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Vibration and two-photon absorption
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A treatment of nuclear vibrational motions in two-photon absorption is laid out in detail.
Perturbation theory is used to develop working formulas for diatomic molecules and tested for the
X1 *—AI transition of carbon monoxide. The results are compared with the exact numerical
values. Certain vibrational contributions, not previously recognized, are found to make an important
contribution to the two-photon absorption probability. ZD02 American Institute of Physics.
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I. INTRODUCTION Basically, TPA cross-sections are dependent on the
. . . _ _ _ _ imaginary part of the second hyperpolarizability for the
The point of this paper is to investigate in a rigorous a”dintensity-dependent refractive inde¥DRI), when a two-
transparent fashion the role of nuclear vibrational motions "bhoton frequency2w) coincides or nearly coincides with a

two-photon absorptioTPA). The over-riding spirit is the transition from a vibronic ground state to some vibronic ex-

same as that Wh'Ch was suc_cessfully used to ascgrtaln_ylbr%i—ted statés). In this perspective the general formulas for
tional effects in the evaluation of the hyperpolarizabilities

that govern nonlinear opticdNLO) processes in the non- vibrational effects in TPA can be found by using the Bishop—

resonant regimé&:® Interest in TPA arises because molecuIes,K'r_tman1 gBK) approach to vibrational hyperpolariz-
which in the presence of intense laser beams can absorb tfPilities: > As a specific application of the method devel-
photons simultaneously with a large absorption cross sectioP€d here, we have considered carbon monoxide. By taking
can be used in various practical wayFhese include two- a diatomic molecule we are able to carry out and compare
photon excited fluorescenéepptical power limiting®®  two different ways of evaluating the required transition mo-
three-dimensional optical data stord@éwo-photon induced ments: numerical integratiofwith essentially exact vibra-
biological caging experiments$,up-converting lasing, early tional wavefunctior®) and perturbation theory incorporat-
corrosion detection, and photodynamic ther&py?Another  ing both electrical and mechanical anharmonicities. We
quite different reason for interest is that in NLO processesjetermine the potential energy surfa@ES of the X 'S *

the measure of efficacy is the figure of m¥Yiand this in- ground andA 1T excited states of CO by means of the mul-

volves both linear and nonlinear absorption of the Opticakiconfigurational self consistent fieldMCSCPH method.

b_eam. A recent study oisthe linear absarption has been Ca8ince in previous studies of polyatomic molecules it is often
ried out by Normaret al.

There have been many theoretical investigations of thé’1 ssumed that the PES of the ground and excited states are

purely electronic aspects of TPA and examples are Refs. é(’:lentlcal (Ist?e €.g. Ref. 25"”? .the laitter Jus;,Sh'fted to a
16—-20. The first theoretical treatment of vibronic coupling,new equilibrium geometry and its corresponding energy, we

based on the linear Herzberg—Teller term, was carried out bSO test this assumption here using CO as a model. Our aim
Honig and co-workerd22for benzeneAb initio calculations ~ Nere is not to provide definitive results for CO but rather to
were later carried out by Luo and co-workét$* and the use this simple diatomic as the vehicle for evaluating the
theory was extended to include the Franck—Condon distribuvarious aspects of our theoretical development, which will
tion by Macaket al?>2® Other related studies are by Sund- later be extended to polyatomic molecules.
holm et al,?” where vibrationally averaged transition mo- Our primary results arél) the perturbation treatment
ments were employed for CO, and by Painelial?® who presented appears to be a viable approach for calculating the
used an approximate two-state model to account fogjfferent vibrational contributions to TPA?) in total, these
electronic—vibrational coupling in push—pull chromophores.yiprational contributions can be important; a8l attention
Here we present a more complete and more general approaghoyiq pe directed towards the “pure” vibrational terms,
to the vibrational problem. which turn out to be particularly important for CO. In the
next section we derive the general theory. This is followed
Z))E'EthO“iC mail: dbishop@science.uottawa.ca _ by an outline of the application of perturbation theory for the
Permanent address: Institute of Computational Chemistry and DepartmeraiatomiC case. Then comes a section on computational de-

of Chemistry, University of Girona, Campus de Montilivi, 17071 Girona, ~ ) ] ) )
Catalonia, Spain. tails, and finally we give our results and a discussion thereof.
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Il. GENERAL THEORY imaginary parts of the IDRI hyperpolarizability tensor com-
ponents. We therefore start with the general formula for any
Our goal is the determination of two-photon absorptionsecond-order electronic  hyperpolarizability component
probabilities and cross sections. These are related to the,s, s as given by Orr and Wart

S ( (012l K)(KI gl L)L |2y M)(M | 2,/0)
M (wK—IFKIZ— wa.)((l)L_|F|_/2_ wz—ws)(wM—iFM/Z— w3)
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This expression is valid provided all excited state populations remain negligible; it cohtawhich is the population decay
rate of the electronic excited stat¢d). Without terms of the typel'x/2, one has the conventional expression for the
second-order electronic hyperpolarizability components in the nonresonant region. However, the introduction of these phe-
nomenological damping factof$? which are related to the lifetime of the excited stée (dependent on spontaneous
emissions and nonradiative procegsafiows us to deal with the resonant and near-resonant region, where singularities would
otherwise occufsuch as in the case of TRAy 4, is @ complex quantity and its imaginary component is a measure of the
absorption intensity for any second-order NLO process.

In this formula«, B, y and & refer to the molecular axes);, w, and w3 are optical frequencies and,, is their sum;
3P, ,zindicates a sum over the terms obtained by the six permutations of the paita f), (w,/i,) and (wz/f;); |K) is
an electronic wavefunction with enerdywy relative to the ground electronic state;= ix,—(0|i,|0) is the fluctuation
dipole moment operator andl, is the dipole moment operator in tigeCartesian direction; the primes on the summation over
the electronic states indicate exclusion of the ground state. The expression {f) Es|.necessarily a function of some
arbitrarily chosen fixed nuclear geometiy).

As in the BK treatment of vibrational hyperpolarizabilitesie can now generalize the previous expression by replacing
the electronic wavefunctions and energies by their vibronic counterparts and this leads to

Yapys(— @05 01, 02,03)

Sy ( (0,00 24| K, K){(K, K| 2| L, 1)(1, L] fy M, m)(m,M| 2,/ 0,0)

=1 3D P . - i
2 Pizd kk T mm (k= i1Tkk/2= wo) () =T 12— w3~ w3) (0mm— i T mu/2— w3)

(0,01 | K, K) (K, K] | L1 L 22| M, m)(m,M | 72,4/0,0)
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(0,017 K, k) (K K| L1 (1, L | M, m) (m, M 2, 0,0)
(ka+ i FkK/2+ wl)(w“_ +i F||_/2+ wl—i- wz)(me+ i FmM/2+ w,,)
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(0,0 14| K, k) (kK| 25]0,00(0,0 fx,| L, 1){I, L[ £5]0,0)
(k= 1 Ty/2= w1) (o)L +iT 12+ wo) (@) —1T./2— 3)

(0,0 14 K, k) (K, K| 24]0,00(0,0 x| L, 1)l L[ /2,5]0,0)
(a)kK—i- | FkK/2+ wl)(ka-i- IFKK/2+ (1)0.)((1)|L+ | F||_/2+ (1)2)

(0,01 K k) (K, K| 4/0,0(0,0 iz, | L1 ){I,L| i25/0,0) ))

(et T 24 @) (o T2+ wy) (@ — T 12— wg) @)

In this expressiofK,k) is a vibronic wavefunction wheré andk refer to electronic and vibrational states, respectivielyi
is the energy of the stat& k) relative to the ground state,0); and the primes now mean the exclusion of |Bi€) state in
the summations over all the vibronic states. In distinction to (Ef.Eq. (2) does not depend on a fixed nuclear geometry.

In the TPA process, two photons with the same frequansymultaneously induce an excitation from the ground state to
some excited statd. The absorption is described by the imaginary part of @y.with w;=— w,=w3=w (and thusw,
=w). We therefore consider cases wher@<2w,, , | being the vibrational state index of interest. For this resondace
near-resonangeall the terms in Eq(2) can be considered insignificant in comparison with those having the denominator
(wjpo—iT|4/2—2w). Thus, only the first two terms in E@2) are important and all the terms with# A can be discarded.
When w is not close to any of the intermediate-state frequeneigg wnv) thenT' x(I',,m) can be neglected. We can also
replace the remaining damping factdig, simply by I" by ignoring their vibrational dependence. This leads to the formula

-3 ;o v o (002K KKK AL 1ALzl M,m)(m, M| 2,/0,0
2 2 Py PB'Sk,K Y] 2| (@017 =20)?+ T4 (0 — ©) (Opm— ©) ,

()

Im yaﬁyﬁ(_ w,0,~0,0)=

whereXP,,,, for example, means a sum over the two terms obtained by permjatjrand i, ; note that the sum over the
vibrational levels of the\ excited statdindex|) includes the ground vibrational state<0).

Following the procedure adopted in BK, we now assume that for any intermediate state not involving the electronic ground
state, the vibrational energy component can be ignored and we can reglaty wqx , etc., providedw is not close to any
wyk - This leads to

Al
Im J’aﬁy(s(—w;w,—w,w)=72 Py > Pﬁ[sEl: h 2 (wa—2w)%+12/4] 71

s s (0010 | KK oy AN (A gl MY(M 2. 0)]09)
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where|0% and|I*) represent the ground vibrational wave- whereR indicates the molecular geometry. Again, following
function of the ground electronic state and thtievibrational  past procedures, in this case Refs. 33 and 34, we replace in
wavefunction of the\ electronic statéthe one to which the Eqs.(6) and(7) hwok by L wk , the latter being the energy of

two-photon absorption is taking place the Kth electronic state as a function Bf This leads to the
Equation (4) can be simplified by defining electronic following clamped nucleus electronic transition polarizabil-
transition dipole and polarizability functions as ity functions:
=(0] 1o/ K) ©)
O] fra K)(K| 2, A)
0A _ 1 < Mo My
and (R =2 Poi 13 —— ="
0| 2ol K)(K| 22, | A) _ ! <O|Ma|K><K|My|A>
oA 1 < Mo M‘}/ Pa h~ 8
(Rw)=X Py 23 o =2 Payi 12 P ®
(O fua K)(K] 2y |A> .
=2 Poh 2 —. (ATiglK) (K70
“« 1) 1) 1 Mg f5/0)
0K ™ ab’ﬁ(R w)= 2 Pgsh ™ 2 pR—
Al gl K)(K|250)
AO 1 ’ < /“LB M A
Pashi™ (A gl K)(K]fg|C |0>
ags(R 2 Bé E ok— @ EE Pash ™ 12 BwK - 5 9)
A K)K]| s 0
_S Py 12 (ALl K)(K] el > @ N
WoK — W Combining Egs(4), (5), (8) and(9) we get

AT
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+2 Pﬁ&%

+3p, 3PS 3

(10

Note that the index extends over all the vibrational states of tronic states; théu*} term is simply a product of two such

electronic state\. Equation(10) is our working formula. vibrational transition polarizabilities. In the clamped nucleus
A compact form of this expression, ka the square approximation thg«?} term would give rise to a pure elec-
bracket notation of BK, is tronic TPA. However, Eq(10) explicitly takes into account

the vibrational wavefunctions and energies associated with
IM Yopys(— @0, —w,0)={a?}+{u’a}+{u*, (11)  the two-photon electronic state.

As a matter of interest, and for purposes of comparison,
where{a?}, {u?a} and{u*} correspond to the first, second we can also carry out the previous methodology starting
and third (combined and fourth terms of Eq(10), respec- from the electronic formula in Eql). With the same as-
tively. We call{u?a} and{u*} pure vibrational terms be- sumptions as before, we then arrive at
cause, unlike thé¢«?} term, they would not be present ex-
cept for vibrational motion on the potential energy surface of
the ground electronic state. The factor in{u2a} is similar
to the vibrational polarizability at frequenay that occurs in _ A7 ad)(R,0) a3 )(R,w)
the nonresonant case, but here we are dealing with a trandll! Yapys ~ @0, 0,0)= (wp— zw)2+1“2/4 '
tion polarizability between the ground and two-photon elec- (12
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. . . . . Iu(R)
We consider this to be the pure electronic TPA with all vi- 12(R)= 1Ry + Ha ) Qo
brational effects ignored. Normally E¢L2) would be evalu- “ a0 aQP° R
ated atR=R,, the equilibrium nuclear geometry of the °
ground electronic state and withw, as a function ofR. 1 Pu’R) 02
With certain assumptions, see Ref. 34, Ftp) can also be 21| a0z (QY)
derived from Eq.(2). Equation(12) can be compared with Ro
the combination of Eq92) and(4) in Ref. 26 by takingw 1 (3%
- . : , - - Pa (R)
=w,/2 in their expression for the transition polarizability + o SraoT (Q93+---, (15)
function and recognizing that the summations in E.of 3t1 Q) Ro
Ref. 26 include the ground state—this is in place of using
fluctuation dipole moment operatofsee Ref. 35 for a more
complete explanationAlso their damping factor is different
from that used here. o (R
In order to relate to experimental dafgas or liquid Mo (R)=uy (Ro)+ (9—QO Q
phas¢ we must carry out orientational averaging by using Ro
the formul&® 5 oA
1[0, (R) 0r2
to7l —manz| (QY)
21\ Q%% |
0
yTP:ZEB [IM Yaapp(— @10, ~ 0,0) + i m (Q0)3+--- (16)
’ 31l Q% |, !
+1IM y,4p0p( — 0 0, — w,0) 0
+IM Yoppe( — 0 0, — 0, 0)]. (13
3a°M(R, )
0A 0A ay " ! 0
. . = 4| —
The relation between™™ and the two photon cross-section Yay(R@) = a4y (Ro) QP R Q
per photono " is 0
1 (Pad)(R,w) ois
o7l T a0 | (Q)
3 223 2 2! %) Ro
O'TP:47T o yP (14) 3 0A
15 e4 ’ n 1/0 aa},(R,w) 0 3+ (17)
31 &(QO)S . (Q ) ’
0

wherea is the fine-structure constant. We first evaluaté
in atomic units and then multiply by (0.529177

X108 cm/a.u.f (2.418884<10 1" s/a.u.) to obtairo " in
the conventional units of cfrs/photon.

IIl. DIATOMICS—PERTURBATION THEORY

where Q° is the electronic ground state normal coordinate
and R, identifies the equilibrium nuclear geometry of that
state. For a diatomic molecule the normal coordinate of an
excited electronic state differs fro@° only by a constant.
The third- and higher-order terms in these series constitute
electrical anharmonicity. With these expansions, the integrals

required in Eq(10) can be written as

We now face the problem of evaluating the integrals
which occur in Eq.(10). We will, at this stage, restrict our-
selves to diatomic molecules though much, but not all, of the
formalism can be carried over to polyatomics. Of course for
diatomic molecules vibrational wavefunctions can be founo<
directly with Le Roy’s prograrf? and the needed integrals
evaluated numerically. In fact we will do this in order to
benchmark our more approximate treatment which now fol-
lows and which is the only one feasible for polyatomic mol-
ecules.

This approximate treatment is based on perturbation
theory. First we make a Taylor series expansion of the
ground state dipole moment function as well as the transition
dipole and polarizability functions:

00
R
ot = ] olone)
Ro
1 [ Pud(R)
g | e
1 [ PudR)
+37 ﬁ) RO<0°|(Q°)3||<0>+'".

(18
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<k0|M (R)|IM)= M (Ro)<k°|IA> caén be exgressgd in terms of harmonic oscillator functions
k%) and|l}}) as

dpy (R)
+(MTO—Q) (Ko[QOII™)

0\ _ [0\ _
LR 0=l = 2 o=l
"ol T | K@ S
Ro > (ke VO GRIVOMiR)[iR)
1 PuMR) 7k A0~ o) (wjp— o)
U (KOLQO3IA) +-, 01\ /0(2)]: 01 :0
' Ry _ (Coll Il
(19) F () k)
B 12 (KOG RIVOD ) [k >
<Oo|a (R,0)|I")=a® Ro,w)<OO|IA> 2 {7k h2(wjo— wip)? '
o"ag/;(R,w) 0|0 A (23
BT ] (0°[Q%[1™)
0
AAL)] AN [ e
1 éza%(R"”) 010\ 2[| A M=[h-> 51V A |mH?4|mH>
ST Tro i R<0 [(Q)?[1™) 7l f(omy— o)
- IV Dl mif Ay iy
1/(da, (R,
Sl S RECE Fo o el
: R
o OV lmim)
+ee (20) m#| h((]):A_(lNHA)
LAIVA® MY (M VAD DI
In Eq. (18) use has been made of the fact tt@f|k®) =0 for > (Il |2 ) (M 2| )| H>+ -
k different from zero. m#l B (0m — @1y
Not too far from the appropriate equilibrium geometry (24

the potential energy functions for the electronic ground and
A excited state can also be expanded as

where
2V0(R)
RV 51 i (@ w1 [PV o 25
0 27 &(Qo)s (Q) (25)
+£ a3v0(R)) ous
aQo? ] Q)
1 (d*VUR)
1 [d*VOR VO@)=_— ( ) 0y4, 26
g(Wg)f) (QY)++, (2) W) Q) @9
Ro
VAR A(1):i(‘73VA(R)) A3
VAR=VARY + 57 ng)z) (QY)? T RTEN A @7
Ry
1 a3vA(R))
+ | == (QY? FAVA
", Vi 1(&(\/Q(;-\:1)) @ 28
1 a“vA(R)) s

and# ijO is the energy of the sta}¢®) relative to the ground
state calculated within the harmonic oscillator approxima-
whereQ” is the normal coordinate of tha-excited state. tion.
The third and higher terms introduce mechanical anharmo- The individual integrals on the right of Eq19), for
nicity. With these expansions, the vibrational wavefunctionsexample, can be written quite generally as
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1 a?’v°<R>) (RIQYI KGRI QI 1(a3vA<R>)
0|/ O\t A\ — /10 Oytjp Ay — [ I
<k |(Q ) || > <kH|(Q ) |IH> 3|( (9(Q0)3 Roj ’ ﬁ(wl!-lo_wltlo) 31 (9(QA)3 R,
(1al(QY)*mi) (kR (Q°)|m __(&4v°<R))
7! fi(wmy— @[3) arl Q%" /o
‘S (Rl Q)IKANIRI(QO] 1 a“vA(R))
ik ﬁ(ijo—wEO) ar\ g(QM* R,
IRQYHYMIKRIQY) mY] 1 <a3v°(R>> (a3vA<R)>
x> H W N2 0\3 A3
= (ol — o) BN71 QY% | @Y
(GRIQOIKENIAIQYMAMD G IMD] 1 (a3v0<R))2
=kl 11%(0j0— wig) (@my — ©]1) Y1 Q) |
« S {(iﬂI(Q°)3Iiﬂ><iﬂI(QO)slkﬂXiﬂl(Qo)‘Ilm 1 (a3v0<R>)2
ij7k ﬁz(w%—wbo)(w}"o—wro) 2(31H%| 9(QY3 Ry
(Rl QOZIGAQDAK] o1 oiiin (aSvMR))Z
Xj;k R — )2 (kpl(Q) ||H>+W FeLL .
‘S (IRIQRM3Imi (Al (QYMMi(KAI(QY) N 1 (astm))z
m,n#I hz(ernA_w”\)(w;'A_wll-'A) 2(3)%1 Q") Ry
(R1Q@M3mEmE QY31
oD o e e (UG RRIDESE 29

wheret=0,1,2,3 and, agaiQ® andQ" represent the normal the paper by lachello and Ibrahith Through second-order

coordinates of the ground andstate, respectively. Like ex-

in mechanical anharmonicity the vibrational energy differ-

pressions can be found for the integrals on the right of Eqsences in Eq.(10) are calculated, using the usual Dunham

(18) and (20).

We now have only to deal with integrals over harmonic

oscillator functions, and for these we employ
(KAIQOIE) = (I51QIkR)
=(4'1Q% i)
h 12 Al 40 Ay 40
= m) [Vk(p | pi- 1)+ VT LB b 1)]

(30

and
<¢|A|<Q°>‘|¢E>=§ (AM(QY M) 4% Q% b
(31)

heret is an integer greater than unity? is the vibrational

formula:
how=klio1—Xx(k+1)], (32

where w, is the vibrational angular harmonic frequency of
the electronic ground state analLX. is obtained from the
cubic and quartic force constants in the conventional manner.
Our results for the vibrational energies, see Table I, show
that higher-order perturbation terms are negligible for the
states considered.

IV. COMPUTATIONAL DETAILS

We have chosen the carbon monoxide molecule for our
initial implementation of the theory given in the preceding
two sections. A major reason for this choice is that we may
compare our results with those on the same molecule by
Sundholmet al?’ They considered TPA for thé 'S " —A 'T1
transition and took account of vibrational effects only as far

angular harmonic frequency of the electronic ground stat@as the vibrational averaging that occurs in the first term of
andk is the vibrational quantum number of the vibrational Eq. (10). That is, the subsequent “pure” vibration terms in

wavefunctiongy. Integrals of the typd ¢7|(Q%)"|¢f) and

(HM(QM)Y ¢2), which are also needed, can be found in the

same way.
Finally the Franck—Condon integra{sbﬂ(ﬁ@ for har-
monic oscillator functions can be obtained from E2,9) of

that equation were ignored.

Following them, we use the multiconfiguration self con-
sistent field(MCSCR*® method and response thedty® to
construct our two potential energy curve$ '™ A MI),*
the electronic ground state dipole moment function and the
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TABLE I. Vibrational energiesi wq (in a.u) relative to the ground state for  TABLE |I. Vibrational transition dipole momenti,Oomgo(R)\ko), in a.u.

the X 13" electronic state of CO. for the electronic ground state of C@;is the bond axis.
k=1 k=2 k=3 k=4 k=1 k=2 k=3 k=4
Harmonic  1.00%1072 2.006<1072 3.008<10°2 4.011x10°? P(0) —4.262x1072 0.000 0.000 0.000
Anharmonié 9.902<10°° 1.968<102 2.933x10 2 3.886x10 2 P(l) —4.262<1072 2.471x10°° 0.000 0.000
Numeric  9.91%10°% 1.972<10°2 2.941x10°2 3.899x10 2 P(Il)  —4.257x10°2 2.471x10°% -—1.328<10 * 0.000
- P(Z)2 —4.256x10°2 2510<10°% —1.388x10 4 —2.109x10 °
See Eq(32). P()? —4.257x1072 2.518<10°% -1.410x10°* 5.641x10°°

(I +P(1,2)+ P(2,1)+P(2,2).
b“Exact” numerical value.

transition dipole momefit and polarizabilit§>*® functions.
The calculations were done with,, symmetry and the ac-
tive orbitals in the complete active spa@@AS) for the irre-
ducible representations,, B;, B, andA, were 4, 2, 2 and V. RESULTS AND DISCUSSION
0, respectively. The number of active electrons was 8. The
basis set used was Dunning’s correlation consistent daug-cc- There are two objectives to this work: to study the role
pVTZ basis sef**°We carried out these computations with Of nuclear vibrations in TPA and to determine the reliability
thepaLToN programt® and confirmed our results by compari- of perturbation theoretical estimates of their importance. We
son with the values in Table VII of Ref. 27. Numerical dif- consider thex '3 *—AI transition in CO and deal with the
ferentiation of the energy and properties was carried out byeliability question first. The perturbation calculations can be
the Romberg procedufé. done to various orders of electrical and mechanical anharmo-
In usingDALTON for obtaining the transition polarizabil- nicity and we can use the notation,(n) to denote thenth
ity function we set in that program,; = w,= 3w, . Thus in  order of electrical and theth order of mechanical anharmo-
Egs. (6) and (7) we havew=3w, for each geometryR  nicity. If no anharmonicity is included, that is we use only
(N.B: the optical frequencw is now a function ofR). Nec-  the first two terms in the expansions in E¢5)—(17), (21)
essarily, then, we are making an approximation here since iand (22), we will call the resultsP(0), i.e., only (0,0 con-
practical termsw remains constant. tributions. If we add th€0,1) and (1,0) terms, we label the
In this way we have all thab initio data necessary for resultP(l); and if we add to thesé0,2), (1,1 and(2,0) we
getting the required integrals needed for the TPA crosstse the notatiofP(Il). We also make calculations which do
section of thex '3 * — A II transition of CO. We then can not quite fit with this notation, namely those where we have
use theLEVEL 7.4 prograr’ (benchmark or, alternatively, taken all four terms in each of Eq&l5)—(17), (21) and(22)
perturbation theory to different orders. In all the calculations(those through second-order in both types of anharmonjcity
the experimental value df used, namely 1.3910 ' eV, in other words P(I+(2,1)+(1,2)+(2,2)—we call these re-
corresponds to a lifetime of the* IT state of 9.5 n§%4° sultsP(Z). The essentially exact results based on the vibra-

TABLE lIl. Vibrational transition dipole moments and polarizabilities between the electéon™ andA 11
states of CQ(in a.u). « is the bond axis ang is an axis perpendicular te.

=0 =1 =2 =3 =4

P(0)
(1% w2 (RY1MY 2.32x10°* —217x10°Y  1.73x10°? 2.13x10°* —3.30x10°!
(0% agh(R,@)[1M) —3.73x10 ? 7.53x10°3 5761072  —1.09x10°! 1.18x10 2
P(1)
(19 P2 (R)[1M) 2571071 -2.36x10°1  1.12x<10°? 3.75x10°2 —1.94x10°1
(0% agh(R,w)[1M) —1.83x10 2 7.84x10°3 1.48<10°%2  —5.56x10 2 1.09x10°*
P(Il)
(19 P2 (R)[1M) 2.59x1071 —-2.26x10°'  8.30x10°2 6.01x10°2 —1.44x10°1
0% a%(R, w)[I" —2.10x10°? 4.92}10°° 2.52<10°2  —4.84x10°? 6.18x10 2

ay
P(2)*
(19 P2 (R)[1M) 2.50x10°* —226x101'  8.28x<10? 6.03x10 2 —1.44x10°*
(0@ (R,w)[1M) —2.24x10°?2 5.34x 103 2.62<10°2  —5.36x10 2 6.77x10°2
P(c)®
(19 P2 (R)[1M) 2.59x 107! —227x10°'  851x10%  6.62x10 2 -1.73x10°*
(0% @S (R,w)[1M) —2.11x10°? 5.65< 103 257102  —5.73x10°? 7.94x 1072
aSee Table II.

b“Exact” numerical value.
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TABLE V. Orientationally averaged valugi a.u) for the contributions toy™, Eq. (13), and the TPA cross
section,o " (in 1075° cm* s/photon, Eq. (14), for two-photon energies in perfect resonance with the transition
from the ground electronic and vibrational state to the lowest five vibrational levels @€ tREA) state.

‘”:%wOA ‘U:%‘Um “’:%‘UzA w:%wm “’:%‘*’41\
P(0)
{a?)TP 4.36x10° 1.76x10° 1.04x 10 3.75x 10 4.37x 10
{u2a}™ —1.66x 107 —3.04x 10° 1.82x10° —4.15x 10 —6.79x 10
{uty™ 1.57x 10 1.32x 10 7.97x 10 1.15x 10 2.63x 107
P 3.53x10° 1.03x 10’ 1.23x 10 7.46x10° 2.18x10°
P(l)
{a?}T? 1.11x10° 2.11x10° 6.80x 10° 9.66x10° 3.71x 107
{u2a}™ —8.63x 10° —3.54x 10° 3.24x10° —2.26x10° —3.43x 10
{uty™ 1.68x 10 1.49x 10 3.85x 10° 1.33x10° 7.94x10°
y™® 9.31x 1¢° 1.16x 10 7.77x10° 7.53x10° 1.07x 10
P(Il)
{a® TP 1.31x10° 6.49x 10* 2.01x 10° 7.32x10° 1.19x 10
{ua}™ —9.49x 10° —1.89x10° 4.20¢10° —4.20¢10° —1.46x10
{5 1.72x10 1.37x 10 2.19x10° 6.04x 10° 4.49< 1P
P 8.98x 10° 1.19x 10 8.41x 1¢° 3.72x1¢° 1.78x10°
P(2)?
{a?}TP 1.50x 10° 7.74x 10 2.18<1(° 8.99x 10° 1.43x 10
{ua}™ -1.02x 10 —2.06x10° 4.37x10° —4.66x 10° —1.61x 10
{uh? 1.72x 10 1.37x 10 2.19x10° 6.04x 10° 4.51x 10°
% 8.51x 10° 1.17x10° 8.74x10° 4.94x 10° 2.76x10°
P(=)®
{a?}TP 1.40x 10° 1.00x 10° 2.06x 10° 1.02x 10 1.97x 10
{ulal™ -9.78x10° —2.35x10° 4.36x10° —5.50x 1¢° —2.28x10
{puh? 1.71x 10 1.38x 10 2.31x10° 7.37x10° 6.62<10°
y™® 8.74x 1¢° 1.15x10° 8.73x 1¢° 5.49x 10° 3.50x 10°
a' 1.63x 10 2.25x 107 1.78x 107 1.17x 107 7.75x< 10"
aSee Table II.

b“Exact” numerical value.

tional wavefunctions determined by the programVvEL  two cases giving nearly identical results. TR¢II) values
7.47% followed by numerical integration, will be labeled by appear therefore to be satisfactory with relative errors com-
P(=). pared toP () smaller than 2%.

In Table | we show the vibrational energies of the four” |, Taple 11l we present values of the transition dipole
lowest excited vibrational statéeelative to the ground state and polarizability between the electronic ground state (O
for the X 13 state of CO. We do so at the harmonic level —X13*) and the excited stateA(=A 1) using the first

and anharmonic levéEq. (32)], and we compare these num- vibrational level of the ground state for the dipole and the

bers with the “exact” numerical values. It is clear that our R )
anharmonic values, through second-order, agree with the ogero level for the polarizability. These are the important lev-
act numerical values to within 0.3% ' els in the evaluation of"". Numbers are given for the low-

In Table Il values of the vibrational transition dipole est five vibrational states of tha electronic state, i._e.I, _
moments(0°|,u°°(R)|k°> are shown, where the superscript 0 =0, 1, 2, 3 and 4. The levels of perturbation approximation

indicates theX 1S * ground electronic state of CO, and, of areP(0), P(1), P(Il) and P(Z) and comparison is made to
course, the dipole transition moments lie along the internuthe exact values given By(=). In general, the convergence
clear axis. Values are given for the vibrational levels with Wwith regard to increasing higher levels of perturbation theory
=1, 2, 3 and 4, however for the last two cases the transitiofs very good. The maximum errors relative R(») are
moment is negligible. Fok=1 andk=2 there is nice con- 222%, 43%, 22% and 17% fét(0), P(l), P(ll) and P(Z),

vergence fromP(l) through P(ll), P(Z) to P(=); the last respectively.

TABLE V. “Exact” values (in a.u) of transition dipole moments and polarizabilities betweertt& * ground
electronic state and a fictitious 'II(A) excited state with the same curvature, but with the equilibrium
geometry of the true TI(A) state of CO.« is the bond axis and is an axis perpendicular te.

=0 =1 =2 =3 =4
(1 uSM RN 2.53x10°* —241x107Y  1.45<107'  —3.05x1072  —6.62x1072
(0%a2(Rw)[1Y)  —2.48¢10°2 1.68x 1072 4.80<107°  —2.96x1072 5.08x1072
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TABLE VI. “Exact” orientationally averaged values for the contributions 407, Eq. (13), at two-photon
energies coincident with the lowest vibrational levels of a fictitious excited state with the same curvature as the
ground stateX S * but with the equilibrium geometry of the trueIl(A) state, in a.u.

1 1 1 1 1
=3 Wop w=301) 0=3 Wy w=3 w3, w=3wg
{a®TP 1.92x 1¢° 8.82x 10° 7.15x 10¢ 2.73x10° 8.07x 10°
{u?a}™® —1.11x 10 —7.26x10° 1.28x10° 2.12x10° —4.70¢10°
{uhT 1.60x 10 1.49x 10 5.70x 10° 411X 10° 6.82< 10°
y™® 6.82x 10° 8.55x 10° 7.05x 10° 5.26x 10° 4.06x 10°

Table IV incorporates the most significant quantities tofrequencyw= 1/2wq,, the assumption of the same shape
be presented in this work, that is, the contributiongt6as  for the ground and excited PES can be a fair approximation
given by Eq.(10). Five levels of theoryincluding the “ex-  for calculatingy™® but it is a procedure not to be generally
act”) are presented. The levels of theory here refer to transirkecommended.
tion dipoles and polarizabilities such as those given in Tables This is not the first time that the vibrational effects in
Il and lll. Second-order contributions to the vibrational en-TPA have been investigated, but all previous attempts have
ergy denominators are included only at second-order antdeen much less complete. In nearly all cases attention has
higher levels of theory, i.e.P(ll) and P(Z). Results are zeroed in on théa?} " term where vibrational averaging has
shown for the five two-photon frequencies which coincidebeen done exactly by Sundhoket al?” or approximately by
with the first five vibrational levels of tha II state of CO  Agren and co-workef82 (either just the first or the first
(starting from the vibrational ground state ¥f> ). There  two terms in the expansion of E¢L7) have been includgd
is, in general, good convergence as more perturbation termdence in these calculations the “pure” vibrational terms
are included. For the first three optical frequenciesRtl)  {u?a}™ and{u?}™" were excluded. In addition, the investi-
and P(Z) results fory™ agree withP(=) to within 3.7%  gations of Ayren and co-workers were made without me-
and 2.6%, respectively. Bigger discrepancies are found fochanical anharmonicity. It is sometimes assumed that the
other optical frequencies; the worst casevis w,, with a  ground and excited PES have identical sHapéhich, as we
relative error fory™ with respect toP () of 49% and 21% have shown, can lead to substantial errors. It may also be
for P(Il) and P(Z), respectively. The total “exact” TPA noted that in Ref. 26 the vibrational subscriptthat occurs
cross-sections ", see Eq(14), are given in the last row.  in the leading square bracket in E(LO), is ignored and

With Table IV at hand we address the key question of theclosure is made over the vibrational states of the excited
importance of vibration in TPA. To do so, we focus on theelectronic state. In this work we carry out the summation
P(=), or exact results, at the bottom of the table. The pureover| correctly. Quite recently Painelét al?® have alluded
electronic contributiorithe complete neglect of vibratipmo  to the “pure” vibrational contributions to TPA but in a quite
y™P given by Eq.(12) is of the form{a?}. It has the value different and less rigorous framework—their calculations
4.07x10" a.u. for w= 12w, and R=R, and is approxi- were based on a crude two-state modet a critique of this
mately twice as big as the largest of the?’} " values given model see Ref. 530and purely harmonic potential energy
in the P(«) section of Table IV. Further calculatioisot  surfaces.
presentef at optical frequencies in resonance with higher In summary, we have laid out a rigorous and transparent
vibrational states of the electronic statelead to the same treatment of the effects of nuclear vibrational motion in TPA.
conclusion. Furthermore the “pure” vibrational contributions We have developed practical perturbation formulas for the
{u?a}™ and {u* ™" are larger in magnitude thaju®}'™",  case of diatomic molecules and applied these formulas to the
though they are of opposite sign and, to an extent, cancel 3" — Al transition in CO. We find that vibration can
each other for some of the optical frequencies. Nonethelesglay an important role in TPA, just as it does in the calcula-
we witness a large change " with the addition of the tion of conventional NLO hyperpolarizabilities. Attention is
“pure” vibrational contributions to the{a?}™ term for all  drawn to the “pure” vibrational term$u2a}™ and{u* ™™,
five optical frequencies. which turn out to be particularly important for CO. We also

Finally, we consider the legitimacy of assuming that thesee that both mechanical and electrical anharmonicities can
excited state PES of CO is of the same shape as the grouteé important. Our next concern is the generalization and ap-
state but simply shifted to the correct equilibrium position. plication of the theory to polyatomic molecules.

This is an assumption frequently made in the literature for

other molecules; see, e.g., Ref. 25. The calculations reporte

in Tables V and VI are all carried out at thi¥«) level. A ECKNOWLEDGMENTS
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