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The electron localization function �ELF� has been proven so far a valuable tool to determine the
location of electron pairs. Because of that, the ELF has been widely used to understand the nature
of the chemical bonding and to discuss the mechanism of chemical reactions. Up to now, most
applications of the ELF have been performed with monodeterminantal methods and only few
attempts to calculate this function for correlated wave functions have been carried out. Here, a
formulation of ELF valid for mono- and multiconfigurational wave functions is given and compared
with previous recently reported approaches. The method described does not require the use of the
homogeneous electron gas to define the ELF, at variance with the ELF definition given by Becke.
The effect of the electron correlation in the ELF, introduced by means of configuration interaction
with singles and doubles calculations, is discussed in the light of the results derived from a set of
atomic and molecular systems. © 2006 American Institute of Physics. �DOI: 10.1063/1.2210473�
I. INTRODUCTION

The first to recognize the importance of the electron pair
in chemical bonding was Lewis 90 years ago.1 His idea that
chemical bonds are formed by shared electron pairs has been
one of the most fruitful concepts in modern chemistry.2,3 The
electron pair plays a dominant role in the present day chem-
istry, being a powerful concept to rationalize and understand
the molecular structure �through the valence shell electron
pair repulsion �VSEPR� theory4�, bonding, and chemical re-
activity. Because of their importance, quantum chemists have
pursued the development of procedures to determine the spa-
tial domains where local electron pairing takes place in mol-
ecules. The first attempts in this direction were based on the
idea of the so-called localized orbitals.5 The Laplacian of the
one-electron density is another function used to denote elec-
tronic localization.6,7 Afterwards, with the intention to calcu-
late the electron pair regions with greater precision in the
molecular space, theoretical chemists turned their interest to
two-electron quantities.8 The simplest of such quantities that
describes the pair behavior is the so-called pair density.
Other related functions employed to locate the electron pairs
have their origin in the seminal works of Artman9 and
Lennard-Jones.10 Among them we can mention the
exchange-correlation density,11,12 the Fermi hole,13 the
Lennard-Jones function,14 the Luken-Culberson function,15

and the conditional pair density.15,16
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Nevertheless, nowadays the most widely used procedure
to analyze electronic localization is probably the electron lo-
calization function �ELF� introduced by Becke and Edge-
combe from the leading term in the Taylor series expansion
of the spherically averaged same spin conditional pair
probability.17–20 The definition of the conditional probability
�CP�, i.e., the probability density of finding electron 2
nearby, r2, when electron 1 is at r1, reads

P�r1,r2� =
��2��r1,r2�

��r1�
, �1�

with ��2��r1 ,r2� and ��r1� being the pair density and the den-
sity, respectively. Both the pair density and the CP contain all
necessary information about the correlation of electrons.
However, a good advantage of the CP function is that it is
actually discounting irrelevant information concerning the
position of the reference electron.

Hence, it is not surprising that Becke and Edgecombe17

chose the CP of same spin electrons as a measure of electron
localization. In particular, they used the spherical average of
the CP expanded by Taylor series around the position of the
reference electron:21

�es·�P���r,r + s��

=
1

4�
��

−1

1 �
0

2�

es��d�d�	
P���r,r + s�
s=0

=
sinh�s � �

s�

P���r,r + s�
s=0, �2�
which after using the Taylor expansion of sinh around the
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reference electron �s=0� generates an expression whose
leading term reads

�es·�P���r,r + s�� = �1 + 1
6s2�s

2 + . . . �
P���r,r + s�
s=0

� 1
6 
s2�s

2P���r,r + s�
s=0. �3�

The right-hand side �rhs� of Eq. �3� holds because the Pauli
principle forces the same spin pair density at the coalescence
point to be zero, ����r ,r�=0. Thus, the leading term of the
Taylor expansion of the spherically averaged CP is propor-
tional to

D� = 1
2 
�s

2P���r,r + s�
s=0. �4�

Hence, Becke and Edgecombe17 used the relative ratio of D�

with respect to the same quantity for the homogeneous elec-
tron gas �HEG�, assuming a monodeterminantal situation
where the pair density can be calculated from the density:22

D�
0 = 3

5 �6�2�2/3����5/3 = 3
10�3�2�2/3�5/3 = cF�5/3, �5�

with cF= �3/10��3�2�2/3 being the Fermi constant.23 Hence
the relative ratio reads

D�r� =
D�

D�
0 = � �es·�P���r,r + s��/�s2/3�

�3/5��6�2�2/3����r��5/3 �
s=0

=

�s

2��2����r,r + s�
s=0

cF�2���r��8/3 . �6�

The �conditional� probability of finding an electron with
spin � when there is already another electron with the same
spin nearby is lower when the former is localized. Therefore,
the ratio in Eq. �6� accounts for electron localization; the
higher it is, the lower the localization. In order to range the
electron localization measure in the interval �0,1�, Becke and
Edgecombe chose the following scaling to define the ELF:17

ELF 
 � =
1

1 + D�r�2 =
1

1 + �D�/D�
0�2 , �7�

thus, ELF=1 corresponds to a completely localized situation,
and 0 to its opposite. ELF=0.5 within a HEG.

The ELF helps in clarifying the structure of molecules24

and the shell structure of atoms,25,26 and its topological in-
terpretation gives rise to the molecular space splitting in
terms of chemical meaningful regions such as bonds, lone
pairs, and core regions.19 The ELF has also been calculated
separately for alpha and beta orbitals with the aim to study
different spin contributions on some radical systems.27 The
ELF has been used to gain insight on aromaticity,20,28 to
analyze the changes in electronic structure along a given re-
action coordinate,29 and to distinguish between similar
mechanisms of reaction.30

Becke and Edgecombe17 developed the ELF formula in
Eq. �7� for a monodeterminantal case, where the two-body
quantities can be expressed in terms of one-body ones. The
fact that Becke and Edgecombe based their ELF on the CP
�a two-body quantity� and later on worked out their expres-
sion for the monodeterminantal case had the disadvantage of
the loss of generalization, since only monodeterminantal
cases were contemplated. However, they overcame an epis-

temological problem: the natural extension of the ELF at
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correlated level should also take into account the correlated
expression of its reference, the spin-unpolarized HEG. To the
best of our knowledge, the exact analytical expression of the
pair density for the HEG is unknown.

The investigations of the ELF at correlated level are
scarce, mainly due to the considerable computational effort
needed for the calculation of the pair density. The purpose of
this paper is to investigate the ELF at correlated level of
theory. Thus, we firstly explore the definitions of the ELF
already given for correlated calculations to show they are
indeed equivalent. Secondly, we apply the ELF to the calcu-
lation of some atomic systems up to krypton, to analyze its
ability to recover shell structure and shell populations at the
configuration interaction singles and doubles �CISD�
method. And finally, we take a series of isoelectronic mol-
ecules �CO, CN−, N2, and NO+� and another series of mol-
ecules known to be problematic for monodeterminantal ap-
proaches �F2, FCl−, and H2O2� to show the effect of the
inclusion of electron correlation in the population and vari-
ance of ELF basins.

II. METHODS

This section is organized as follows. First, we analyze
the previous definitions of correlated ELF given by different
authors and we prove that all of them are equivalent; second,
we provide the definitions of different populations and their
variances; and finally, we discuss the computational tools
used in this study.

A. Correlated electron localization function

1. An alternative ELF with no need for arbitrary
references to HEG

The ELF thus defined, Eqs. �6� and �7�, has advocated
several criticisms because of the arbitrariness of choosing the
HEG as a reference. However, recently one of us31 derived a
quantity to account for the electron localization that, in turn,
was identical to the ELF, and thus served as an alternative
derivation to ELF without the arbitrariness of measuring
with respect to the HEG. A similar process was followed by
Kohout32,33 to achieve identical results. Here we demonstrate
the equivalence of both formulations, which lead to the same
ELF definition �vide supra�.

The interpretation of the ELF in terms of the second
derivative of the pair density is given in the papers of
Dobson.34 The ELF is indeed the angularly averaged �spheri-
cal averaged� measure of the Fermi hole curvature, and in
turn, the Fermi hole curvature can be also understood as the
density of the kinetic energy of relative motion pairs of the
same spin electrons centered at r. Dobson suggests the inte-
gration of the CP �Eq. �3�� over a small sphere of radius R:

�
0

R 1

6

s2�s

2P���r,r + s�
s=04�s2ds

�
2�R5

15

�s

2P���r,r + s�
s=0. �8�

When R is close to zero the charge inside the sphere can be

approximated as the density of its central point multiplied by
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its volume, and therefore the density is proportional to the
inverse of the third power of R. In this case we are left with


R5�s
2P���r,r + s�
s=0 �


�s
2��2����r,r + s�
s=0

�2���r��8/3 , �9�

where we have supposed a closed-shell situation for the sake
of simplicity. The reader should note that, except for constant
factors, we have reached the expression already given by Eq.
�6� in terms of two-body quantities without using the arbi-
trary reference of the HEG, or in other words, one can give
another interpretation of Eq. �6� used to define the ELF.
Hence the ELF can be understood as the number of electrons
with spin � near r when there is another electron with the
same spin by r. It is worth noticing that the ELF is actually
an approximation to this quantity.

The expression in the numerator of Eq. �9� is a measure
of the spin composition of the system31 and is usually re-
ferred to as the Fermi hole curvature. It is not the real Fermi
hole curvature, since the �		 is not a Fermi hole, but a pair
density of the same spin electrons. However, one can easily
demonstrate that the curvature of the Fermi hole,


���r1,r2� =
��2����r1,r2� − ���r1����r2�

���r1�
, �10�

is indeed very similar to the pair density curvature. Hence


�s
2
���r,r + s�
s=0 =


�s
2��2����r,r + s�
s=0

����r��
− �2���r�

�

�s

2��2����r,r + s�
s=0

����r��
. �11�

The rhs of the latter equation holds for volumes where the
density is small enough to be considered constant. Here, the
advantage of using the curvature instead of the function or its
gradient clearly shows; the former is the only one that does
not vanish when r1=r2.35 Therefore, one could get an alter-
native ELF definition in terms of the Fermi hole curvature,
which would be equal to the current definition except for the
exponent of the density.

2. On the equivalence of already proposed
derivations of the correlated ELF

One of us recently31 proved that

D�r;qi� � N̄2/3�r;qi�c��r� , �12�

where D is the size-dependent pair composition of the sys-
tem �our Eq. �6� considered a small sphere centered at r with

charge qi�, N̄ the population of the volume enclosed in the
sphere centered at r, and c� the size-independent spin com-
position given by �2

2P���r1 ,r2� /3�5/3�r1�. This way, an em-
pirical proof for the approximation from Eq. �8� to the cur-
rent definition of the ELF was given. In Ref. 31 it is shown
how the approximation works well for small volumes, differ-
ing slightly for large volumes where no electron homogene-
ity is granted; in Eq. 30 of Ref. 31 a generalization of ELF

for open-shell cases is provided as follows:

loaded 02 Dec 2010 to 84.88.138.106. Redistribution subject to AIP lic
D�r� =

�s

2��2����r,r + s�
s=0 + 
�s
2��2�		�r,r + s�
s=0

2cF�8/3�r�
,

�13�

where we have taken proper normalization in order to repro-
duce our Eq. �6� for closed-shell species. On his side,
Kohout33 decided to split the molecular space into regions of
fixed charge as follows:11

N̄��r;�q,i� = q� = �
�q,i

���r�dr . �14�

Taking the same spin pair density as given by Eq. �10�, we
have

�
�q,i

�
�q,i

��2����r1,r2�dr1dr2

= �
�q,i

�
�q,i

���r1����r2�dr1dr2

+ �
�q,i

�
�q,i

���r1�
���r1,r2�dr1dr2. �15�

In the situation of fixed charge �Eq. �14�� we get

D�2�����q,i� = q�
2 + F����q,i� . �16�

So, in this context, Eq. �16� is measuring not only the num-
ber of expected pairs of electrons in �, but provided the
population in these regions is constant, we are indeed mea-
suring F, which is to say—as previously demonstrated by
Fradera et al.3 and Bader7—a quantity that accounts for the
electron localization. This q�-restricted pair population is
what Kohout suggests �after proper scaling� as a measure of
electron localizability. In fact, it is not the quantity itself, but
the first nonvanishing term in the expansion of Eq. �16�
around position r1:

D�2�����q,i� = �
�q,i

�
�q,i

1
2 ��r2 − r1� · �2�2



��2����r1,r2�
r1=r2
dr1dr2. �17�

Expression �17� is indeed equal to the latter expression �8�
except for a factor proportional to the density, which, in turn,
is constant in this context. Then, Kohout uses an arbitrary
factor to normalize the latter expression and fit the one al-
ready given by Becke and Edgecombe.17 It is worth noting
that Kohout et al. did some preliminary complete active
space self-consistent field �CASSCF� calculations using Eq.
�17� as an expression32 for the correlated ELF. Moreover,
Kohout et al. have recently proposed an antiparallel version
of the localization function.36 Finally, the paper of Scemama
et al.37 should also be mentioned in this context because of
the definition of the electron pair localization function
�EPLF� constructed by analogy with the ELF in order to

compute this function from quantum Monte Carlo data.
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B. Variance and covariance basin populations

The partition of the molecular space enables basin-
related properties to be calculated by integrating the density
of a certain property over the volume of the basins. Thus, for
a basin labeled �i, one can define the average population as

N̄��i� = �
�i

��r�dr , �18�

and its variance

�2��i� = ��N��i� − N̄��i��2�

= �
�i

��2��r1,r2�dr1dr2 − N̄��i��N̄��i� − 1� . �19�

One can also define likewise the pair population:

N̄��i,� j� 
 �N��i� · N�� j�� = �
�i

�
�j

��2��r1,r2�dr1dr2.

�20�

The variance is a measure of the quantum mechanical uncer-
tainty of the basin population, which can be interpreted as a
consequence of the electron delocalization. The variance
�2��i� can also be split in terms of contributions from other
basins,

�2��i� = − �
j�i

V��i,� j� , �21�

where V��i ,� j� is the covariance and is calculated as fol-
lows:

V��i,� j� = �N��i� · N�� j�� − �N��i���N�� j��

= �
�i

�
�j

���2��r1,r2� − ��r1���r2��dr1dr2.

�22�

Finally, the integrated spin density may also be important for
open-shell systems:

Sz��i� = �
�i

��	�r� − ���r��dr . �23�

C. Computational details

Since coupled cluster and MP2 methods do not fulfill the
Hellmann-Feynman theorem, neither the density nor the pair
density can be obtained as an expectation value. Therefore,
the pair density and the density thus obtained are relaxed
and, in general, not N representable38 �i.e., derivable from an
N-electron wave function�. For this reason, here we have
preferred to deal with the CISD unrelaxed density and pair
density that have been employed in Eq. �13� to obtained
correlated ELFs. The complete active space �CAS� unrelaxed
density and pair density could also be used, but in this work
we will focus our study on CISD results. The density func-
tional theory �DFT� calculations in this paper are performed

with Kohn-Sham formalism, and building up an approximate
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HF-like pair density,39 thus reducing the ELF expression to
that originally given by Becke and Edgecombe.17

In order to compute the ELF from Eqs. �13� and �7�, one
must calculate the curvature of the pair density, that in terms
of molecular orbitals reads


�1
2��2����r,r1�
r1=r = �

ijkl

�ij
kl�i

*�r��k�r���l�r��2� j
*�r�

+ � j
*�r��2�l�r�

+ 2 � � j
*�r� � �l�r�� . �24�

In case we are dealing with a linear combination of Gaussian
primitives, the latter expression turns into derivatives of
Gaussian functions, whose analytical expressions are
straightforward. In this work, we have worked with such
functions, obtained with the GAUSSIAN03 program.40 From
the same program the coefficients of the expansion were ob-
tained and used by our own set of programs to construct the
� matrix in Eq. �24�. The wave function together with the �
matrix were read by our own modification of the TOPMOD

package of programs41 to calculate the curvature of the pair
density and finally, the ELF.

In this study we have focused on configuration interac-
tion �CI� calculations to introduce the electron correlation.
The electron correlation of parallel spins was introduced by
mixing the Hartree-Fock �HF� determinant with other mo-
noexcited and biexcited determinants, which is known as a
configuration interaction with singles and doubles �CISD�.42

Unlike atoms, CISD calculations for molecules were per-
formed within the restriction of frozen core. All molecules
were optimized with the CISD, HF, B3LYP, and BP86 levels
of theory with Pople’s 6-311+G�2df ,2p� basis set. Addi-
tional single point calculations were performed for all meth-
ods at the HF geometry, with the aim to study the purely
electronic effects in the inclusion of electron correlation.

The coefficients of the CI expansion have been obtained
from energy calculations performed with the GAUSSIAN03

program;40 only coefficients with values above 10−6 were
taken. The density and the pair density thus obtained are
unrelaxed. It is well known that relaxed CISD densities are
better for the calculation of one-electron response
properties,43 but this is not the goal of the present study, and
since they are not N representable,38 the unrelaxed ones have
been preferred for this study. Only values of density and pair
density above 10−12 a.u. have been considered.

III. RESULTS AND DISCUSSION

With the goal to briefly explore the influence of the elec-
tron correlation in the ELF expression, we have limited our-
selves to calculate some atomic systems �atoms from Li to
Kr�, four diatomic isoelectronic molecules �CO, N2, NO+,
and CN−�, and a series of molecules which are expected to
be more affected by the inclusion of the electron correlation
�F2, FCl−, and H2O2�.

A. Atomic calculations

The ELF has been previously demonstrated as a good
25,26,44
tool to discern the shell structure of atoms. Unlike the
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Laplacian of the density, which is unable to recover quanti-
tatively the number of electrons per atomic shell45 and even
the shell structure for heavy atoms,46 the ELF reproduces the
shell structure and gives a quite good approach �0.1–0.2 elec-
trons of deviation25� to the number of electrons per shell.
Recently Kohout demonstrated that the one-electron poten-
tial also reveals with a reasonable accuracy the electron num-
bers for the occupation of the shells.47

In order to check whether ELF provides better shell
numbers with the improvement of the wave function,25 ELF
calculations for the ground state of atoms from Li to Kr with
CISD/6-311+G�2df ,2p� level of theory have been per-
formed. The basin boundaries have been assumed to be
spherical and the integration of the atomic electron density
has been carried out analytically �see Appendix�. Table I con-
tains the data from ELF calculated with CISD and the 6
-311+G�2df ,2p� basis set. The radius of the K shell is the
result of the competition between the attractive �electron-
nucleus� and repulsive forces �electron-electron�. Since the
attractive potential increases with Z, the net effect is the
reduction of the shell radii, and the increase of the shell

TABLE I. Shell radii �rX� and shell numbers populat
quantities in a.u.

Nk rk NL r

Li 2.017 1.616 0.983
Be 2.017 1.027 1.983
B 2.083 0.787 2.917
C 2.174 0.646 3.826
N 2.121 0.482 4.879
O 2.058 0.376 5.942
F 2.239 0.364 6.761

Ne 2.140 0.295 7.860
Na 2.171 0.263 7.871 2.2
Mg 2.179 0.236 7.851 1.6
Al 2.187 0.214 7.910 1.4
Si 2.194 0.195 7.970 1.2
P 2.198 0.179 7.867 1.0
S 2.203 0.166 7.926 0.9
Cl 2.198 0.154 7.809 0.8
Ar 2.207 0.144 7.856 0.7
K 2.201 0.134 7.868 0.6
Ca 2.204 0.127 7.856 0.6
Sc 2.212 0.120 7.934 0.5
Ti 2.215 0.114 8.138 0.5
V 2.219 0.108 8.176 0.5
Cr 2.223 0.103 8.049 0.4
Mn 2.229 0.099 8.156 0.4
Fe 2.232 0.095 8.281 0.4
Co 2.238 0.091 8.448 0.4
Ni 2.242 0.088 8.496 0.3
Cu 2.236 0.084 8.279 0.3
Zn 2.242 0.081 8.311 0.3
Ga 2.233 0.078 8.377 0.3
Ge 2.236 0.075 8.419 0.3
As 2.236 0.073 8.459 0.3
Se 2.237 0.070 8.487 0.2
Br 2.236 0.068 8.546 0.2
Kr 2.239 0.066 8.542 0.2
number with Z. For the same reason, for atoms from Li to Sc,
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L shell populations lie below the expected on chemical
grounds, decreasing shell population with Z. Because of the
screening effect of d electrons on the L shell, the opposite
situation is found for atoms from Ti to Kr.

Shell radii and population of atoms with electrons in 3d
orbitals are quite unpredictable, especially concerning the M
and N shell numbers; their configuration is no longer ruled
exclusively by the Aufbau procedure and Hund’s rule plays a
prominent role. One should also take into account that real
orbitals p and d do not guarantee the spherical symmetry
except for empty, half-occupied and full occupied configura-
tions.

B. The isoelectronic series: CO, CN−, N2, and NO+

The four molecular systems CO, CN−, N2, and NO+ are
isoelectronic, but present different bonding situations. Al-
though the four systems are covalent, one would advance
nitrogen molecule to have nonpolar covalent character, while
NO+, CN−, and CO are somewhat polarized. In the formal
Lewis sense one would expect a triple bond for all species

NX� for the ground state of atoms from Li to Kr. All

NM rM NN N

3.000
4.000
5.000
6.000
7.000
8.000
9.000

10.000
0.958 11.000
1.970 12.000
2.903 13.000
3.836 14.000
4.935 15.000
5.870 15.999
6.994 17.001
7.937 18.000
8.028 3.331 0.902 18.999
7.965 2.513 1.975 20.000
9.324 2.318 1.529 20.999

10.898 2.264 0.749 22.000
11.061 2.083 1.544 23.000
12.873 3.007 0.855 24.000
13.908 2.255 0.708 25.001
14.026 1.938 1.462 26.001
15.572 1.891 0.742 27.000
16.703 2.294 0.560 28.001
17.694 2.745 0.791 29.000
16.944 1.702 2.503 30.000
16.894 1.485 3.496 31.000
17.341 1.491 4.005 32.001
17.098 1.284 5.208 33.001
16.973 1.157 6.034 34.001
16.880 1.065 7.338 35.000
17.026 1.012 8.193 36.000
ions �

L

49
77
45
56
34
33
00
36
71
15
75
48
17
74
47
27
07
92
62
44
29
15
02
89
79
68
and some lone pairs around the nuclei. This kind of mol-
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ecules with large electron charge in the bonding regions are
especially susceptible to the inclusion of electron correlation
in the calculations.48

Table II contains the basin population and its variance
for the isoelectronic series, with the four methods studied at
the optimized geometry of each method and also at the HF
geometry. Focusing either in the results derived from the
calculations at different geometries �which gather simulta-
neously the electronic and geometric effects of electron cor-
relation� or in the results with HF geometry, we can gener-
ally assess that the population of monosynaptic valence
basins increases at the expense of populations in disynaptic
bonding basins, which is consistent with the general expec-
tation of smaller force constants and larger internuclear dis-
tances at the CI or DFT levels of theory. At the optimal
geometry of each method, the calculated decrease of the
V�A ,B� basin population with respect to the HF value is
larger for the BP86 functional than for the B3LYP and CISD
approaches, the latter yielding the smallest change. The net
charge transfers towards the lone pair due to electron corre-

TABLE II. Basin populations and its variance for CO
and CISD levels. The �HF� columns correspond to
geometry. Bond lengths in Å and populations and va
change from one method to the other, only valence b

HF B3LYP

CO Bond lengtha 1.103 1.125
V�C� 2.37 2.53

�2 0.67 0.77
V�C,O� 3.32 3.08

�2 1.45 1.41
V�O� 4.11 4.19

�2 1.37 1.40
��2 4.05 4.16

CN− Bond length 1.152 1.171
V�C� 2.66 2.84

�2 0.88 0.97
V�C,N� 3.81 3.48

�2 1.51 1.26
V�N� 3.34 3.48

�2 1.20 1.26
��2 4.12 4.25

N2 Bond lengthb 1.066 1.091
V�N� 2.97 3.16

�2 1.05 1.12
V�N,N� 3.85 3.49

�2 1.52 1.49
��2 4.19 4.32

NO+ Bond length 1.026 1.057
V�N� 2.64 2.82

�2 0.86 0.96
V�N,O� 3.58 3.18

�2 1.49 1.43
V�O� 3.60 3.79

�2 1.28 1.34
��2 4.22 4.34

aExperimental bond length is 1.128 Å �Ref. 54�.
bExperimental bond length is 1.098 Å �Ref. 54�.
lation are often correlated with the bond lengthening: this is
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always the case for the BP86 and B3LYP results, and most of
CISD results, whereas CISD value for V�N� of CN− shows
an unexpected opposite behavior.

The loge theory, as introduced by Daudel et al.,49 sug-
gests the minimization of electron fluctuation in individual
domains as the way to reach the most likely decomposition
of molecular space: the smaller the lack of localization, the
better the decomposition is. It suggests the idea of taking the
sum of variances ���2 in Table I� of basin populations as a
measure of the best partitioning achieved.50 In this context,
Gallegos et al.51 explicitly calculated the maximal probabil-
ity domains for N2 and CO. Since the best partition found by
Gallegos et al. for N2 and CO yields smaller populations for
the bonding regions than the ELF partition at the HF level,
one would expect the populations of bonding regions for N2

and CO to decrease with respect to the values given by HF
with the inclusion of electron correlation. This is indeed what
we have found in our DFT and CISD calculations. Further-
more, in all cases the CISD partitioning yields the smallest
sum of variances. It is worth noting that for DFT the variance

−, N2, and NO+ calculated at the HF, B3LYP, BP886,
point calculations at a given method with the HF

s in electrons. Since core basins do not significantly
�V� are included.

HF� BP86 �HF� CISD �HF�

.103 1.137 1.103 1.121 1.103

.52 2.58 2.56 2.39 2.40

.77 0.80 0.80 0.81 0.75

.19 2.99 3.16 2.99 3.07

.43 1.39 1.43 1.42 1.40

.10 4.23 4.08 4.43 4.33

.39 1.40 1.39 0.95 1.03

.17 4.17 4.20 3.36 3.76

.152 1.183 1.152 1.169 1.152

.82 2.90 2.87 2.73 2.68

.97 1.00 0.99 0.86 0.90

.54 3.39 3.48 3.81 3.78

.49 1.46 1.48 1.36 1.37

.44 3.52 3.46 3.29 3.35

.24 1.27 1.25 1.19 1.12

.25 4.28 4.27 3.94 3.94

.066 1.103 1.066 1.088 1.066

.12 3.21 3.15 3.08 3.05

.11 1.14 1.12 1.03 1.01

.58 3.37 3.52 3.64 3.66

.50 1.47 1.50 1.43 1.42

.29 4.36 4.32 4.07 4.04

.026 1.071 1.026 1.051 1.026

.81 2.89 2.85 2.79 2.70

.95 1.00 0.98 0.85 0.95

.32 3.06 3.27 3.24 3.13

.46 1.41 1.45 1.36 1.37

.66 3.84 3.69 3.78 3.99

.31 1.36 1.31 1.25 1.04

.33 4.39 4.35 4.06 3.98
, CN
single
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asins

�

1
2
0
3
1
4
1
4

1
2
0
3
1
3
1
4

1
3
1
3
1
4

1
2
0
3
1
3
1
4

calculation is not exact since an approximate expression of
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the two-particle density is used instead of the �unknown�
exact one.

These results seem to indicate that further correlated
ELF partitioning can lead to better agreement with loge
theory. However, one should take into account that only a
real space exploration of maximal probability spaces against
ELF partitioning will lead to the definite answer about the
similarity of these two approaches.

C. The series F2, FCl−, and H2O2

Finally, the results for F2, FCl−, and H2O2 are given in
Table III. These molecules are supposed to be more affected
by the inclusion of electron correlation.52 Indeed, F2 exhibits
two symmetric V�F,F� basins for correlated methods, instead
of a single one as in the HF case, holding less electrons than
in the single V�F,F� situation; this number is specially small
for DFT methods. H2O2 is partially well described by the HF
method, yielding lower V�O,O� populations and variances
for CISD and DFT calculations; for the latter this basin is
even split into two symmetric ones.

The FCl− is a special case, where the inclusion of elec-
tron correlation leads to notorious change in both the struc-
ture and the electron distribution. First, one must notice that
HF equilibrium distance is about 1 Å larger than that ob-
tained with more accurate methods; DFT methods approach
better this distance, while our CISD result agrees with that
of 2.111 Å given by the EOMEA-CCSD/aug-cc-PV5Z

53

TABLE III. Basin populations and its variance for H2

CISD levels within the corresponding geometry. Dis
ances in electrons. Since core basins do not significa
basins �V� are included.

HF

H2O2
a rOH 0.942

rOO 1.386
�HOO 102.7

�HOOH 116.3
V�O,H� 1.77

�2 0.78
V�O,O� 0.77

�2 0.58
V�O� 2.36

�2 1.02

FCl− Bond length 3.173
V�F� 6.90
�2 0.40

Sz�F� 0.147
V�Cl� 7.91

�2 0.59
Sz�Cl� 0.01

F2 Bond lengthb 1.331
V�F� 6.59
�2 0.94

V�F,F� 0.55
�2 0.45

aExperimental values are rOH=0.950 Å, rOO=1.475 Å
bExperimental bond length is 1.417 Å �Ref. 54�.
method. Specifically, it is worthy to comment that the spin
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density integrated in each basin, cf. Eq. �23�, is zero for Cl
basin within HF. This is an indication that the HF picture of
the molecule is a closed-shell fragment given by the anion
Cl− interacting with a neutral fluorine atom. Therefore, the
ELF results reported for the HF wave function differ consid-
erably from those calculated with DFT or CISD methods. In
addition, are the differences of the populations and variances
between CISD and DFT noticeable. The inclusion of the
electron correlation leads to not only shorter bond distances,
but also to partial electron transfer from the chlorine atom
towards the fluorine one; an electron transfer slightly exag-
gerated by the DFT methods, as one can deduce from both
the populations and the spin integrated densities.

IV. CONCLUSIONS

In this paper we review the ELF definition for correlated
wave functions, showing the equivalence of the most re-
cently proposed definitions of ELF. This ELF definition re-
produces that of Becke and Edgecombe for monodetermi-
nantal wave functions. We give the first results for CISD
calculations of ELF, together with the first populations and
variance analysis for a correlated partitioning according to
the ELF function. Our analysis shows a clear reduction of the
bonding region populations as expected from previous re-
sults derived from the loge theory. It is worth noting that
there is a qualitative agreement between the CISD and DFT
results in all the systems investigated here. Although more

2, and FCl− calculated at the HF, B3LYP, BP86, and
s in Å, angles in degrees, and populations and vari-
change from one method to the other, only valence

B3LYP BP86 CISD

0.966 0.976 0.954
1.454 1.476 1.421

100.1 99.2 100.8
120.2 119.8 118.0

1.71 1.68 1.74
0.77 0.77 0.76

2
0.29 2
0.25 0.69
0.51 0.40 0.53
2.45 2.48 2.41
1.03 1.07 1.02

2.291 2.322 2.120
7.37 7.32 7.23
0.73 0.73 1.36
0.22 0.21 0.29
7.42 7.41 7.56
0.90 0.90 0.28
0.26 0.25 0.18

1.399 1.418 1.381
6.73 6.74 6.66
0.96 0.96 0.93

2
0.16 2
0.13 2
0.23
0.15 0.12 0.21

d �HOO=94.8 �Ref. 54�.
O2, F
tance
ntly
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molecular systems need to be explored to assess the effect of
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the electron correlation in the ELF and its consequences for
the description of the molecular structure, results for F2, ClF,
and HOOH indicate that correlated ELF can differ dramati-
cally in some cases from the uncorrelated one. Since the
description of some chemical reactions may also be very
sensitive to the inclusion of electron correlation, we are cur-
rently investigating the ability of the correlated ELF to deal
with such chemical processes. We hope to be able to report
the results on chemical reactions analyzed using correlated
ELF in due time.
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APPENDIX: INTEGRATION OF ATOMIC POPULATIONS

In order to compute the populations given in Table I one
must find the ELF minima along the radial direction, since
they indicate the separation between shells. Afterwards, one
must integrate the electron density over a spherical basin of
radius ra, say, to compute integrals of the form

I���ra� = �
0

2� �
0

� �
0

ra

G��r�G��r�sin �r2d�d�dr , �A1�

with the Cartesian Gaussian function reading

G��r� = N�xl�ym�zn�e−	�r2
, �A2�

thus I���ra� can be written as

I���ra� = N�N�������R���ra� , �A3�

with

R���ra� = �
0

ra

rm�+m�+l�+l�+n�+n�+2e−�	�+	r�r
2
dr , �A4�

��� = �
0

�

cos �n�+n� sin �m�+m�+l�+l�+1d� ,

�A5�

��� = �
0

2�

cos �l�+l� sin �m�+m�d� .

The angular integrals have the following general form:

��l,m� = �
0

n�

cos �l sin �md� , �A6�
whose result is as follows:
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��l,m� =
1

2l+mim�
j=0

l

�
k=0

m

�− 1�k� l

j
	


�m

k
	�

0

n�

ei��l+m−2j−2k�d�

=
1

2l+mim �
M=0

m+l �
0

n�

ei��l+m−2M�d�


 �
k=max�M−l,0�

min�M,m�

�− 1�k� l

M − k
	�m

k
	 . �A7�

Likewise, the radial part can be depicted as

Rl�ra� = �
0

ra

rle−	r2
dr , �A8�

and easily evaluated through the following recursion formu-
las:

Rl�ra� =
ra

l−1

2	
e−	ra

2
+

l − 1

2	
Rl−2�ra� , �A9�

with

R0�ra� =
��

2�	
erf �	ra, �A10�

R1�ra� =
1

2	
�1 − e−	ra

2
� . �A11�
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