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ABSTRACT

We model the wavelength-dependent absorption of atmospheric gases by assuming constant mass
absorption coefficients in finite-width spectral bands. Such a semigray atmosphere is analytically
solved by a discrete ordinate method. The general solution is analyzed for a water vapor saturated
atmosphere that also contains a carbon dioxide-like absorbing gas in the infrared. A multiple stable
equilibrium with a relative upper limit in the outgoing long-wave radiation is found. Differing from
previous radiative–convective models, we find that the amount of carbon dioxide strongly modifies
the value of this relative upper limit. This result is also obtained in a gray (i.e., equal absorption of
radiation at all infrared wavelengths) water vapor saturated atmosphere. The destabilizing effect of
carbon dioxide implies that massive carbon dioxide atmospheres are more likely to reach a runaway
greenhouse state than thin carbon dioxide ones.

1. Introduction

The purpose of simple physically based models is to
provide good analogs of the basic processes that gov-
ern the climate. This thermodynamic viewpoint dif-
fers conceptually from the atomistic approach used
in more complex models, such as general circulation
ones, which are focused on simulating the system by
describing the maximum possible number of mech-
anisms that occur in the real climate. Among sim-
ple models, those of radiative equilibrium have been
widely used in order to examine the general principles
governing a planetary atmosphere. As pointed out by
Goody and Yung (1989), these types of models rep-
resent the first step in the study of atmospheres of
other planets (Gierasch and Goody, 1970), stellar at-
mospheres (Chandrasekhar, 1960) and sensitivity of
the Earth’s atmosphere (Ide et al., 2001). The main
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feature of such models is the exclusion of vertical non-
radiative energy fluxes. Therefore, the assumption of
radiative equilibrium holds at every level of the atmo-
sphere, from which simple solutions can be extracted.
Thus, sensitivity analyses regarding the different pa-
rameters used in the model can be easily performed,
with the aim of shedding light on the planetary climatic
behavior.

Nevertheless, reasonable doubts about the relevance
of radiative equilibrium solutions arise when noting
the disagreement of such model solutions with the
observed Earth’s atmospheric structure (e.g., Goody
and Yung, 1989). Although the inclusion of a con-
vective lower layer leads to more realistic results (see
Ramanathan and Coakley, 1978), the heuristic way
of introducing such an adjustment does not dispel
the concerns of neglecting dynamical effects (Goody
and Yung, 1989). Currently, elaborate radiative–
convective models with physically based parameteri-
zations of convective effects are of great interest for an-
alyzing the climate system (see Liou, 1992), whereas
simpler versions, such as the gray approach (i.e.,
absorption of radiation independent of wavelength),
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are mainly devoted to academic purposes (see, e.g.,
Houghton, 1986).

However, Weaver and Ramanathan (1995) showed
that the addition of a transparent spectral window in the
absorption spectrum could resolve some obvious defi-
ciencies of gray radiative equilibrium models (namely,
non-zero discontinuity of temperatures at the surface
and ground temperature increasing without bound as
the amount of the absorbing gas is allowed to increase).
The present paper aims to extend the initial work car-
ried out by Weaver and Ramanathan (1995) by deduc-
ing a general analytical expression for the temperature
profile in a model atmosphere with multiple gases and
constant mass absorption coefficients in finite-width
spectral bands. Note that our purpose is not to repro-
duce quantitatively the absorption of infrared radia-
tion, since detailed non-gray models that require nu-
merical solutions have been widely used to analyze
the behavior of planetary atmospheres (e.g., Pollack,
1971; Abe and Matsui, 1988). Instead, our aim is to de-
velop an analytical model with a reasonable (although
not extremely accurate) treatment of infrared absorp-
tion that may be used for providing qualitative answers
of those problems difficult to analyze with more elab-
orate models.

Sagan (1972), Henderson-Sellers and Meadows
(1976) and others did apply very simple non-gray mod-
els in order to gain an insight into the long-term evo-
lution of planetary atmospheres. The model shown in
section 2 substantially improves the one applied in
these pioneering studies, since it is deduced from a
discrete ordinate method that avoids some inconsisten-
cies found in these former studies where the outgoing
long-wave radiation flux in the opaque regions was ex-
pressed in terms of the blackbody radiation emitted at
the skin temperature (or, equivalently, at the effective
temperature divided by 21/4). This procedure approx-
imately accounted for half of the outgoing long-wave
radiation only (the contribution due to the emission at
top of the atmosphere), since it ignored the contribu-
tion associated to the transmission of the upward radi-
ation flux that comes for lower layers (see, e.g., Goody
and Yung, 1989; Weaver and Ramanathan, 1995;
Visconti, 2001).

As a particular application of the general expres-
sion obtained in section 2, in section 3 we analyze the
effects of carbon dioxide on the atmospheric radia-
tion limits that arise in a water vapor saturated atmo-
sphere. Here we find a non-linear effect of the amount
of carbon dioxide on the atmospheric radiation limit

that may be of importance for the long-term evolution
of planetary atmospheres. In addition, the important
stabilizing effect of the atmospheric window is also
shown. Finally, the main conclusions of the present
paper are shown in section 4, where we also discuss
the severe limitations of our model atmosphere.

2. Semigray atmosphere in
radiative equilibrium

In planetary atmospheres, radiation fluxes can be
split into two terms, short-wave incoming solar ra-
diation and long-wave planetary emission, which (in
most cases) can be separately analyzed. The radiative
equilibrium assumption applied to the model atmo-
sphere ignores convective fluxes, which implies a bal-
ance between short- and long-wave radiative fluxes at
any vertical level, including the surface. For the sake of
simplicity, we also assume a cloudless plane–parallel
atmosphere completely transparent to short-wave ra-
diation, which means that the ground is the only level
that absorbs solar radiation. Although this is not the
case for the current Earth’s atmosphere (e.g., there is
a strong short-wave absorption by ozone in the strato-
sphere), the transparent approach to sunlight has been
usually applied in order to solve simple radiative equi-
librium models (see, e.g., Liou, 1992).

We solve the transfer of long-wave radiation
throughout the model atmosphere by using the fol-
lowing two boundary conditions. At the surface, the
upward long-wave flux follows the Planck function at
the ground temperature. At the top of the atmosphere
(TOA), the downward long-wave flux is zero. Note
that both boundary conditions apply monochromati-
cally. In addition, we assume a source function for
the infrared atmospheric emission equal to the Planck
function, which implies local thermodynamic equilib-
rium condition.

From the previous physical assumptions, the solu-
tion for the vertical temperature profile by using con-
stant mass absorption coefficients in each one of the n
finite-width spectral bands in which we have divided
the infrared spectrum is as follows (see Appendix):

σ T 4 = Qa

2

n∑
i=1

[
κiβgi

(1 + Dτi )(
2 + Dτ ∗

i

)
]

{
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i=1

κiβi

} {
n∑

i=1

[
βgi(

2 + Dτ ∗
i

)
]} , (1)
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where σ is the Stefan–Boltzmann constant, T is the at-
mospheric temperature, Qa is the absorbed short-wave
radiation at the surface (Q is the solar constant divided
by four and a is the co-albedo), D = 3/2, κ i is the vol-
ume absorption coefficient of the i-th spectral band,
and β i is the effective width of the i-th spectral band,
defined as

βi =

∫ νui

νli

Bν dν∫ ∞

0
Bν dν

, (2)

where ν li and νui are the lower and upper frequency
limits of the i-th spectral band, and Bν is the Planck
function. Note that the summation over all β i is equal
to 1. In eq. (1), βgi refers to the effective width of the
i-th spectral band at the ground, whereas the optical
depth at height z (assuming TOA at z = ∞) of the i-th
spectral band τ i follows

τi =
∫ ∞

z
κi dz′ =

∫ ∞

z
kiρai dz′, (3)

where ki and ρai are the constant mass absorption co-
efficient and the absorbing gas density of the i-th spec-
tral band, respectively. The optical thickness of the i-th
spectral band τ ∗

i follows from eq. (3) at z = 0. Note
that we allow for the absorption of multiple gases in
the same spectral band.

Finally, the ground temperature Tg reads (see
Appendix)

σ T 4
g = Qa

2

1
n∑

i=1

[
βgi

(
2 + Dτ ∗

i

)−1
] . (4)

Note that the air temperature at the surface obtained
from eq. (1) is lower than the ground temperature,
eq. (4), by a finite amount. Such a discontinuity at
the boundaries is a common feature in pure radiative
equilibrium atmospheres (Goody and Yung, 1989).

3. Atmosphere with water vapor and
carbon dioxide absorbing gases

3.1. Analytical solution

Here we analyze a water vapor saturated atmosphere
with a carbon dioxide-like absorbing gas in the in-
frared. For water vapor, we assume a constant mass
absorption coefficient at infrared wavelengths outside
the atmospheric window. This window ranges from

8 to 12 µm (Kondratyev, 1969). For carbon dioxide,
we only take the strong band centered at 15 µm into
account (from 13 to 17.6 µm in wavelength; Lindzen
et al., 1982). Thus, the infrared spectrum is divided
into five bands (n = 5; see Fig. 1). Band 1 corresponds
to λ > 8 µm. Band 2 ranges from 8 ≤ λ ≤ 12 µm (wa-
ter vapor atmospheric window). Band 3 ranges from
12 < λ < 13 µm. Band 4 ranges from 13 ≤ λ ≤
17.6 µm (carbon dioxide band). Band 5 corresponds
to λ > 17.6 µm. Band 2 is totally transparent. Bands 1,
3 and 5 assume absorption by water vapor only. Band 4
assumes absorption by carbon dioxide and water va-
por. Then, eq. (4) reads

σ T 4
g = Qa

×
(
2 + Dτ ∗

w

) [
2 + D

(
τ ∗
w + τ ∗

c

)]
(
2 + βgw Dτ ∗

w

) [
2 + D

(
τ ∗
w + τ ∗

c

)] − 2βgc Dτ ∗
c

,

(5)

where τ ∗
w is the optical thickness due to the absorption

by water vapor in bands 1 and 3–5, and τ ∗
c is the opti-

cal thickness due to the absorption by carbon dioxide
in band 4. Since we assume a purely additive over-
lapping for both water vapor and carbon dioxide, the
net optical thickness in band 4 is τ ∗

w + τ ∗
c . Although

the model here developed may use different values of
the mass absorption coefficient kw in different spectral
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Fig. 1. The semigray model uses five infrared bands with
different but constant mass absorption coefficients. The lim-
its of the carbon dioxide band follow from Lindzen et al.
(1982). Gray atmospheres in the infrared spectrum use mass
absorption coefficients independent of wavelength.
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bands, eq. (5) assumes the same value of kw for bands
1 and 3–5 (i.e., those bands outside the atmospheric
window). This is a very crude approximation to the
infrared spectrum of water vapor absorption, since it
greatly varies in wavelength (see, e.g., Kasting et al.,
1984). However, variations of the absorption between
bands outside the atmospheric window are substan-
tially smaller than those between the same bands and
the absorption within the atmospheric window. There-
fore, the approximation employed here represents a
first approximation to the actual non-gray absorption
of water vapor, being reasonable for qualitative analy-
ses. In eq. (5), βgw and βgc are the effective widths
of the water vapor atmospheric window and car-
bon dioxide spectral band at the ground temperature,
respectively.

The spectral-mean optical thickness is defined as
the Planck mean (see Goody and Yung, 1989):

τ ∗ =

∫ ∞

0
τ ∗
ν Bν dν∫ ∞

0
Bν dν

=
n∑

i=1

τ ∗
i βi , (6)

where τ ∗
ν is the optical thickness at frequency ν and i

refers to the i-th spectral band. Note that the last equal-
ity in eq. (6) follows from eq. (2) and the assumption of
uniform values of τ ∗

ν at each one of the n spectral bands
in which we have divided the infrared spectrum. From
eq. (6), the optical thickness of the case here analyzed
is

τ ∗ = τ ∗
w(1 − βgw − βgc) + (

τ ∗
w + τ ∗

c

)
βgc.

The optical thickness for the Earth’s current state
is a function of the surface temperature since water
vapor coexists with its liquid phase at the surface. The
equilibrium condition between both vapor and liquid
phases restricts the amount of water vapor in the atmo-
sphere and, hence, limits the possible values of optical
thickness. This effect has been extensively analyzed
in gray and non-gray models (see, e.g., Komabayasi,
1967; Ingersoll, 1969; Kasting, 1988; Nakajima
et al., 1992; Pierrehumbert, 1995). For an atmosphere
with constant mass fraction of the absorbing gas (as
expected in current Earth’s stratosphere), we find

σ T 4 = Qa
κw(1 − βgw − βgc) (1 + Dτw)

[
2 + D

(
τ ∗
w + τ ∗
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)] + (κw + κc) βgc

(
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)
[1 + D (τw + τc)]{(
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) [
2 + D

(
τ ∗
w + τ ∗
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c

}
[κw (1 − βw) + κcβc]

(9)

(see Ingersoll, 1969)

τ ∗
w = kwewsmw

gm
, (7a)

τ ∗
c = kc pcmc

gm
, (7b)

where kw(= 0.01 m2 kg−1); Ingersoll, 1969; Nakajima
et al., 1992) and kc(= 0.05 m2 kg−1) are the constant
mass absorption coefficients for water vapor outside
the atmospheric window and carbon dioxide in its sin-
gle absorbing band, respectively. Note that the mass
absorption coefficient k is an intrinsic radiative prop-
erty of the absorber and it can be a function of tem-
perature and pressure (effects here ignored). The kc

value has been chosen to produce the expected climate
sensitivity for Earth’s current conditions (ground tem-
perature variation on the order of 2 K for doubling the
present atmospheric amount of carbon dioxide). In eq.
(7a) ews is the partial pressure of water vapor at the
surface. In consistency with the vapor–liquid equilib-
rium condition, we assume complete saturation at the
surface. The saturation vapor pressure ews is a function
of the air temperature at the surface Tas and it may be
obtained from (see Bohren and Albrecht, 1998)

ews(Tas) = 611 exp
[
6808

(
273−1 − T −1

as

)
− 5.09 ln

(
Tas/273

)]
. (8)

In comparison with the steam tables provided by Irvine
and Liley (1984), eq. (8) differs less than a 6.3% for
temperatures lower than 450 K, which is reasonable
enough for our qualitative analyses.

In eq. (7b) we assume that the partial pressure of
carbon dioxide pc is independent of the surface tem-
perature. Earth’s values suggest pc ≈ 54 Pa (amount
of carbon dioxide ≈353 ppmv; see Hartmann, 1994).
In eqs. (7a) and (7b), g is the acceleration due to grav-
ity (9.8 m s−2), and mw , mc and m are the molecular
weights of water vapor (18 × 10−3 kg mol−1), carbon
dioxide (44 × 10−3 kg mol−1) and mean atmosphere.
The value for m is obtained from the partial pressures
and molecular weights of water vapor, carbon dioxide
and dry air without carbon dioxide.

From the above, the atmospheric temperature ob-
tained from eq. (1) reads
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whereκw andκc are the volume absorption coefficients
for water vapor and carbon dioxide. These values are
directly related to the mass absorption coefficients kw

and kc through the gas densities [see, e.g., eq. (3)].
Here we assume water vapor, carbon dioxide and dry
air without carbon dioxide as ideal gases. In eq. (9),
βw and βc are the effective widths of the water vapor
atmospheric window (band 2) and carbon dioxide ab-
sorbing band (band 4) at temperature T . In addition,
τw and τ c are the optical depth due to water vapor (in
either band 1, 3 or 5) and carbon dioxide (in band 4)
absorbing gases, respectively.

Note that eqs. (5) and (9) revert to the semigray
solution found by Weaver and Ramanathan (1995) for
τ c = τ ∗

c = 0 = κc (i.e., atmosphere without carbon
dioxide). In addition, for βw = βgw = 0 = βc = βgc,
eqs. (5) and (9) revert to the gray solution, as they
should.

3.2. Atmospheric radiation limits

For simplicity, here we use constant values for βw

(= βgw = 0.2488) and βc(= βgc = 0.1435), which
correspond to the mean values of βw(T ) and βc(T )
defined as in eq. (2) with the spectral limits discussed
in section 3.1 (Fig. 1), for the 200−600 K temperature
range. Then, and for a fixed value of Qa, eq. (9) at
the surface is a function of Tas only. The solution is
obtained by applying Brent’s method for finding the
root of a function (see Press et al., 1994). The value of
the surface temperature Tas is then used in eq. (5) to
obtain the ground temperature Tg.

Figure 2 shows the absorbed short-wave radiation
Qa as a function of the ground temperature Tg for
atmospheres with different carbon dioxide amounts.
Note that case A ignores the carbon dioxide. In this
case, we find three states that satisfy the vapor–liquid
equilibrium condition with Qa=360.7 W m−2 (a value
that refers to tropical regions for Earth’s current con-
ditions). The spectral-mean optical thickness τ ∗ for
these three states is 0.017 (T g ≈ 283.3 K), 0.78 (T g ≈
312 K) and 148 (T g ≈ 398 K).

Following the classical criterion applied in simple
climate models (see, e.g., North et al., 1981), branches
with positive slopes (i.e., ∂Qa/∂T g > 0) in Fig. 2 refer
to stable climates. In contrast, climate states found
on branches with negative slopes (i.e., ∂Qa/∂T g < 0)
are unstable (i.e., physically unrealistic). The relative
radiation limit found in Fig. 2 arises due to the conflict
between the amount of absorbing gas required by the
vapor–liquid equilibrium condition and that required

by the radiative equilibrium one (see, e.g., Nakajima
et al., 1992). The stable branch obtained at high values
of ground temperature arises due to the existence of
the transparent window in the absorption spectrum of
water vapor, which leads to a finite value for Tg in
the optically thick limit [≈400 K for Qa = 360.7 W
m−2 from eq. (5) and τ ∗

w → ∞]. On such a branch,
most of the outgoing long-wave flux escapes to space
through the atmospheric window since other spectral
regions have become completely opaque. Note also
that the two stable branches obtained in Fig. 2 lead to
an hysteresis-like cycle on the ground temperature to
changes in the absorbed solar radiation Qa (not found
in gray atmospheres).

Case B in Fig. 2 uses a surface partial pressure for
carbon dioxide similar to Earth’s current value (pc ≈
54 Pa). However, the ground temperature for the stable
state with the observed mean value of the absorbed
solar radiation in a clear-sky atmosphere (≈260 W
m−2; Stephens and Greenwald, 1991) is lower than
that expected. A higher value would be obtained by
lessening the saturation condition at the surface and
using a fixed value of relative humidity (<100%). Of
course, far more important are the effects of convective
fluxes, here completely ignored.

In Fig. 2 we do not include results for massive car-
bon dioxide atmospheres (pc 
 104 Pa) since our sim-
ple model would surely lead to wrong solutions, since
Rayleigh scattering (here ignored) is of particular im-
portance in thick carbon dioxide atmospheres (Kast-
ing, 1988). In addition, the pressure-broadening effects
would be considerable (i.e., we should impose a vari-
ation of the width of the atmospheric bands defined in
Fig. 1 in terms of pressure). Finally, condensation of
carbon dioxide may occur at such high pressures, and
here we ignore this process. These effects have been
taken into account by several authors in the study of
the particular conditions of early Earth and Venus (e.g.,
Kasting and Ackerman, 1986; Abe and Matsui, 1988;
Kasting, 1991). Note that our purpose here is to help
understand the effect of carbon dioxide on the atmo-
spheric radiation limits by means of an analytically
solvable model.

We also point out that pressure-broadening effects
might be important for the absorption lines of water
vapor at high temperatures. In this case, the amount
of water vapor in the atmosphere is so high that the
atmospheric pressure substantially increases. This ef-
fect would reduce the width of the atmospheric win-
dow, implying a tendency of the semigray atmosphere
to become gray. However, planetary atmospheres with
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Fig. 2. Absorbed solar radiation Qa as a function of the ground temperature Tg for a water vapor saturated atmosphere with
different amounts of carbon dioxide (measured in carbon dioxide surface partial pressure). The water vapor-like absorbing
gas contains a single totally transparent atmospheric window ranging from 8 to 12 µm in wavelength. The carbon dioxide
band ranges from 13 to 17.6 µm in wavelength (see Fig. 1).

absorbing gases with large atmospheric windows may
be better represented by the semigray case for a
large range of surface temperatures, as discussed in
section 4.

From Fig. 2 we find that carbon dioxide strongly
modifies the relative atmospheric radiation limit ob-
tained from both vapor–liquid and radiative equilib-
rium conditions. This result is not found in radiative–
convective models (see Kasting, 1988), most likely
because the radiation limit obtained here is an upper
bound for the radiation limits that arise when con-
vective processes are included (see the discussion in
Nakajima et al., 1992).

The effect of carbon dioxide on the relative runaway
greenhouse point is highly non-linear. The relative ra-
diation limit substantially decreases from pc = 102 to
103 Pa (compare cases C and D in Fig. 2). In contrast,
the variation of the relative radiation limit from pc =
103 to 104 Pa is not so big (see cases D and E in Fig. 2).
This type of behavior has been already been found for
the solar constant required to maintain a given value
of surface temperature in a radiative–convective model
(see Kasting, 1988).

Figure 3 shows the ground temperature as a func-
tion of the partial pressure of carbon dioxide for the
maximum values of absorbed solar radiation (i.e., a =
1) for early Earth (240 W m−2), current Earth (340 W

m−2), and early Venus (458 W m−2) (Abe and Matsui,
1988). Figure 3 suggests a very warm solution in early
Venus (pc 
 104 Pa) mainly due to the effect of car-
bon dioxide on the lessening of the value of the relative
radiation limit. As stated above, at very high values of
surface temperature, the assumption of a fully trans-
parent window would break down since the absorption
of water dimes within the atmospheric window would
be important. Then, the solution would tend to the
gray atmosphere that does not show the second stable
branch at high values of surface temperature shown in
Fig. 2, so the temperature would run away. For early
Earth conditions, Fig. 3 also suggests a very warm
atmosphere for a massive amount of carbon dioxide.
However, with a small albedo (i.e., Qa < 240 W m−2),
even atmospheres with high amounts of carbon diox-
ide would attain a moderate temperature (see Fig. 2).
We point out that the results obtained for an accelera-
tion of gravity as that expected for Venus (8.9 m s−2)
do not modify the previous discussion.

For completeness, we show in Fig. 4 the results for
a model atmosphere with gray absorption for water
vapor and semigray for carbon dioxide. As in Figs. 2
and 3, we assume that water vapor is saturated at the
surface. In comparison with Fig. 2, the second sta-
ble branch at high values of surface temperature does
not appear in Fig. 4, as discussed above. Thus, Tg is
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Fig. 3. Ground temperature Tg vs. partial pressure of carbon dioxide for a water vapor saturated atmosphere with constant
values of absorbed solar radiation. The three cases corresponds to the maximum mean solar absorption (a = 1) for early
Earth eE (240 W m−2), current Earth cE (340 W m−2), and early Venus eV (458 W m−2). The water vapor-like absorbing
gas contains a single totally transparent atmospheric window ranging from 8 to 12 µm in wavelength. The carbon dioxide
band ranges from 13 to 17.6 µm in wavelength.
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Fig. 4. As in Fig. 2 except for a gray absorption of water vapor. The carbon dioxide band ranges from 13 to 17.6 µm in
wavelength.

unbound as the optical thickness increases. In this case,
there is an absolute radiation limit of value Qarg. For
values of the absorbed solar radiation Qa higher than
Qarg the vapor–liquid equilibrium condition cannot
hold and the liquid phase evaporates entirely (see, e.g.,
Komabayasi, 1967; Ingersoll, 1969). Therefore, Qarg

is known as the runaway greenhouse point. Note that
this is not the case in a semigray atmosphere with a
transparent window, since the new warm stable branch
is unbounded (i.e., the vapor–liquid equilibrium still
holds in the second stable branch at high values of
surface temperature shown in Fig. 2). This shows the
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importance of a transparent atmospheric window on
generating a second stable branch.

4. Conclusions

We have analytically solved the vertical temperature
profile for a cloudless, transparent to sunlight, radiative
equilibrium atmosphere with constant mass absorp-
tion coefficients in finite-width spectral bands. The
solution for a water vapor-like absorbing atmosphere
assumes a single transparent window in the infrared,
and reverts to the expressions obtained by Weaver and
Ramanathan (1995) from a broadband analysis.

We have applied the general expression of our model
atmosphere to the particular case of a water vapor satu-
rated atmosphere with a carbon dioxide-like absorbing
gas. Our model atmosphere, however, contains very
restrictive assumptions that limit its applicability. Be-
sides neglecting convective processes, atmospheric ab-
sorption of sunlight and cloud formation (which are se-
rious limitations of the present model), we also ignore
possible phase changes in carbon dioxide. Although
the condensation of carbon dioxide at the surface does
not occur for the values found in Figs. 2–4, the possible
formation of carbon dioxide clouds is neglected.

The consistency between the vapor–liquid equilib-
rium condition for water and the radiative equilibrium
condition leads to a relative maximum in the absorbed
solar radiation as a function of ground temperature.
The effect of the transparent window in the absorp-
tion spectrum of water vapor produces a new stable
solution at very high values of ground temperature.
Nevertheless, water vapor actually absorbs within the
atmospheric window. This continuum absorption is ex-
pected to increase with surface temperature (see, e.g.,
Kasting et al., 1984), which implies that the absorption
spectrum of water vapor tends to the gray case at high
values of ground temperature. Thus, the new stable
branch may not be found in a real water-vapor atmo-
sphere. This possibility, however, does not weaken the
usefulness of the semigray approach, since in some
planetary atmospheres with large atmospheric win-
dows it may help to understand the qualitative behavior
of the system. For example, the multiple equilibrium
associated to the hysteresis-like cycle found in Titan’s
atmosphere with more elaborate models (Lorenz et al.,
1999) may be a direct consequence of the non-gray ab-
sorption here investigated.

Independently of the existence of this new stable
branch, we have found that carbon dioxide strongly
modifies the relative radiation limit (see Fig. 3; or the

runaway greenhouse point, see Fig. 4). This radiation
bound decreases as the amount of carbon dioxide in-
creases in non-massive carbon dioxide atmospheres.
Note that the vertical lapse rate in gray and semigray
optically thick atmospheres may exceed the adiabatic
lapse rate. In this case, a convective layer would de-
velop below the radiative equilibrium one. In general,
convective conditions may produce an upper radiation
bound smaller than the radiation limit obtained from
radiative equilibrium conditions (see, e.g., Nakajima
et al., 1992). Nevertheless, the very low values of
the radiation limits expected for massive carbon diox-
ide atmospheres from radiative equilibrium conditions
may lie below the convective radiation bound. Then
the runaway greenhouse effect would be dominated by
the stratospheric (i.e., radiative equilibrium) behavior.
This case applied to a massive carbon dioxide planet
for early Venus conditions would lead to a greenhouse
runaway effect. Note that the destabilizing effect of
carbon dioxide here shown differs from that based on
the high reflectivity of carbon dioxide clouds and their
effect on the tropospheric lapse rate found by Caldeira
and Kasting (1992) in a simple energy-balance climate
model.
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6. Appendix. Eddington’s approximation

The transfer of the specific intensity of radiation Iν

(energy per unit time, area, solid angle and frequency
ν) through the atmosphere consists of thermal (i.e.,
long-wave) radiation originating at the ground that
emits at temperature Tg and being transferred through
the atmosphere above. With the physical assumptions
stated in section 2, the equation that describes the vari-
ation of the specific intensity of radiation through a
slab of thickness dz, z the altitude above the ground,
follows (e.g., Goody and Yung, 1989)

µ
dIν

dz
= −κν (Iν − Bν) , (A1)

where µ is the cosine of the zenith angle and κν and
Bν were defined in section 2.
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In general, Iν is a function of frequency, position and
direction. Referred to the angular direction, Iν can be
expanded in a series of Legendre polynomials depend-
ing on µ (Liou, 1992). Since our interest is focused on
averaged angular properties (such as radiation fluxes),
we truncate the expansion of Legendre polynomi-
als at first order (a procedure known as Eddington’s
approach)

Iν(z, µ) = I0ν(z) + I1ν(z)P1(µ), (A2)

P1 being the first-order Legendre polynomial.
By substituting (A2) into the radiative transfer equa-

tion (A1) and integrating over the solid angle we obtain

1

3

dI1ν

dz
= −κν (I0ν − Bν) . (A3)

By substituting eq. (A2) into the radiative transfer
equation (A1) multiplied by µ and integrating over the
solid angle we obtain

dI0ν

dz
= −κν I1ν . (A4)

Note that all the variables and parameters in
eqs. (A3) and (A4) may vary with altitude z. For a
gray atmosphere, κν is independent of frequency, and
eqs. (A3) and (A4) lead to similar expressions but
for broadband quantities once integrated over all ν.
The solution with such a condition is well known
and has become the first step toward understanding
atmospheres in radiative equilibrium (e.g., Goody and
Yung, 1989).

By applying the classical relationship between ra-
diation fluxes and specific intensity of radiation (e.g.,
Goody and Yung, 1989), upward F+

ν (towards TOA)
and downward F−

ν radiation fluxes within the Edding-
ton approach (A2) are

F+
ν = π I0ν + 2π

3
I1ν, (A5a)

F−
ν = π I0ν − 2π

3
I1ν . (A5b)

The net long-wave radiation flux is Fν = Fν
+ −

F−
ν = 4π I 1ν/3. Under monochromatic radiative equi-

librium conditions (i.e., the net long-wave radiation
flux Fν does not vary with height; see Liou, 1992;
Gorshkov and Makarieva, 2002), I1ν is constant (i.e.,
does not vary with height). Then, the integration of
eq. (A4) from TOA (i.e., z = ∞) to z is

I0ν(z) = I1ν

∫ ∞

z
dz′κν(z′) + I0ν(∞). (A6)

The boundary condition of zero downward fluxes F−
ν

at TOA implies [see eq. (A5b)]

I0ν(∞) = 2

3
I1ν, (A7)

from which eq. (A6) reads

I0ν(z) = I1ν

[
2

3
+

∫ ∞

z
dz′κν(z′)

]
. (A8)

At the surface (z = 0), eq. (A8) is

I0ν(0) = I1ν

[
2

3
+

∫ ∞

0
dz′κν(z′)

]
. (A9)

The boundary condition at the surface requires that
the upward long-wave flux (A5a) must be equal to the
blackbody emission at the ground temperature

π Bgν = F+
ν (0) = π I0ν(0) + 2π

3
I1ν, (A10)

where Bgν is the Planck function at the ground tem-
perature. Substituting eq. (A9) into eq. (A10) and re-
arranging terms, we obtain

Fν = 4π

3
I1ν = 2π Bgν[

2 + D
∫ ∞

0
dz′κν(z′)

] , (A11)

where D = 3/2.
The integration of eq. (A11) over frequencies as-

suming the infrared spectrum divided into n discrete
bands leads to eq. (4)

π Bg = Qa

2

1
n∑

i=1

[
βgi

(
2 + Dτ ∗

i

)−1
] , (A12)

where βgi and τ ∗
i were defined in section 2. Note that

radiative equilibrium conditions require that F = Qa.
In eq. (A12), Bg is the Planck function at the ground
temperature.

Under monochromatic radiative equilibrium condi-
tions [see the text below Eq. (A5b)], eq. (A3) leads
to

κν(z)Bν(z) = κν(z)I0ν(z). (A13)

By substituting eq. (A8) into eqs. (A13) and (A11),
we obtain
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κν(z)π Bν(z) = κν(z)π Bgν

[
1 + D

∫ ∞

z
dz′κν(z′)

]
[

2 + D
∫ ∞

0
dz′κν(z′)

] .

(A14)

The integration of eq. (A14) over frequencies as-
suming the infrared spectrum divided into n-th discrete

bands and using eq. (A12) leads to

π B = Qa

2

n∑
i=1

[
κiβgi

(1 + Dτi )(
2 + Dτ ∗

i

)
]

{
n∑

i=1

κiβi

} {
n∑

i=1

[
βgi(

2 + Dτ ∗
i

)
]} ,

(A15)

which is eq. (1).
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