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Abstract

The non-monotonic bahavior of the electron repulsion energy and the

interelectronic distance, as a function of the internuclear separation, in the
3Πu excited state of the hydrogen molecule has been assessed by explicitly

calculation and analysis of the electron-pair density distribution functions

from high level ab initio Full Configuration Interaction wave functions, for

both the 3Πu and the 1Πu states. Additionally, the Hund’s rule as applied

to these two states has been accounted for in terms of simple electronic

shielding effects induced by wave function antisymmetrization.

1 Introduction

Electron-pair densities describe the relative motion of any two electrons of the
system and were first introduced by Coulson et al. to gain insight into the physi-
cal consequences of electron correlation [1, 2, 3]. Nowadays, however, interest on
electron-pair densities stems from their usage to develop faster and more accu-
rate computational methods within both, the molecular orbitals theory [4] and
the density functional theory frameworks [5]. Additionally, electron-pair densi-
ties have recently been used to unveil the distinctive features of the two-electron
density in different types of chemical bonds [6, 7, 8, 9, 10].

Electron-pair densities do also reveal, even for electronic ground states [11,
12, 13], a number of features of the quantum correlations between electrons
that are challenging to predict at a first sight for, in many cases, they are coun-
terintuitive. Excited states, as expected, exhibit such counterintuitive effects
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more commonly. Thus, the double-well first and second excited states of 1Σ+
g

symmetry, known respectively as the EF and GK excited states, of the hydro-
gen molecule show an intriguing non-monotonic behavior of the mean electron-
electron distance with respect to increasing the internuclear distance. Indeed,
at sharp variance with the ground state [14], the mean electron-electron dis-
tance decreases as the internuclear distance increases in the transition from the
E to the F minima [15], and in the transition from the G to the K minima [16],
respectively.

In this vein, Tal and Katriel [17] and Colbourn [18] reported the (counter-
intuitive) non-monotonic behavior of the electron repulsion energy in the 3Πu

excited state of H2. Indeed, based on their (crude) Hartree-Fock (HF) calcula-
tions, with a small basis set consisting of four uncontracted sp primitives, they
found that an increase of the internuclear distance carries an increase of the elec-
tron repulsion energy and a concomitant decrease of the mean interelectronic
distance, in the domain of the short internuclear distances. This remarkable
counterintuitive feature is not seen in the parent, as arising from the same
1σ11π1

u configuration, 1Πu excited state. For this state, the electron repulsion
energy decreases monotonically as the internuclear separation increases, in the
whole range of internuclear separations, in accordance with common (classical)
intuition. One is naturally prone to attribute this unexpected counterintuitive
behavior of the triplet state to the expected failure of HF method for states
like these ones which bear substantial multiconfigurational character, in spite
of Tal and Katriel hypothesis:”. . .the non-monotonic trend is real rather than a

Hartree-Fock artifact”.
In this paper, electron-pair densities obtained from high-level ab initio Full

Configuration Interaction calculations will be used to examine these issues and
to put into proper perspective earlier preliminary calculations [19], demonstrat-
ing that the Tal and Katriel hypothesis is true.

2 Calculations

The radial electron-pair density distribution, h(u), of an electronic state | Ψ〉,
is:

h(u) = u2

∫

I(u) dΩu (1)

where, I(u), the so–called [20] intracule density,

I(u) = 〈Ψ |
∑

i>j

δ(u− ri + rj) | Ψ〉 (2)

stands for the probability density of the coordinates u− ri, rj of any two elec-
trons to be separated by the vector u. Ωu, in Eq. (1), stands for the solid angle
subtended the interelectronic vector u.

Observe that the moments of radial electron-pair density,

〈un〉 =

∫

∞

0

unh(u) du (3)

2



yield various interesting two–electron properties, like the electron repulsion for
n=–1, the number of electron pairs, n=0, and the mean interelectronic distance
for n=1. Additionally, it is worth noting that the intracule density can be
inferred from accurate total X-ray intensities [21].
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Figure 1: Calculated potential energy curves for the 1,3Πu excited states of H2.
Energy and internuclear distance, R, in a.u.

3 Results

We have calculated the intracule density, I(u), and its spherically averaged
electron-pair density distribution function, h(u), for both the 3Πu and the 1Πu

states of H2 from an accurate Full Configuration Interaction (FCI) wave function
constructed from a large Gaussian basis set which is described in detail in Ref.
[22].

The calculated potential energy curves resulting from the calculations are
shown in Figure 1, and Table 1 gives the spectroscopic constants calculated
at the equilibrium geometries, along with the available experimetal data. Ob-
serve that the equilibrium distance of both states and the harmonic vibrational
frequencies, ωe, are given rather accurately with repect to their experimental
marks.

The inset graph of Figure 1 shows that the 1Πu state rises above the dis-
sociation limit asymptote at R = 7.17 a.u., and reaches a tiny maximum at
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the large internuclear distance of R = 9.0 a.u. Its height with respect to the
dissociation asymptote is 0.014 eV. These results are consistent with respect
to earlier calculations of the potential energy curve of this state [23] and lend
support to the accuracy of our calculated wave functions.

Table 1: Equilibrium distances, in a.u, Energies, in a.u., vibrational frequencies,
in cm−1, electron repulsion energies, in a.u., and electron-electron coalescence
densities, in a.u, for the 1,3Πu excited states of H2. Experimenatal values, in
parenthesis, from Ref. [24].

1Πu
3Πu

Re 1.95 1.96

(1.952) (1.961)
E –0.716055 –0.736850
ωe 2446.2 2460.9

(2442.7) (2465.0)
〈

u−1
〉

0.229863 0.246438
I(0) 0.81×10−2 0.26×10−6

The calculated mean values (n = ±1) of the intracular coordinate u, eval-
uated as in Eq. (3), are shown in Figure 2 as a function of the internuclear
separation, R. The counterintuitive bahavior of both the electron repulsion en-
ergy and the interelectronic distance, within the domain of short internuclear
separations, i. e.: R ∈ [0.2− 0.5] a.u., for the 3Πu state is readily seen upon
inspection of Figure 2, which is in sharp contrast with the smoothly monotonic
behavior observed for its parent 1Πu state.

This puts in place that the non-monotonic behavior of the electron repulsion
and its associated interelectronic distance in the 3Πu state, in the domain of
short internuclear distances, is not an artifact arising from the crudeness of its
HF description.

Inspection of the difference between the electron-pair density distribution
functions calculated at two internuclear distances, namely,

∆h(u;R,∆R) = h(u;R)− h(u;R+∆R), ∆R > 0 (4)

provides an alternative view of these unusual correlation effects, relative to the
more familar h(u)−hHF (u) difference. Indeed, as seen in Figure 3, we observed
that for the 1Πu state, increasing the internuclear distance from R = 0.2 a.u.
to R = 0.5 a.u., from R = 0.5 a.u. to R = 0.75 a.u. and from R = 1.5 a.u
to R = 1.95 a.u. results in a decreased probability of finding the electrons at
short distances and a concomitant increased probability of finding the electrons
at larger distances. Notice that the three curves of the right panel of Figure 3
are positive for small interelectronic distances, hence the probability of finding
two electrons within these short interelectronic distances is larger for the small
internuclear distance, and vice-versa for large interelectronic distances.
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Figure 2: Dependence of the mean interelectronic repulsion energy,
〈

u−1
〉

, (left

panel) and the mean interelectronic separation,
〈

u+1
〉

, (right panel) in the 3Πu

state (solid curve) and in the 1Πu state (dashed curve).

However, for the 3Πu state, the probability of finding the electrons at short
relative distances is larger for R = 0.2 a.u. than for R = 0.5 a.u, in spite of the
tiny positive peak at u ∼ 1.25 a.u., and clearly much larger for R = 0.75 a.u.
than for R = 0.5 a.u. (see dotted curve of the left panel of Figure 3), opposite
to what is found for larger internuclear distances. For instance, the probability
of finding the two electrons close to each other is larger at R = 1.5 a.u. than at
R = 1.95 a.u., in accordance with intuition.

But, as mentioned above, at smaller internuclear distances, increasing the
internuclear distance, increases the probability of finding the electrons at short
interelectronic distances. This behavior is counterintuitive, and should be seen
as one more (unexpected) effect of the symmetry constraints imposed by the
Pauli principle.

4 Hund’s Rule in the 1,3Πu States of H2.

The parent 1,3Πu states of the hydrogen molecule differ because of the different
symmetry constraints which Pauli’s principle imposes to the spatial part of
their corresponding wave functions. Thus, while the singlet state transforms
symmetrically with respect to exchanging the electronic coordinates, r1 ↔ r2,
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Figure 3: Difference of the electron-pair density probability function for the
3Πu state (left panel) and for the 1Πu state (right panel). Solid curve: h(u;R =
0.2)− h(u;R = 0.5), dotted curved: h(u;R = 0.5)−h(u;R = 0.75), and dashed
curve: h(u;R = 1.5)− h(u;R = 1.95)

the triplet state’s spatial part of the wave function must do it antisymmetrically,
namely,

Ψ(r1, r2) = −Ψ(r2, r1), ∀(r1, r2) (5)

and, consequently,

Ψ(r1, r1) = 0, ∀r1 (6)

This allows for the straightforward evaluation of the electron-electron coales-
cence density [25], namely: I(u = 0), for the triplet state as:

I(0) = 〈Ψ |δ(r1 − r2)|Ψ〉

=

∫

dr1dr2Ψ
∗(r1, r2)Ψ(r1, r2)δ(r1 − r2)

=

∫

dr1Ψ
∗(r1, r1)Ψ(r1, r1) = 0 (7)

Our explicitly calculated values of I(0) for the 3Πu state, shown in Table 1
agree with this prediction, and lend further support to our calculated intracule
densities.
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Furthermore, due to the continuity of the intracule density function, it is
expected that the spherically averaged electron-pair density distribution func-
tion, h(u), will start building up slower in the triplet state than in the singlet,
because in the singlet state I(0) > 0 (see Table 1). Consequently one expects
that the probability of finding two electrons at short interelectronic distances
will be larger for the singlet than for the triplet.

The electron-pair density distribution function differences of the 3Πu state
minus that of 1Πu state, at a number of selected internuclear distances, plotted
in Figure 4, confirm this assumption. Namely, as stated above h(u) is smaller
at small interelectronic distances, u, for the triplet than for the singlet, hence
the negative values shown in Figure 4 at short interelectronic distances u, irre-
spective of the internuclear distance.
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Figure 4: Difference between the electron-pair density probability functions of
the 3Πu state and the 1Πu state. Solid curve: R = 0.2 a.u. Dashed curve
R = 0.5 a.u. Dotted curve: R = 1.5 a.u. Dotted and dashed curve: R = 1.95
a.u.

The Pauli principle, therefore, prevents electrons to come into close proxim-
ity of each other, as is well known. A natural consequence of this is (hypoth-
esized) that the electron repulsion in the triplet state should be smaller than
in its parent same-configuration singlet state, where electrons are not impeded
to approach each other, and consequently, due to associated decreased electron
repulsion energy, the triplet (high) spin state results to be more stable that the
singlet (low) spin state. This has been claimed to constitute the physical basis
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of the Hund’s rule [26, 27, 28], which the 1,3Πu excited states of H2 strictly
fulfill.

However, the data reported in Table 1 and in Figure 2, shows that this is
not the case for the 1,3Πu excited states of H2. Indeed, the electron repulsion
energy for the triplet state is larger than for the singlet state, irrespective of
the internuclear distance. Additionally, it is worth recalling that numerous
explicit evaluations of the electron repulsion energy for the various spin states
arising from the same configuration found, with no exception, that the electron
repulsion energy is larger in the high-spin state (see Ref. [29], page 234). This
invalidates the explanation outlined above for the Hund’s rule as it was elegantly
put forward by Boyd [30, 31] and subsequently elaborated by others [32, 33].

The physical basis of the lower energy of the 3Πu, with respect to its parent
1Πu state, is drawn in Figure 4. Notice that although the probability of finding
the electron in close proximity is smaller in the triplet than in the singlet, the
triplet favors intermediate interelectronic distances, as compared to the singlet
state. Additionally, notice also that the probability of finding the electrons at
large separation, is larger in the singlet than in the triplet, alike the behavior
found for short interelectronic distances. The triplet state, therefore, favors
intermediate interelectronic distances which makes the electronic cloud more
compact in the triplet than in the singlet and, consequently, makes the electron-
nucleus attraction energy larger in the triplet than in the singlet, in such an
amount that it outweighs the larger electron repulsion of the latter [34, 35, 36,
37, 38].

In other words, since the electrons of the triplet avoid each other in the
vicinity of the nuclei they screen less the nuclear charge and, consequently the
electron cloud gets more compact than in the singlet for which the nuclear
charge is screened more efficiently [39]. This leads ultimately to an increased
electron-nucleus attraction for the triplet, which overweights the larger electron
repulsion of the triplet yielding, therefore, a more stable triplet state.

5 Summary

We have demonstrated, in accordance with Tal and Katriel [17], that the non-
monotonic behavior with respect to the internuclear separation of the electron
repulsion energy and its associated mean interelectronic distance in the 3Πu

excited state of the hydrogen atoms are real, counterintuitive, effects of the
symmetry constraints imposed by the Pauli principle on the wave function of
triplet states. High-level Full Configuration Interaction calculations show that
while in the 1Πu excited state the electron repulsion energy and its associated
mean interelectronic distance behave monotonically, in the 3Πu excited state,
the electron repulsion energy increases and the mean interelectronic distance
decreases as the internuclear separation increases.

Finally, we have found that the Hund’s rule, which holds also for these
1,3Πu same-configuration, 1σ1

gπ
1
u, excited states, can be accounted for in terms of

simple electronic shielding effects induced by wave function antisymmetrization,
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in consonance with the accepted interpretation [31].

6 Acknowledgment

This research has been funded by Euskal Herriko Unibertsitatea (the Univer-
sity of the Basque Country), Eusko Jaurlaritza (the Basque Government) and
the Spanish Office of Science and Technology (MINECO CTQ2014-52525-P).
JMU wishes to thank Prof. Russell J. Boyd for his continuous encouragement
and dedicated guidance over the years across the exciting field of electron-pair
densities.

References

[1] C. A. Coulson and A. H. Neilson. Electron correlation in the ground state
of helium. Proc. Phys. Soc., 78:831, 1961.

[2] R. F. Curl and C. A. Coulson. Coulomb hole in the ground state of two
electron atoms. Proc. Phys. Soc., 85(4):647, 1965.

[3] R. J. Boyd and C.A. Coulson. Coulomb hole in some excited states of
helium. J. Phys. B., 6:782–793, 1973.

[4] W. Kutzelnigg. Theory of electron correlation. In J. Rychlewski, editor, Ex-
plicitly Correlated Wave Functions in Chemistry and Physics. Theory and

Applications, chapter 1, pages 3–90. Kluwer Academic Publishers, Dor-
drecht, The Netherlands, 2003.

[5] N. T. Maitra and K. Burke. The Pair Density in Approximate Den-
sity Functionals: The Hidden Agent. In J. Cioslowski, editor, Many-

Electron Densities and Reduced Density Matrices, pages 183–208. Kluwer
Academic/Plenum Publishers, New York, 2000.

[6] M. Piris, X. Lopez, and J. M. Ugalde. Electron-pair density relaxation
holes. J. Chem. Phys., 128:214105, 2008.

[7] J. W. Hollett, L. K. McKemmish, and P. M. W. Gill. The nature of electron
correlation in a dissociating bond. J. Chem. Phys., 134:224103, 2011.

[8] Z. Zielinski and J. K. Pearson. The localized pair model of electronic
structure analysis. Comput. Theor. Chem., 1003:79–90, 2013. Invited, A.
J. Coleman special issue.

[9] D. C. Hennessey, B. J. H. Sheppard, D. E. C. K. Mackenzie, and J. K.
Pearson. Predicting bond strength from a single Hartree-Fock ground state
using the localized pair model. Phys. Chem. Chem. Phys., 16:25548–25556,
2014.

9



[10] A. J. Proud, D. E. C. K. Mackenzie, and J. K. Pearson. Exploring electron
pair behaviour in chemical bonds using the extracule density. Phys. Chem.

Chem. Phys., 17:20194–20204, 2015.

[11] J. Pearson, P. M. W. Gill, J. M. Ugalde, and R. J. Boyd. Can correlation
bring electrons closer together ?. Mol. Phys., 107:1089–1093, 2009.

[12] M. C. Per, S. P. Russo, and I. K. Snook. Anisotropic intracule densities
and electron correlation in H2: A quantum Monte Carlo study. J. Chem.

Phys., 130:134103, 2009.

[13] J. Wang, K. S. Kim, and E. J. Baerends. Counterintuitive coulomb hole
around the bond midplane. J. Chem. Phys., 132:204102, 2010.

[14] R. J. Boyd, C. Sarasola, and J. M. Ugalde. Intracule densities and electron
correlation in the hydrogen molecule. J. Phys. B, 21:2555–2561, 1988.

[15] J. Wang, J. M. Mercero, I Silanes, and J. M. Ugalde. Counterintuitive
effects of the electron correlation in the first-excited 1Σ+

g state of the hy-
drogen molecule. Europhys. Lett., 76:808–814, 2006.

[16] J. Wang, Y. Wang, S. Lv, and J. M. Ugalde. Electron correlation in the
GK state of the hydrogen molecule. J. Chem. Phys., 127:074307, 2007.

[17] Y. Tal and J. Katriel. Some unusual electronic precorrelation and corre-
lation effects in the 1,3Πu states of the hydrogen molecule. J. Phys. B.,
7:2113–2120, 1974.

[18] E. A. Colbourn. The interelectronic distribution in the lowest 1,3Πu states
of H2. J. Phys. B., 8:1926–1933, 1975.

[19] J. M. Mercero, E. Valderrama, and J. M. Ugalde. Electron correlation:
Quantum chemistry’s holy grail. In N. Russo, D. R. Salahub, and M. Witko,
editors, Metal-Ligand Iinteractions, volume 116 of NATO Science Series

II. Mathematics, Physics and Chemistry, pages 205–239. Kluwer Academic
Publishers, New York, USA, 2003.

[20] A. J. Thakkar. Intracules, extracules and all that. In R. Erdahl and V. H.
Smith, Jr., editor, Density Matrices and Density Functionals, pages 553–
581. Reidel, New York, 1987.

[21] N. Watanabe, S. Ten-no, S. Iwata, and Y. Udaguwa. Electron correlation
and Coulomb hole deduced from X-ray scattering intensities. In K. D. Sen,
editor, Reviews of Modern Quantum Chemistry, volume I, pages 553–577.
World Scientific, Singapur, 2002.

[22] J. M. Mercero, J. E. Fowler, C. Sarasola, and J. M. Ugalde. Bound excited
states of H− and He− in the statically screened Coulomb potential. Phys.
Rev. A, 57:2550–2555, 1998.

10



[23] J. C. Browne. Some Excited States of the Hydrogen Molecule. I. 1Πu

(1s2pπ) and 3Πu (1s2pπ). J. Chem. Phys., 40:43–46, 1964.

[24] G. Herzberg. Molecular Structure and Spectra, I. Diatomic Molecules. D.
Van Nostrand, Inc., New York, 1950. pp. 531-532.

[25] J. M. Ugalde and C. Sarasola. Upper bounds to the electron-electron coa-
lescence density in terms of the one-electron density function. Phys. Rev.

A, 49:3081, 1994.

[26] F. Hund. Zur Deutung verwickelter Spektren, insbesondere der Elemente
Scandium bis Nickel. Z. Phys., 33:345, 1925.

[27] F. Hund. Zur Deutung verwickelter Spektren. II. Z. Phys., 34:296, 1925.

[28] F. Hund. Linienspektren und Periodisches System der Elemente. Springer,
Berlin, 1927.

[29] E. Valderrama, J. M. Ugalde, and R. J. Boyd. Intracule and Extracule
Densities: Historical Perspectives and Future Prospects. In J. Cioslowski,
editor, Many-Electron Densities and Reduced Density Matrices, chapter 11,
pages 231–248. Kluwer Academic/Plenum Publishers, New York, 2000.

[30] R. J. Boyd. Relative sizes of high and low spin states of atoms. Nature,
250:566–567, 1974.

[31] R. J. Boyd. A quantum mechanical explanation for Hund’s multiplicity
rule. Nature, 310:480–481, 1984.

[32] J. Katriel and R. Pauncz. Theoretical interpretation of Hund’s rule. Adv.
Quantum Chem., 10:143, 1977.

[33] J. W. Warner and R. S. Berry. Hund’s Rule. Nature, 313:160, 1985.

[34] J. Katriel. Locality of the Pauli principle in atoms. Phys. Rev. A., 5:1990,
1972.

[35] P. E. Regier and A. J. Thakkar. Charge densities and two-electron intrac-
ules for the low-lying excited states of the helium-like ions. J. Phys. B.,
17:3391–3403, 1984.

[36] J. M. Ugalde and R. J. Boyd. The effect of electron correlation on one-
electron properties in the 23S and 21S excited states of the helium atom.
Chem. Phys. Lett., 114:197–200, 1985.

[37] A. J. Thakkar. Coulomb holes in the 2 3P and 2 1P states of the helium
like ions. J. Phys. B., 20:3939–3945, 1987.

[38] K. V. Darvesh and R. J. Boyd. Hund’s rule and singlet-triplet energy
differences for molecular systems. J. Chem. Phys., 87:5329, 1987.

[39] J. W. Warner, L. S. Bartell, and S. M. Blinder. Electron Correlation and
Hund’s Rule. Int. J. Quantum Chem., 18:921–935, 1980.

11


	1 Introduction
	2 Calculations
	3 Results
	4 Hund's Rule in the 1,3u States of H2.
	5 Summary
	6 Acknowledgment

