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Are the maximum hardness and minimum polarizability principles always
obeyed in nontotally symmetric vibrations?

Miquel Torrent-Sucarrat, Josep M. Luis, Miquel Duran, and Miquel Solà
Institut de Quı´mica Computacional and Departament de Quı´mica, Universitat de Girona,
E-17071 Girona, Catalonia, Spain

~Received 7 February 2002; accepted 9 September 2002!

In a recent paper@J. Am. Chem. Soc.123, 7951 ~2001!# we have shown for the first time the
existence of molecules with nontotally symmetric vibrational modes that break the maximum
hardness~MHP! and minimum polarizability~MPP! principles. We present here an extension of this
previous work by devising a mathematical procedure that helps to determine the nontotally
symmetric molecular distortions of a given molecule that do not follow the MPP or the MHP. This
methodology is based on the diagonalization of the Hessian matrix of the polarizability or the
hardness with respect to the vibrational normal coordinates. For a relatively large series of
molecules, we have carried out diagonalizations of the Hessian matrix of the polarizability to
determine the molecular distortions with a more marked MPP or anti-MPP character. From the
results obtained, we have derived a set of simple rules that allow to predicta priori without
calculations the existence of vibrational modes that break the MPP. With respect to the MHP, the
results strongly depend on the method of calculation, but the same rules are useful to predict the
existence of vibrational modes that disobey the MHP when the Koopmans’ approximation is used to
calculate the hardness. ©2002 American Institute of Physics.@DOI: 10.1063/1.1517990#
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I. INTRODUCTION

The quest for principles, laws, theorems, postulates
rules that rationalize the large body of available scatte
information on chemical reactions is a major task
chemists.1 The most traditional chemical reactivity principle
are those based on thermodynamics, the maximum ent
principle2 being the most significant example of this grou
The change in molecular structure when going from re
tants to products through the transition state is the key as
of a second branch of reactivity principles. Among the
principles founded on molecular structure, the most imp
tant is probably the Hammond’s postulate formulated
1955.3 Finally, there is a set of electronic structure reactiv
principles that monitor the evolution along the reaction c
ordinate of some electronic properties, such as the electr
gativity, hardness, polarizability, bond order, frontier orbita
etc. In this last group one can make a distinction between
principles based on general quantum theory, for instance
Hückel rule,4 the Woodward–Hoffmann rules,5 and the
maximum molecular valence principle,6 and those that are
rooted in the density functional theory~DFT!, such as the
Sanderson electronegativity equalization principle~EEP!,7

the hard-soft acid-base principle~HSAB!,8,9 the maximum
hardness principle~MHP!,9–11 and minimum polarizability
principle ~MPP!.12,13

Actually, the MHP and MPP principles are among t
most widely accepted electronic structure principles
chemical reactivity. The MHP affirms that, at a given te
perature, molecular systems evolve to a state of maxim
hardness. The MPP was formulated on the basis of the M
and an inverse relationship between hardness
polarizability.14 This principle states that the natural directio
10560021-9606/2002/117(23)/10561/10/$19.00
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of evolution of any system is towards a state of minimu
polarizability. Both principles have been applied successfu
to the study of molecular vibrations,9,15–18 internal
rotations,6~b!,19 excited states,20,21 aromaticity,22 and different
types of chemical reactions.12,23–33It has been found in mos
of these cases that the conditions of maximum hardness
minimum polarizability complement the minimum energ
criterion for molecular stability.

A formal proof of the MHP based on statistical mecha
ics and the fluctuation–dissipation theorem was given
Parr and Chattaraj11 under the constraints that the chemic
potential and the so-called external potential (v(r )) must
remain constant upon distortion of molecular structure. H
v(r ) is the potential acting on an electron atr due to the
nuclear attraction plus such other external forces as may
present. These are two severe constraints that are usuall
fulfilled. However, relaxation of these constraints seems
be permissible, and in particular, it has been found tha
most cases the MHP still holds even though the chemical
external potentials vary during the molecular vibration, int
nal rotation or along the reaction coordinate.12,15–33Hereaf-
ter, we will refer to the generalized MHP~GMHP! or MPP
~GMPP! as the maximum hardness or minimum polarizab
ity principles that do not require the constancy of chemi
and external potentials during molecular change. It is wo
emphasizing that the generalized versions of these princi
have not been proven.

Given the inherent complexity of chemical reactions it
difficult to find principles of chemical reactivity that can b
applied to any reaction. In fact, apart from the principl
based on thermodynamics, most principles of chemical re
tivity are qualitative and they do not have a general appli
1 © 2002 American Institute of Physics
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bility. For instance, this is the case of the Hammond pos
late for which a number of failures have bee
reported.29,34–36 It is also the situation of the GMHP an
GMPP that fail in some chemical reactions26,29,33and excited
states.21 In most of these cases it has been found that
chemical and external potentials change noticeably du
the process. Therefore these observations do not violate
strict MHP because this principle is rigorously valid on
under constant chemical and external potentials.

In addition to chemical reactions, the molecular moti
along a nontotally symmetric vibration is also an interest
case in point to analyze from the viewpoint of the MHP a
MPP. Let us start with a molecule in its equilibrium geom
etry and make a displacement from equilibrium along a n
totally symmetric normal mode. For this particular molecu
motion and using symmetry arguments, Pearson and Pa15

showed that the values of the average external pote
(ven), hardness~h!, polarizability ~a!, and chemical poten
tial ~m! for the positive deviation will be the same as tho
for the negative deviation from equilibrium. Then, ifQ rep-
resents a nontotally symmetric normal mode coordinate
follows that (dh/dQ)5(da/dQ)50, and more important
(dm/dQ)5(dven/dQ!50 at the equilibrium geometry,ven

being the electron–nuclear attraction potential energy. A
a small displacement,DQ, from the equilibrium geometry
the average external potential may be written as

ven5ven
o 1S dven

dQ DDQ1•••, ~1!

and, therefore, since (dven/dQ)50 we have that for smal
nontotally symmetric displacementsven is approximately
constant. The same applies to the chemical potential. He
the chemical and external potential are roughly constant37 for
small distortions along nontotally symmetric normal mod
thus nearly following the two conditions of Parr an
Chattaraj.11 As a consequence, the MHP and MPP are
pected to be obeyed for nontotally symmetric vibrations,
confirmed by most numerical calculations of hardness
polarizability along the nontotally symmetric normal mod
performed so far.9,15–18For totally symmetric distorsions, th
situation is drastically different. Now, starting from the equ
librium geometry the hardness keeps increasing steadil
the nuclei approach each other. Therefore, the equilibr
structure is not a maximum of hardness for displaceme
along totally symmetric normal modes. This is not a vio
tion of the strict MHP since neither the chemical nor t
external potentials are kept constant during this kind of d
tortion.

We have recently shown38 for the first time the existence
of nontotally symmetric vibrational modes that break t
generalized versions of the MHP and MPP. We have fou
that the modes that disobey the GMHP and GMPP have
characteristic nuclear displacements of bond length alte
tion ~BLA ! modes. In contrast to the examples of a bre
down of the GMHP and GMPP reported to date,21,26,29,33this
is an example of a failure of these principles for the m
favorable case in which the external and chemical poten
keep nearly constant. Remarkably, we have found that m
ecules such as pyridine, benzene, naphthalene, or by
loaded 02 Dec 2010 to 84.88.138.106. Redistribution subject to AIP licens
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nylene possess nontotally symmetric BLA modes that viol
the GMHP and GMPP, whereas others such as furan, cy
pentadiene, cyclooctatetraene, or benzocyclobutadiene
not.

The aim of the present work is to report the results o
tained for these systems~only pyridine was described in th
previous work38! and to explain the reasons for the differe
behavior among these related molecules.

II. COMPUTATIONAL DETAILS

All geometry optimizations and chemical potentia
hardness, polarizability, and frequency calculations h
been performed at the Hartree–Fock~HF!, hybrid density
functional B3LYP,39 second-order Møller–Plesset~MP2!,40

and singles and doubles quadratic configuration interac
~QCISD! ~Ref. 41! methods using Pople standard ba
sets,42 such as the 6-31G and the 6-311G** basis sets, and
also the aug-cc-pVTZ~Ref. 43! basis set. All calculations
have been carried out with theGAUSSIAN 98 package.44

The exact definitions ofm andh were given by Parr and
Pearson9,45 in the framework of the conceptual density fun
tional theory as

m5S ]E

]ND
n(r )

, ~2!

h5S ]2E

]N2D
n(r )

5S ]m

]ND
n(r )

. ~3!

A three-points finite difference approximation leads to t
following working definitions of these quantities,

m52 1
2 ~ I 1A!, ~4!

h5I 2A. ~5!

I andA are the first vertical ionization potential and electr
affinity of the neutral molecule, respectively. For the calc
lation of I and A, the energy of the cationic and anion
doublet species has been computed within the unrestri
methodology at the geometry of the neutral systems, w
the neutral singlet molecules have been calculated using
restricted formalism.

The Koopmans’ theorem (I'2«H andA'2«L) allows
one to write m and h in terms of the energy of frontie
HOMO («H) and LUMO («L) molecular orbitals of the ref-
erence species.9,45 For closed shell species one obtains,46

m5 1
2 ~«L1«H!, ~6!

h5«L2«H . ~7!

It is worth noting that given the particular definition ofm and
h @Eqs.~2! and~3!#,9,45 all operational equations that provid
m and h values, and, in particular Eqs.~4!–~7!, are
approximate.48

Finally, the isotropic average polarizability has been o
tained using

a5
axx1ayy1azz

3
. ~8!
e or copyright; see http://jcp.aip.org/about/rights_and_permissions
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TABLE I. HF, B3LYP, MP2, and QCISD static isotropic average polarizabilities, chemical potentials, and hardness for the molecular distortions ofnzene
along the twoB2U normal vibrational modes depicted in Fig. 1.a

Property

HF B3LYP MP2 QCISD

6-31G 6-311G** aug-cc-pVTZ 6-31G 6-311G** aug-cc-pVTZ 6-31G 6-311G** 6-31G 6-311G**

a Eq. 51.098 08 56.790 26 66.740 75 53.330 33 59.177 84 69.337 44 52.989 86 58.243 66 51.365 33 57
1B2U 60.04b 51.095 81 56.783 53 66.730 66 53.331 36 59.178 83 69.338 21 52.990 57 58.245 01 51.364 15 57
2B2U 60.04b 51.096 90 56.790 69 66.740 38 53.315 58 59.167 57 69.323 36 52.966 88 58.214 45 51.363 38 57

22m1 Eq. 0.185 837 0.199 504 0.308 492 0.244 452 0.265 797 0.278 068 0.188 612 0.201 079 0.188 872 0.2
1B2U 60.04b 0.185 841 0.199 507 0.308 536 0.244 457 0.265 801 0.278 072 0.188 617 0.201 084 0.188 875 0.2
2B2U 60.04b 0.185 847 0.199 513 0.308 509 0.244 430 0.265 783 0.278 059 0.188 621 0.201 093 0.188 881 0.2

h1 Eq. 0.482 066 0.472 429 0.368 479 0.251 955 0.246 958 0.242 999 0.471 510 0.466 611 0.471 236 0.4
1B2U 60.04b 0.482 105 0.472 513 0.368 523 0.251 957 0.246 962 0.243 003 0.471 515 0.466 614 0.471 262 0.4
2B2U 60.04b 0.482 120 0.472 457 0.368 495 0.252 137 0.247 088 0.243 114 0.471 828 0.467 079 0.471 312 0.4

22m2 Eq. 0.343 657 0.357 857 0.373 143 0.248 669 0.270 304 0.325 148 0.296 006 0.338 065 0.325 000 0.3
1B2U 60.04b 0.345 388 0.359 288 0.373 036 0.248 423 0.270 394 0.325 153 0.299 484 0.338 113 0.324 980 0.3
2B2U 60.04b 0.343 491 0.359 347 0.373 015 0.248 551 0.270 299 0.325 285 0.314 677 0.335 354 0.324 858 0.3

h2 Eq. 0.576 654 0.566 325 0.549 814 0.418 974 0.408 187 0.356 377 0.532 549 0.513 037 0.546 491 0.5
1B2U 60.04b 0.574 521 0.564 908 0.549 767 0.419 015 0.408 275 0.356 380 0.529 137 0.513 088 0.546 489 0.5
2B2U 60.04b 0.576 528 0.564 908 0.549 695 0.419 066 0.408 325 0.356 515 0.544 568 0.515 787 0.546 403 0.5

aa,m1 ,h1 ,m2, andh2 are calculated using Eqs.~8!, ~6!, ~7!, ~4!, and~5!, respectively, all these values are given in a.u.m1 andh1 are calculated using the
HOMO and LUMO energies~in hartrees! of the Hartree–Fock molecular orbitals, except for the B3LYP method for which the Kohn–Sham orbital en
were used.

bThe distortions are given in bohrs.
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It is important to remark that polarizabilities and frequenc
in theGAUSSIAN 98package are calculated analytically at t
HF, B3LYP, and MP2 levels of theory and numerically wh
the QCISD method is used. The Hessian of the polarizab
with respect to the nontotally symmetric normal coordina
~vide infra! has been calculated by numerical differentiati
of the analytical first derivative of the polarizability wit
respect to the normal coordinates.

III. RESULTS AND DISCUSSION

We shall begin our discussion by considering two no
totally symmetric modes of benzene that disobey the GM
and GMPP. We will show that the results are basis set
method dependent. After that, a method for automatic de
tion of nontotally symmetric motions that break the GMPP
the GMHP will be presented, although it will be applied f
the GMPP only. The results obtained with this method ex
rience no dependence on the basis set and method at lea
all the studied systems as far as the GMPP is concer
Finally, we will derive a set of simple rules toa priori pre-
dict without calculations whether a given molecule will po
sess nontotally symmetric modes that disobey the GM
The usefulness of these rules to determine the existenc
vibrational modes that break the GMHP will be also d
cussed.

A. The benzene molecule as a test example

Table I collects the HF, B3LYP, MP2, and QCISD valu
of the hardness@Eqs. ~5! and ~7!#, chemical potential@Eqs.
~4! and ~6!#, and polarizability corresponding to the equilib
rium structure of benzene and to structures obtained f
positive and negative displacements~60.04 bohrs! along the
two B2U modes depicted in Fig. 1 for the different basis s
analyzed. In this figure it is clearly seen that theB2U vibra-
tional modes have the characteristic nuclear displacemen
loaded 02 Dec 2010 to 84.88.138.106. Redistribution subject to AIP licens
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BLA modes. The values of polarizability at the HF/aug-c
pVTZ level in Table I show that for these two modes t
equilibrium structure is a maximum of polarizability in con
tradiction with the GMPP. The increase in the polarizabil
along these twoB2U modes can be attributed to a certa
localization of thep electrons during the BLA vibration o
alternatively to an increase of the HOMO-LUMO gap~vide
infra! in a similar way to what we have observed f
pyridine.38 The results obtained at the HF level using t
aug-cc-pVTZ basis set are also found with the 6-31G ba
set, while for the 6-311G** basis set only the 1B2U mode
violates the GMPP.

With respect to the hardness, the HF results are m
dependent on the scheme used for the calculation@Eqs.~5! or
~7!# than on the basis set used. For all basis sets, the twoB2U

vibrational modes of Fig. 1 break the GMHP when the ha
ness is computed using Eq.~7!, while the same modes obe
the GMHP according to the HF values of the hardness co
puted with Eq.~5!. Thus, for this system, we observe di
metrically opposed trends when theh values are computed
using Eqs.~5! or ~7!. This is remarkable because it is a com
mon belief that, although the numerical values may diff
the overall qualitative trends remain unaltered whenh is cal-
culated using Eqs.~5! or ~7!.19,29For a given nontotally sym-
metric nuclear distortion, hardnesses obtained from Eq.~7!
tend to disobey more often the GMHP than those calcula
from Eq.~5! ~vide infra!. In particular, we have found severa
vibrational modes, apart from the twoB2U modes depicted in
Fig. 1, that disobey the GMHP when the hardness is ca
lated through Eq.~7!.47 However, the largest deviations from
the GMHP occurs in the twoB2U modes studied.

The increase in the hardness value obtained using Eq~7!
after a small displacement along the twoB2U modes studied
is mainly due to a stabilization of the degenerate HOMO
benzene. The LUMO energy remains either approximat
e or copyright; see http://jcp.aip.org/about/rights_and_permissions
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FIG. 1. Schematic representation of the displacement vectors corresponding to the twoB2U studied normal vibrational modes of benzene (1B2U and 2B2U)
and the twoB2U postdiagonalitzation nuclear distortions of benzene (1B2U8 and 2B2U8). The displacement vectors have been calculated at the HF/6-
level.
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constant or increases with theB2U vibrations. The stabiliza-
tion of the HOMO can be understood by observing the sh
of this degenerate orbital@Fig. 2~a!# and the BLA distortion
of the B2U vibrational modes~Fig. 1!. The decrease in the
HOMO energy is basically produced by the interaction b
tween adjacent C atoms as the molecule vibrates. The
crease in the bonding interaction when two adjacent C at
approach is more important than the reduction of the sa
bonding interaction as the C atoms move away. As a re
the HOMO is stabilized and the hardness increases in c
tradiction with the GMHP.

One could attribute the breakdown of the GMHP a
GMPP in these twoB2U normal modes to the fact that th
chemical potential and the external potential change sig
cantly during these vibrations. However, this is not the c
loaded 02 Dec 2010 to 84.88.138.106. Redistribution subject to AIP licens
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since we have found that variations in chemical and exte
potentials are similar among all nontotally symmetric mod
In fact, at the HF/6-311G** level, the 1B2U mode that dis-
obeys the GMPP presents a variation of chemical poten
upon distortion smaller than the 2B2U mode that follows the
GMPP ~see Table I!. Finally, we have checked that the H
results derived from Table I using displacements of60.04
bohrs remain qualitatively unaltered when using displa
ments of60.02,60.08, and60.16 bohrs.

The behavior of these twoB2U modes with respect to the
GMPP and GMHP is not only basis set dependent, but a
depends clearly on the methodology used to calculate
wave function or the electron density as one can see in T
I. Thus, concerning the GMPP, at the B3LYP and MP2 le
els, the 2B2U mode always disobeys the GMPP and t
e or copyright; see http://jcp.aip.org/about/rights_and_permissions
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FIG. 2. Representation of the
B3LYP/6-311G** isosurfaces 0.1
~black! and –0.1~grey! a.u. of the~a!
degenerate HOMO and~b! degenerate
LUMO of benzene.
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1B2U follows it with all basis sets used. On the other han
with the QCISD method~Table I! one finds that the two
modes violate the GMPP with all basis sets analyzed. W
regard to the GMHP, the two modes violate this principle
all methods and basis sets analyzed when using Eq.~7! to
calculate the hardness. The same result is obtained from
~5! using the aug-cc-pVTZ, 6-311G** , and 6-31G basis set
in conjunction with the B3LYP method. Finally, Eq.~5! pro-
vides almost opposite results for the MP2 and QCISD me
ods. Thus, according to the QCISD method, all modes o
the GMHP for the two different basis sets studied, while
opposite is found when using the MP2 method, except
the 1B2U calculated with the MP2/6-31G method.

It is interesting to remark that, in general, for a giv
level of theory, the modes that violate the GMPP, more ma
festly break the GMHP when the hardness is calcula
within the Koopmans’ approximation@Eq. ~7!#. Thus, for in-
stance, at the MP2/6-311G** level, the 2B2U vibrational
mode disobeys the GMPP while the 1B2U mode conform it.
Accordingly, the distortion along the 2B2U vibrational mode
has the largest increase in hardness when compared to
equilibrium value.

In summary, we have demonstrated here that there
loaded 02 Dec 2010 to 84.88.138.106. Redistribution subject to AIP licens
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BLA vibrational modes in benzene that may break the GM
and GMHP. However, the results exhibit a great depende
on the method and basis set used, and in the case o
hardness also on the scheme employed for estimating
value.

B. The diagonalization of the polarizability
Hessian matrix

We have shown in the previous section that some n
totally symmetric modes may have GMPP or anti-GMP
character depending on the methodology used for the ca
lations. We will discuss now a method to find nontota
symmetric distortions with GMPP or anti-GMPP charac
independent on the procedure of computation used. T
method is based on the diagonalization of the Hessian ma
of the polarizability with respect to the nontotally symmetr
normal coordinates, whose elements are obtained as

Akl5S ]2a

]Qk]Ql
D , ~9!

with k and l running over the nontotally symmetric mode
The diagonalization of the Hessian matrix of the polarizab
e or copyright; see http://jcp.aip.org/about/rights_and_permissions
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FIG. 3. A series of molecules with
nontotally symmetric vibrational
modes that satisfy the minimum polar
izability principle without exception.
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ity provides the nontotally symmetric distortions that pr
duce the largest polarizability changes, which correspon
nuclear displacements that have a more marked GMPP
anti-GMPP character than the original vibrational mod
Obviously, this method can be used to determine the nuc
displacements that have a more marked GMHP or a
GMHP character by just changing the polarizability by t
hardness in Eq.~9!. In this work, we have restricted ou
study to the polarizability for two reasons. First, the comp
tational effort required to calculate the Hessian matrix of
hardness is larger by several orders of magnitude due to
lack of analytical first and second derivatives of the hardn
with respect to the vibrational normal coordinates. Seco
whereas the polarizability can be computed exactly at
level of theory, hardness values obtained from different t
oretical approaches are all approximate.48

Makov17 demonstrated from symmetry consideratio
that molecular properties such as the hardness or the p
izability at the equilibrium geometry are an extremum, whi
could be either a minimum or a maximum, with respect
distortions along nontotally symmetric normal coordinat
Therefore, the sign of the diagonal terms of matrixA tell us
whether a certain nontotally symmetric vibrational mode h
GMPP or anti-GMPP character, thus giving us exactly
same information that the calculations performed in the p
vious section.

On the other hand, the eigenvectors obtained in the
agonalization of theA matrix are linear combinations of non
totally symmetric vibrational modes~for a given eigenvector
all implicated vibrational modes belong to the same symm
try species! giving the distortions that produce the large
polarizability changes. In this case, the sign of the eigenva
characterizes the GMPP or anti-GMPP character of the
tortion along a given eigenvector. If an eigenvector ha
negative eigenvalue, the equilibrium structure will repres
a maximum of polarizability along this distortion, whic
consequently does not fulfill the GMPP. On the contrary
loaded 02 Dec 2010 to 84.88.138.106. Redistribution subject to AIP licens
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the eigenvalue is positive, the equilibrium structure will re
resent a minimum of polarizability along this distortio
which therefore follows the principle.

Figure 1 depicts the two nontotally symmetric vibr
tional modes of benzene that according to the previous
tion may break the GMPP (1B2U and 2B2U) and the two
postdiagonalization distortions (1B2U8 and 2B2U8) com-
puted at the HF/6-31G level. The 1B2U8 distortion is a posi-
tive linear combination of the original 1B2U and 2B2U vi-
brational modes ~0.762*1B2U10.648* 2B2U) having a
negative eigenvalue. In the 1B2U8

distortion, only the
nuclear displacements of the carbon atoms are signific
and have a clear BLA character. This fact corroborates on
the conclusions of our previous work,38 i.e., the importance
of the BLA distortions of the heavier atoms on the brea
down of the GMPP. In contrast, the 2B2U8 has a positive
eigenvalue and it is a negative linear combination of
original 1B2U and 2B2U vibrational modes (20.648* 1B2U

10.762* 2B2U). In this 2B2U8 distortion, the displacement
of the carbon atoms have been reduced and those of
hydrogen atoms have been increased.

We have applied this methodology to 17 molecu
grouped in two different sets corresponding to the molecu
of Figs. 3 and 4 using the HF/6-31G method. All diagon
terms and eigenvalues of theA matrix of molecules in Fig. 3
are positive; therefore all the pre- and postdiagonalizat
nontotally symmetric distortions of these molecules are c
sistent with the GMPP. On the contrary, the systems of
Fig. 4 display one or more negative eigenvalues of theA
matrix ~see Table II!; consequently these molecules have o
or more nontotally symmetric distortions that break t
GMPP. In all studied molecules the postdiagonalization d
tortions with negative eigenvalues are the result of a lin
combination of the nontotally symmetric vibrational mod
that maximizes the BLA displacement.

The validity of these results have been confirmed in
case of the benzene molecule at the HF level using
e or copyright; see http://jcp.aip.org/about/rights_and_permissions



s
-
-
-
e
d

c-

10567J. Chem. Phys., Vol. 117, No. 23, 15 December 2002 Maximum hardness

Down
FIG. 4. List of molecules that posses
one or more nontotally symmetric dis
tortions that break the minimum polar
izability principle. Beside the symme
try group of the molecule there are th
number of negative eigenvalues an
diagonal terms of the A matrix, in
brackets and without brackets, respe
tively.
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6-31G, 6-311G** , and aug-cc-pVTZ basis sets and at t
B3LYP, MP2, and QCISD methods using the 6-31G basis
~see Table III!. Qualitatively, the results are equivalent wi
all methods and basis sets tested, thus reinforcing the b
that the postdiagonalization results are basically basis set
method independent.

One probably may anticipate that nuclear displaceme
having a marked anti-GMPP character~the 1B2U8 distortion
in benzene! have also a clear anti-GMHP behavior. To che
this hypothesis, we have calculated the hardness using
ferent methods and basis sets for the molecular displ
ments of benzene along the twoB2U8 HF/6-31G post-
diagonalization distortions depicted in Fig. 1~Table III!. As
for the originalB2U vibrations, we have found that the re
sults obtained are quite dependent on the scheme use
calculate the hardness. Thus, the twoB2U8 distortions break
the GMHP when using hardnesses values from Eq.~7! irre-
spective of the level of theory used. On the other hand,

TABLE II. HF/6-31G diagonal terms and eigenvalues of the Hessian ma
of the polarizability with respect to the nontotally symmetric modes.
values are given in a.u.

Molecules Akk Eigenvalues

Benzene (D6h) 1B2U 20.4253 21.0766
2B2U 20.1761 0.4753

Pyridine (C2V) 2B2 20.6871 21.0246
Pyrazine (D2h) 1B2U 20.1932 0.1178

2B2U 20.6932 21.1521
Pyrimidine (C2V) 3B2 20.7826 20.8935
Triplet cyclobutadienea (D4h) 1E2U 24.6154 25.4524

2E2U 24.6154 25.4677
3E2U 20.1886 0.4788
4E2U 20.1886 0.4772

Byphenylene (D2h) 2B1U 20.3867 0.0153
4B1U 20.6803 22.3683
5B1U 20.4949 0.5141

Naphthalene (D2h) 2B2U 20.0323 0.0525
3B2U 20.7520 21.5846
5B2U 20.1742 0.3909

aEigenvalues belonging to theE2U irreducible representation are only ap
proximately degenerated because of small numerical inaccuracies.
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results achieved using hardnesses obtained from Eq.~5! are
quite dependent on the basis set and the method of calc
tion. At the HF/aug-cc-pVTZ, HF/6-311G** , and the MP2/
6-31G levels, the 1B2U8 distortion violates the GMHP while
the 2B2U8 distortion follows it. With the B3LYP/6-31G
method bothB2U8 displacements disobey the GMHP. Finall
using the HF and QCISD methods and the 6-31G basis se
is found that the twoB2U8 distortions act in accordance wit
the GMHP. Given the variety of results obtained when us
different methods and basis sets, it is clear that in orde
determine the nuclear displacements that have a m
marked GMHP or anti-GMHP one should diagonalize t
Hessian matrix of the hardness with respect to the nontot
symmetric normal coordinates.

In line with the results obtained for the two originalB2U

vibrational modes studied, we cannot attribute the bre
down of the GMHP and GMPP in these twoB2U8 distortions
to the fact that the chemical potential and the external po
tial change significantly during these vibrations.

To sum up, we have shown that the diagonalization
the polarizability Hessian matrix allows us to easily separ
GMPP and anti-GMPP vibrational distortions. The resu
obtained support the importance of the BLA distortions
the breakdown of the GMPP.

C. Simple rules to determine whether a molecule will
possess nontotally symmetric modes that
disobey the GMPP.

Let us now examine the series of molecules in Fig
having in common that all of them possess nontotally sy
metric BLA modes that break the GMPP. From this series
would seem rational to conclude that anyp-conjugated sys-
tem having BLA vibrational movements would have nont
tally symmetric modes that disobey the GMPP. Then,
would be reasonable to conclude that molecules in Fig
such as cyclopentadiene or furan do not have nontotally s
metric modes that disobey the GMPP because these
ecules do not possess BLA vibrational movements. Howe
it would not be possible to justify why molecules such

x
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TABLE III. Static isotropic average polarizabilities, chemical potentials, and hardness for the molecular distortions of benzene along the twoB2U8 HF/6-31G
postdiagonalization distortions depicted in Fig. 1.a

Property

HF B3LYP MP2 QCISD

6-31G 6-311G** aug-cc-pVTZ 6-31G 6-31G 6-31G

a Eq. 51.098 08 56.790 26 66.740 75 53.330 33 52.989 86 51.365 33
1B2U8 60.04b 51.091 81 56.782 18 66.729 41 53.325 77 52.982 44 51.359 83
2B2U8 60.04b 51.100 97 56.793 70 66.743 92 53.333 37 52.992 72 51.368 04

22m1 Eq. 0.185 837 0.199 504 0.308 492 0.244 452 0.188 612 0.188 872
1B2U8 60.04b 0.185 838 0.199 506 0.308 539 0.244 445 0.188 612 0.188 872
2B2U8 60.04b 0.185 850 0.199 516 0.308 539 0.244 463 0.188 623 0.188 883

h1 Eq. 0.482 066 0.472 429 0.368 479 0.251 955 0.471 510 0.471 236
1B2U8 60.04b 0.482 154 0.472 527 0.368 527 0.251 999 0.471 597 0.471 322
2B2U8 60.04b 0.482 071 0.472 432 0.368 527 0.251 958 0.471 514 0.471 239

22m2 Eq. 0.343 657 0.357 857 0.373 143 0.248 669 0.296 006 0.325 000
1B2U8 60.04b 0.345 452 0.357 862 0.373 163 0.248 664 0.312 557 0.324 896
2B2U8 60.04b 0.345 552 0.359 235 0.372 144 0.248 429 0.299 513 0.325 275

h2 Eq. 0.576 654 0.566 325 0.549 814 0.418 974 0.532 549 0.546 491
1B2U8 60.04b 0.574 638 0.566 420 0.549 900 0.419 022 0.542 280 0.546 460
2B2U8 60.04b 0.574 640 0.564 768 0.547 714 0.419 014 0.529 157 0.546 136

aa,m1 ,h1 ,m2, andh2 are calculated using Eqs.~8!, ~6!, ~7!, ~4!, and~5!, respectively, all these values are given in a.u.m1 andh1 are calculated using the
HOMO and LUMO energies~in hartrees! of the Hartree–Fock molecular orbitals, except for the B3LYP method for which the Kohn–Sham orbital en
were used.

bThe distortions are given in bohrs.
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singlet cyclobutadiene, pyridazine, andcis and trans butadi-
ene having BLA vibrational movements possess only non
tally symmetric modes that obey the GMPP. Even more s
prising is the situation of such similar systems as the trip
cyclobutadiene (D4h) and the singlet cyclobutadiene (D2h),
the first showing some nontotally symmetric modes t
break the GMPP, and the second having only nontotally s
metric modes that fulfill the GMPP. The same is true
pyrazine (D2h), pyrimidine (C2v), and pyridazine (C2v),
which only differ in the relative positions of the two nitroge
atoms in the aromatic ring.

Figure 5 displays the schematic BLA distortion that
possible to draw just by looking at the geometry of the m
ecules cited in the previous paragraph. The BLA displa
ment of triplet cyclobutadiene transforms as theEU irreduc-
loaded 02 Dec 2010 to 84.88.138.106. Redistribution subject to AIP licens
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ible representation, while for the singlet is possible to bu
two different BLA distortions, both belonging to theAg rep-
resentation. If we repeat this process for pyrazine, pyri
dine, and pyridazine we find that the BLA movements b
long to the B2U , B2 , and A1 irreducible representations
respectively. Thus, only molecules having BLA vibration
displacements that do not transform as the totally symme
representation of their symmetry group possess nontot
symmetric movements that disobey the generalized M
Remarkably, totally symmetric BLA vibrational motion
such as those of singlet cyclobutadiene or pyridazine do
belong to the group of nontotally symmetric distortions th
approximately meet the two conditions of Parr and Chatta
Therefore, the fact that the GMPP is not applicable in th
cases is not surprising, simply because the polarizability
t
,

FIG. 5. Different schematic BLA
modes that can be drawn for triple
and singlet cyclobutadiene, pyrazine
pyrimidine, and pyridazine.
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FIG. 6. Different schematic BLA
modes that can be draw for benzocy
clobutadiene and naphthalene.
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not an extremum with respect to distortions of the equil
rium structure along totally symmetric vibrational modes,
one can easily prove from symmetry considerations.15,17

When the molecules have different fused rings the an
sis is slightly more complex, because in this case it is usu
possible to draw different BLA distortions for the same m
ecule. For instance, Fig. 6 displays the two BLA moveme
of benzocyclobutadiene (C2V) and naphthalene (D2h), that
one can depict just by looking at their geometries. The t
BLA distortions in benzocyclobutadiene transform as theA1

irreducible representation, while for naphthalene one B
vibrational movement belongs to theAg representation and
another transforms as the nontotally symmetricB2U repre-
sentation. As seen before, at variance with benzocyclob
diene~Fig. 3!, some nontotally symmetric vibrational mode
of naphthalene~Fig. 4! have anti-GMPP character. Thus, w
can conclude that if several BLA movements are possi
the molecules having one or more nontotally symmetric B
movements will have nontotally symmetric vibration
modes that disobey the GMPP.

Using this information we have formulated the followin
set of simple rules that help us toa priori determine whether
a given p-conjugated molecule will show nontotally sym
metric vibrations that refuse to comply the GMPP:

Rule A: The molecule should have a BLA movement
Rule B: Draw all possible BLA movements:

~a! If all BLA movements transform as the totally symme
ric representation, the GMPP is obeyed by all non
tally symmetric modes of the studied system.

~b! If one or more BLA movements do not transform as t
totally symmetric representation, the GMPP is d
obeyed by some of the nontotally symmetric vibr
tional modes of the studied molecule.

Now, using these rules it is straightforward to che
whether a given molecule has nontotally symmetric vib
tional modes with anti-GMPP character. In particular, app
cation of these rules to the set of molecules drawn in Fig
and 4 affords the same qualitative results than the use o
loaded 02 Dec 2010 to 84.88.138.106. Redistribution subject to AIP licens
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diagonalization of the polarizability Hessian matrix metho
ology. Remarkably, not only it is possible to predict the e
istence but also the number of postdiagonalization nontot
symmetric distortions with anti-GMPP character. So, if o
can drawnn nontotally symmetric BLA distortions in a mol
ecule, then this molecule will possessn nontotally symmetric
distortions that disobey the GMPP, as one can see compa
the number of negative eigenvalues of theA matrix gathered
in Table II and the BLA distortions depicted in Figs. 5 and

Let us finish the discussion with two comments. Fir
despite these rules have been derived and proven for
GMPP only, we have found that all molecules that violate
GMPP, also break the GMHP when the hardness is ca
lated using the HOMO and LUMO energies@Eq. ~7!#.49 We
have also noticed that, in general, the modes that violate
GMPP, more manifestly break the GMHP using hardness
tained from Eq.~7!. Second, we consider that the rules pr
posed here have a general applicability forp-conjugated sys-
tems. However, in the case of large molecules, with
substantial number of different modes, the possibility tha
certain combination of vibrational modes may break t
GMPP or GMHP, despite all BLA modes of this molecu
belonging to the totally symmetric representation, cannot
rule out. Research in this direction is currently under way
our laboratory.

IV. CONCLUSIONS

We have confirmed in this work that not only in chem
cal reactions but also even in the favorable case of nontot
symmetric vibrations where the chemical and external pot
tials keep approximately constant, the GMHP and GM
may not be obeyed. This is an important result since it
relevant to establish the conditions at which the generali
versions of the MHP and MPP hold. We have also devise
method that allows an accurate determination of the non
tally symmetric molecular distortions with more marke
GMPP or anti-GMPP character through diagonalization
e or copyright; see http://jcp.aip.org/about/rights_and_permissions
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the polarizability Hessian matrix. The results obtained w
this method are basis set and method independent. Fin
we have derived a set of simple rules that for a giv
p-conjugated molecule allows toa priori predict the exis-
tence and the number of nontotally symmetric anti-GM
distortions without the need to perform calculations. W
respect to the GMHP, the results strongly depend on
scheme used to calculate the hardness, but when the K
mans’ approximation is used the same rules are valid to
dict the existence of vibrational modes that disobey
GMHP.

ACKNOWLEDGMENTS

Support for this work under Grants Nos. BQU200
04112-C02-02 and PB98-0457-C02-01 from the Direcc´n
General de Ensen˜anza Superior e Investigacio´n Cientı́fica y
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Toro-Labbé, J. Mol. Struct.: THEOCHEM390, 79 ~1997!; S. Gutiérrez-
loaded 02 Dec 2010 to 84.88.138.106. Redistribution subject to AIP licens
lly,
n

P

e
p-

e-
e

Oliva, J. R. Letelier, and A. Toro-Labbe´, Mol. Phys.96, 61 ~1999!.
20P. K. Chattaraj and A. Poddar, J. Phys. Chem. A103, 1274~1999!.
21P. Fuentealba, Y. Simo´n-Manso, and P. K. Chattaraj, J. Phys. Chem. A104,

3185 ~2000!.
22Z. Zhou and R. G. Parr, J. Am. Chem. Soc.111, 7371~1989!.
23D. Datta, J. Phys. Chem.96, 2409~1992!.
24T. Kar and S. Scheiner, J. Phys. Chem.99, 8121~1995!.
25P. K. Chattaraj, A. Cedillo, R. G. Parr, and E. M. Arnett, J. Org. Chem.60,

4707 ~1995!.
26T. Kar, S. Scheiner, and A. B. Sannigrahi, J. Phys. Chem. A102, 5967

~1998!.
27T. Mineva, E. Sicilia, and N. Russo, J. Am. Chem. Soc.120, 9053~1998!.
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