Really?
Child E: They are the smallest ones
Teacher 1: Why?
Child 9I: Because they don’t weigh much, two numbers

6.3.b Child NA: We ordered them according to what they measure
Teacher 1: Which are for the purées?
Child NA: The ones that measure 4, the smallest ones
Teacher 1: And for the luxury hotels?
Child A: The biggest ones, which measure 8
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The Presenting Phase

Upon finishing the group work, the pupils are encouraged to socialize as a class 
group the different strategies employed and the decisions taken by the teams 
throughout the activity to establish the classifications of the apples according 
to length, mass or other aspects. In indicators 7.2.ab in Table 8, for example, it is 
shown how one group explains the criterion used for classifying the apples.

According to Blum and Leiβ (2007), this presentation on a macro level makes it 
possible to gather observations and to carry out the necessary adjustments with the 
aim of progressively improving the model and to make one, more refined, model all 
together by uniting the contributions of all of the teams, as is shown in the rest of the 
indicators.

To sum up, the teams of pupils built concrete models which have allowed them 
to classify the apples according to different criteria. They have also been able to 
identify certain limitations during the modelling process (e.g. measuring with a 
ruler is not effective, interpreting numbers with 3 digits on scales, etc.) and have 
been able to explain how they obtained the results of the problem. Furthermore, 
they have internalized knowledge about the characteristics of the apples; a bad 

Table 8  Presenting phase

7.2.a.b (Yellow team) 
First of all, they order by the criterion of length: 
Child NA: The luxury ones that measure 8 are first. Then the ones for the supermarket, 6 and 
the ones for the school canteen, 5. The smallest ones that measure 4 are for the purées 
Then, they order according to mass: 
Child LC: The biggest ones, which weigh most are for the luxury hotels and the ones which 
weigh least are for the purées
Child NA: The weight coincides with the length

7.5.ab (Blue team)
Child G: They’re ugly, they have little spots, but they can still be used for cooking
Child Y: They can’t be thrown away
Child G: They’re food, you can’t throw food away
(Green team)
Child E: If they fall, you have to eat them quickly because they rot, like flowers. The ones with 

spots fell and nobody collected them from the tree because they were damaged
7.6.ab Teacher 1: Which apples do you prefer to sell?

Child NA: The ones for the purée
Teacher 1: Why do you say that?
Child NA: Because there are a lot of them
Teacher 1: A lot? How many are there?
Child HC: Let’s count
Child NA: They’re going to be able to make a lot of purée, there are a lot of us

7.8.b Teacher 1: Why are there more for the purée than for the supermarket?
Child NU: Because there are a lot of ugly ones with spots. And the ones for the supermarket 

don’t have spots and they’re not small
Child M: And the ugly ones aren’t 6, they don’t measure 6
Teacher 1: Shall we check?
Child M: Get a ruler Miss and you’ll see that they aren’t 6
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outward appearance does not mean that they cannot be used. Via the presentation 
of the different models, the children have been able to refine their own model and 
to create, all together, a single generalizable model in order to classify the apples 
for the different potential buyers.

Discussion

In this study, the activity “Classifying apples for potential buyers” has been 
designed based on Blum and Leiβ (2007) modelling cycle, and the presence of 
early mathematical modelling has been analysed based on the REMMP tool (Toalongo-
Guamba et al., 2020), which is an instructional rubric that can be used both as a 
grading and teaching tool (Andrade, 2000). As indicated above, the modelling 
cycle and the REMMP rubric are connected.

The majority of steps of the modelling cycle proposed by Blum and Leiβ (2007) 
are present in the early mathematical modelling activity analysed, although in some 
components of the REMMP tool, difficulties on the part of the pupils have been 
detected. Particularly, in the mathematical work phase, a lack of experience has been 
observed in interpreting the result of the measurement with instruments such as 
scales. These difficulties could also be due to their lack of conceptual understanding 
(or conceptual misunderstanding) of numbers (reading numbers from L to R or R to 
L).

In general terms, and without overlooking these difficulties, it can be stated that 
(Greefrath et al., 2013) the actions of schoolchildren aged 5–6 years interacting dur-
ing the modelling task have shown that they are capable of generating initial models 
in accordance with their mathematical knowledge (Ruiz-Higueras & García, 2011), 
that they are even able to handle knowledge from higher academic years (English, 
2006, 2010; English & Watson, 2018; English & Watters, 2005; Peter-Koop, 2009) 
and that these models can be collectively refined via interaction, negotiation and dia-
logue, with the mediation of the teacher.

In addition, another relevant aspect to highlight is that, in previous studies, Alsina 
and Salgado (2021), Alsina et al. (2021b), and Toalongo-Guamba et al. (2021) con-
clude that the thinking of children in early childhood education is concrete and, con-
sequently, the models they can create are also concrete. However, in this study we 
have seen that, if children refine their concrete models in the Presentation, they can 
develop a single generalizable model, improving their capacity for abstraction.

Based on this prior information, early mathematical modelling can be initially 
characterized as a process which, within the framework of the resolution of real 
problems, helps to create initial models for analysing, explaining and understanding 
reality, based on a process of reflection which implies constant comings and goings 
between real contexts and the mathematics employed by early year pupils. To cre-
ate these models, which are initially concrete (Alsina et al., 2021b), the following 
actions are carried out by early childhood students:
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(1) Understanding: they link the content of the problem with their prior knowl-
edge. They pose and/or respond questions about the problem, express the type of 
solution it would generate, represent the main characteristics and progressively 
express the problem to their classmates and teacher. In addition, they communi-
cate what the solution contributes to their context.
(2) Structuring: they identify the data of the problem and progressively identify 
the data which can be known and that which is unknown. Furthermore, they make 
proposals in order to simplify the problem.
(3) Mathematizing: they can show some difficulties in substituting the elements 
of the real context for mathematical objects and explain their use, in contrast to 
the general sub-competencies described by Greefrath et al. (2013). However, they 
can progressively justify this use based on the characteristics of the problem and 
identify the mathematical parameters present in the problem and the relations 
between them.
(4) Working mathematically: they can also use mathematical objects and strate-
gies in order to propose solutions for the problem and to obtain an initial math-
ematical model. Furthermore, as indicated by Alsina et al. (2021), depending on 
their age, pupils work with these objects to achieve their aim.
(5) Interpretation: they compare the solution with the initial problem, making the 
case for the results obtained, and progressively verify the coherence of the math-
ematical solution taken to the initial real problem, identifying any possible limita-
tions or restrictions..
(6) Validation: they justify the proposed model via valid arguments and evalu-
ate whether it provides a partial or total solution to the initial problem and can 
identify whether the model is always valid or if it requires changes in order to be 
generalizable to new situations.
(7) Presenting: finally, they communicate the decisions taken throughout the 
modelling process and the concrete model obtained applied to the real context, 
using different language and/or representations depending on their level (draw-
ings, outlines, tables of values, graphs, symbols). Furthermore, they listen to the 
observations and/or suggestions of their classmates and/or teacher, analysing 
them critically and responding appropriately. Also, as their level advances, they 
reflect on the strategies employed when they do not manage to obtain a solution 
and they socialize it, building more generalizable models.
Another finding of our study focuses on the role of the teachers in promoting 
mathematical modelling skills. As far as the teacher is concerned, it should be 
mentioned that significant progress has been observed in the planning and han-
dling of the early mathematical modelling activity in comparison with other pre-
liminary activities which were analysed with the same tool (e.g. Alsina & Salgado, 
2021; Alsina et  al., 2021b; Toalongo-Guamba et  al., 2021). We attribute this 
improvement to the professional development with regard to the teachers’ experi-
ences in early mathematical modelling activities in the classroom, having a posi-
tive impact on the work produced by the pupils. In accordance with Suh et  al. 
(2017), this information shows the importance of the role of the teacher in the 
implementation of mathematical modelling in the classroom.
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Finally, it should also be mentioned the lack of experience of early years teachers 
in Spain for carrying out mathematical modelling activities in the classroom. From 
this perspective, it is necessary to provide tools to help them incorporate mathemati-
cal modelling into their classes. For this reason, the design of the REMMP tool ful-
fils the double purpose of an instructional rubric, in the sense proposed by Andrade 
(2000): that it will serve teachers as a guide and for evaluation purposes. In the future, 
it will be necessary to design new studies that analyse the use of REEMP as a mark-
ing and teaching tool to contribute to teachers’ professional development in early 
mathematical modelling, as well as identifying similarities and differences between 
this rubric and other tools or techniques used from different theoretical frameworks.
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