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Field-induced coordinates for the determination of dynamic vibrational
nonlinear optical properties
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The most important contribution to nonresonant vibrational nonlinear optical properties arises from
nuclear relaxation~NR!. In previous work a set of static field-induced vibrational coordinates~FICs!
has been developed to simplify calculation of the NR contribution within the infinite optical
frequency approximation. Although the number of FICs is small and independent of molecular size,
these coordinates form acompleteset. However, the infinite optical frequency approximation does
not take into account the frequency dispersion, which we evaluate for three conjugated organic
molecules that span a range of polarity and valence-bond/charge transfer characteristics. Our results
show that dispersion can be significant and that, in such cases, frequency-dependent FICs~FD-FICs!
are necessary for an adequate treatment. A complete, though still small, set of FD-FICs is presented
for this purpose. Computational tests reveal that a reduced subset, together with an harmonic
approximation, can be used to achieve high accuracy outside the infrared~IR! region. That subset
is complete for the electro-optic and Pockels and Kerr effects though not for other common
properties. ©2001 American Institute of Physics.@DOI: 10.1063/1.1390525#
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I. INTRODUCTION

It is well-established that vibrational motions often pl
a major role in nonlinear optical~NLO! properties.1–4 For
nonresonant processes there exists a strong theoretical e
whereby that role may be quantified through quantum che
cal computations of the relevant molecular hyperpolarizab
ties at various levels of approximation. Thus, an appropr
frequency-dependent perturbation treatment5–7 has been de-
veloped by Bishop and Kirtman~BK!. It is based on a
clamped nucleus approximation,8 which separates electroni
from nuclear motions, and is based on a doubly harmo
~mechanical and electrical! zeroth-order model. Compact v
brational ~hyper!polarizability formulas, complete throug
second-order in mechanical plus electrical anharmonic
have been derived from this treatment.9 If we set aside the
contribution from the zero-point vibrational average~ZPVA!,
for the moment, then each term in the perturbation expan
contains products of derivatives of lower-order electro
properties with respect to vibrational coordinates. This p
vides a basis for classifying the terms into unique ‘‘squ
bracket’’ types. For example, the vibrational second hyp
polarizability gv(2vs ;v1 ,v2 ,v3) contains terms of the
@m2a# square bracket type, meaning a product of two fact
with derivatives of the electronic dipole momentme and one
factor with a derivative of the electronic linear polarizabili
ae is involved. Herev1 , v2 , andv3 are the frequencies o
the three applied fields;vs5v11v21v3 ; and the pertur-
bation terms also depend on these frequencies as well a
vibrational force constants. It turns out that the@m2a# con-
tribution vanishes in zeroth-order as well as in all other ev
orders. This pattern varies~in a systematic way! for different
4470021-9606/2001/115(10)/4473/11/$18.00
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square bracket types, e.g.,@a2# terms contribute in zeroth
order, but vanish in all odd orders; on the other hand, the
nonvanishing@m4# terms are second-order while all subs
quent odd orders vanish.

The lowest-order nonvanishing terms of each type, ta
in toto, constitute the nuclear relaxation~NR! approximation.
This name arises from considering the case where on
more of the applied fields is static and the remaining opti
fields ~if any! are formally allowed to become infinite.10 In
that event the static field~s! will induce a shift in the equilib-
rium geometry~i.e., a nuclear relaxation! while the nuclei
will be totally unresponsive to the optical fields. If there we
no NR, then an expansion of the static electronic dipole m
ment, me(0), as apower series in the static field~s! would
give ae(0;0) as thelinear term,be(0;0,0) as the quadratic
term, andge(0;0,0,0) as the cubic term. When the nucle
relaxation is taken into account this expansion gives, in
dition, the NR contributionsanr(0;0), bnr(0;0,0), and
gnr(0;0,0,0).11 Similarly, from the corresponding expan
sion of ae(0;0) we get bnr(2v;v,0)v→` and
gnr(2v;v,0,0)v→` ; and from be(0;0,0) we obtain
gnr(22v;v,v,0)v→` .12 To complete the picture it should
be evident that both bnr(22v;v,v)v→` and
gnr(23v;v,v,v)v→` are zero. The NR~hyper!polarizabili-
ties found in this fashion turn out to be identical to the co
responding properties calculated as the sum of lowest-o
nonvanishing perturbation terms of each square brac
type.10,13

Clearly, the static and infinite optical frequency N
properties listed above can be determined by finite field~FF!
computations. Included are all but one~see below! of the
3 © 2001 American Institute of Physics
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Down
most commonly studied NLO processes. Although care m
be taken to avoid molecular rotations with respect to
field,14 the FF method has proven to be an attractive way
calculate infinite optical frequency properties—to be furth
discussed later on—not only for individual molecules,15 but
also for molecules in solution16 and for the linear polarizabil-
ity of infinite polymers.17 It is evident, however, that this
procedure cannot be employed for NR properties at arbit
frequencies. Thus, it cannot be applied to obtain freque
dispersion nor even to obtaingnr(2v;v,2v,v)v→` . The
value for the latter quantity found from the perturbati
treatment is simply the static zeroth-order@a2# multiplied
by 2/3.

An analogous FF treatment has been developed for
next higher-order~nonvanishing! terms of each type in the
BK perturbation expansion. For this purpose the static e
tronic properties are replaced by their static first-order ZP
corrections.18 In evaluating these corrections one must ta
into account the fact that the vibrational wave functions
field-dependent. Relaxation~i.e., change due to the field! of
the vibrational wave functions is caused only in part by
laxation of the nuclear geometry. For this, and for histori
reasons, the terms that replaceanr,bnr,gnr are denoted by
ac-zpva,bc-zpva,gc-zpva, where C refers to the curvature of th
field-dependent vibrational potential. The key point is th
the C-ZPVA terms constitute the next higher-order~nonvan-
ishing! perturbation contributions of each type to the sta
and infinite optical frequency vibrational~hyper!polarizabili-
ties. Likewise, using the second-order ZPVA leads to
next succeeding higher-order~nonvanishing! perturbation
terms of each type, and so forth, until the entire perturba
series is accounted for.19

As already noted the FF approach does not take
account frequency dispersion. There have been some stu
of NR ~i.e., anr,bnr,gnr! in small molecules20,21showing that
dispersion is relatively small whenever this contribution
important. Similar investigations have not been conduc
however, for conjugated organic molecules of the sort t
are of interest as NLO materials. That is one purpose of
paper. The other is to present a convenient analytic met
for computing the frequency-dependence using so-ca
field-induced coordinates~FICs!. We note here that an alte
native scheme for generalizing the FF procedure to acc
plish the same purpose has previously been proposed22 but it
is more difficult to implement and does not apply to all NL
properties.

It turns out that the 3N26 normal coordinates employe
in the perturbation treatment of vibrational NLO properti
are more than needed to determine the NR terms. Within
infinite optical frequency approximation it has be
demonstrated14,23 analytically ~and numerically! that a small
set ofstatic FICs, which remain fixed in number regardle
of molecular size, is able to duplicateexactlythe result ob-
tained with all 3N26 normal modes.24 These coordinates
can be used directly to simplify and evaluate the perturba
theory formulas for the static and infinite optical frequen
NR ~hyper!polarizabilities. Other static FICs can be used
advantage to determine the corresponding ZPVA a
C-ZPVA hyperpolarizabilities25 while still others are readily
loaded 02 Dec 2010 to 84.88.138.106. Redistribution subject to AIP licens
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developed for efficient calculation of vibrational effects in
wide variety of electrical, magnetic and spectrosco
properties.26

In the next section a small set of dynamic or frequen
dependent FICs~i.e., FD-FICs! is defined which proved to be
sufficient to give theexactfrequency-dependent NR~hyper!-
polarizability for any process. General formulas for the~hy-
per!polarizabilities in terms of the FD-FICs are presente
For the most common NLO properties the static FICs u
previously will occur as a subset of the dynamic FICs. Ho
ever, there are other interesting cases where that is not so
example is sum-frequency generation~SFG! involving the
second-order NLO response~i.e., first hyperpolarizability! as
applied either to chiral molecules27,28 or to surface vibra-
tional spectroscopy with one fixed frequency in the UV d
main and one tunable infrared frequency.29

Section III contains test calculations of the most co
mon NLO properties for threep-conjugated molecules span
ning a range of polarity and valence bond-charge tran
characteristics. Our frequency-dependent results allow u
make an initial assessment of the conditions likely to yie
significant errors when the infinite optical frequency appro
mation ~no dispersion! is applied. Frequency dispersion
introduced approximately even if only static FICs are e
ployed in the frequency-dependent BK perturbation the
expressions. Numerical tests reveal that this procedure is
satisfactory and, therefore, that FD-FICs are required. In
dition to the complete set of FD-FICs we have found a
duced set that leads to only a small loss in accuracy out
the IR region and, further, that neglecting anharmonic
contributions is a good approximation. This reduced se
exact for the electro-optic Pockels and Kerr effects thou
not for other NLO properties. Finally, in Sec. IV we revie
our conclusions and present some plans for future work.

II. FREQUENCY DEPENDENT FIELD INDUCED
COORDINATES

Under the influence of a uniform static electric field,F,
the equilibrium geometry of a molecule will relax to a ne
field-dependent equilibrium position. We call this change
geometry nuclear relaxation~NR!. The value of thei th field-
free normal coordinate induced by NR may be written a
power series in the field,

Qi
F~Fx ,Fy ,Fz!5 (

a

x,y,z ]Qi
F

]Fa
Fa1

1

2 (
a,b

x,y,z ]2Qi
F

]Fa]Fb
FaFb

1¯ . ~1!

Expansion of the potential energy as a double power serie
terms of the normal coordinates andF, followed by energy
minimization,1,11 leads to expressions for the derivatives
Qi

F that appear in Eq.~1!,

]Qi
F

]Fa
52q1

i ,a , ~2!
e or copyright; see http://jcp.aip.org/about/rights_and_permissions
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1

2

]2Qi
F

]Fa]Fb
52q2

i ,ab1 (
j 51

3N26 a21
i j ,a

a20
i i q1

i ,b

2 (
j ,k51

3N26 3a30
i jk

2a20
i i q1

j ,aq1
k,b , ~3!

where

anm
i , j ...,a,b,...

5
1

n!m! S ]~n1m!V~Q1 ,...,Q3N26 ,Fx ,Fy ,Fz!

]Qi]Qj¯]Fa]Fb¯
D

Q50,F50

,

~4!

q1
i ,a5

a11
i ,a

2a20
i i , ~5!

q2
i ,ab5

a12
i ,ab

2a20
i i , ~6!

and the sums over 3N26 normal coordinates reduce to 3N
25 for linear molecules. The coefficienta10

i is zero,a20
i i is

equal to 1
2v i

2, with v i being the harmonic vibrational fre
quency, and theanm with n51 and m.0 are ~harmonic!
electrical property first derivatives. Forn.2 andm50 the
anm are mechanical anharmonicity parameters; forn.1 and
m.0 these coefficients characterize the electrical anhar
nicity.

From Eqs.~2! and ~3! the static linear and quadrati
FICs are defined by23

x1
a5 (

i 51

3N26 ]Qi
F

]Fa
Qi52 (

i 51

3N26

q1
i ,aQi , ~7!

x2
ab5

1

2 (
i 51

3N26 ]2Qi
F

]Fa]Fb
Qi

5 (
i 51

3N26 F2q2
i ,ab1 (

j 51

3N26 a21
i j ,a

a20
i i q1

j ,b

2 (
j ,k51

3N26 3a30
i jk

2a20
i i q1

j ,aq1
k,bGQi . ~8!

Whereas the first-order FICs (x1
a) depend only on harmonic

anm , the second-order FICs (x2
ab) depend also on the anha

monicity parametersa21 and a30. The latter are far more
difficult to compute than the corresponding harmonic para
etersa11 anda20 since they involve higher-order differentia
tion and occur in greater number. Removing the anharmo
terms from Eq.~8! one can define the harmonic second-ord
static FIC,

x2,har
ab 5

1

2 (
i 51

3N26 S ]2Qi
F

]Fa]Fb
D

har

Qi52 (
i 51

3N26

q2
i ,abQi . ~9!

As mentioned in the Introduction the static FICs are a
vantageous over normal modes because they reduce
number of coordinates needed to calculate the NR contr
tion to electric, magnetic and spectroscopic properties19 in
the infinite optical frequency approximation12 ~and in the
loaded 02 Dec 2010 to 84.88.138.106. Redistribution subject to AIP licens
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static case!. For instance, the~approximate! NR contribution
to the diagonal elements of the IDRI tensor contains ter
involving all 3N26 normal coordinates,10,12 but when static
FICs are used instead onlyonevibrational coordinate (x2,har

aa )
for each Cartesian direction is needed,23,24 i.e.,

gaaaa
nr ~2v;v,2v,v!v→`52 (

i 51

3N26
]aaa

]Qi
S ]2Qi

F

]Fa
2 D

har

52
]aaa

]x2,har
aa S ]2x2,har

F

]Fa
2 D

har

.

~10!

Note that Eq.~10! is exact. In addition, the static FICs given
by Eqs. ~7!–~9! permit a similar simplification for all
NLO processes that involve at least one static field such
gnr(2v;v,0,0)v→` .

The static FICs yield exact results only in the static ca
and in the infinite optical frequency approximation. It is d
sirable to have frequency-dependent FICs~FD-FICs! that can
be used when this approximation is not sufficient
determine anr(2vs ;v1), bnr(2vs ;v1 ,v2), and
gnr(2vs ;v1 ,v2 ,v3) for arbitrary frequencies. To that en
we start with the expressions for the exact frequen
dependent NR contribution to the dynamic~hyper!polariz-
abilities as derived by BK.6 Thus, for the linear polarizabil-
ity,

aab
nr ~2v;v!5

1

2 ( Pab (
i 51

3N26 a11
i ,aa11

i ,b

2a20
i i 2v2

5
1

2 ( Pab (
i 51

3N26

a11
i ,aq1,uvu

i ,b , ~11!

where

q1,uvu
i ,b 5

a11
i ,b

2a20
i i 2v2 , ~12!

and (Pab indicates a sum over both permutations of t
indicesa andb. Sinceq1,uvu

i ,a reduces toq1
i ,a whenv50 this

suggests that Eq.~7! for the first-order static FIC can b
generalized to the frequency-dependent form,

x1,uvu
a 52 (

i 51

3N26

q1,uvu
i ,a Qi . ~13!

This defines the first-order FD-FIC. Similarly, one can r
placeq1

i ,a in Eq. ~2! with q1,uvu
i ,a and, simultaneously,Fa with

Fa
uvu to obtain the frequency-dependent linear nuclear rel

ation ~per unit field!,

]Qi
F

]Fa
uvu 52q1,uvu

i ,a . ~14!

It is easy to demonstrate thataab
nr (v;v) can be written

exactly in terms ofx1,uvu
a and x1,uvu

b without invoking any
other coordinates. The first step is to construct two sepa
sets of vibrational coordinates, which are linear combin
tions of the field-free normal coordinates, such thatf1

a

e or copyright; see http://jcp.aip.org/about/rights_and_permissions
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5x1,uvu
a (f1

b5x1,uvu
b ) and $f2

a ,f3
a ,¯ ,f3N26

a %
($f2

b ,f3
b ,¯ ,f3N26

b %) is the orthogonal complement o
f1

a(f1
b). Hence,

f i
a5 (

j 51

3N26

Mi j
a,uvuQj , ~15!

whereMa,uvu is an orthogonal matrix andM1 j
a,uvu52q1,uvu

j ,a .
There is, of course, an exactly analogous transformation
trix Mb,uvu that determines the coordinate set$f1

b%. Note that
the same transformation as in Eq.~15! connects the linea
relaxation of the coordinatesf i with the linear relaxation of
the normal coordinates, i.e.,

f i
F5 (

j 51

3N26

Mi j
a,uvuQj

F . ~16!

Thus, by applying the chain rule to determine]f1
F/]Fa

uvu ,

(
i

3N26

M1i
a,uvuM1i

a,uvu5 (
i

3N26

M1i
a,uvu ]Qi

F

]Fa
uvu 5

]f1
F

]Fa
uvu 5

]x1
F

]Fa
uvu ,

~17!

and, from the properties of an orthogonal matrix,

(
i

3N26

M ji
a,uvuM1i

a,uvu50 for j .1. ~18!

Finally, using Eqs.~13!–~18! and the chain rule in the ex
pression foraab

nr (v;v) @i.e., Eq.~11!# we obtain

aab
nr ~v;v!5

1

2
( Pab (

i

3N26

a11
i ,aq1,uvu

i ,b

5
1

2
( Pab (

i

3N26 ]ma

]Qi

]Qi
F

]Fb
uvu

5
1

2
( Pab (

j

3N26 ]ma

]f j
b (

i

3N26

M ji
b,uvuM1i

b,uvu

5
1

2
( Pab

]ma

]x1,uvu
b

]x1
F

]Fb
uvu . ~19!

The above relation demonstrates that foraab
nr (v;v) a sum

over two appropriately chosen FD-FICs is complete
equivalent to the usual sum over all 3N26 normal coordi-
nates. It should be clear that for the static case this is exa
the same result as found in Ref. 23.

Following a similar procedure it is easy to show that f
babg

nr (2vs ;v1 ,v2) three FICs are sufficient to reproduc
the 3N26 normal coordinate result. As in the previous de
onstration we begin with the BK 3N26 normal coordinate
equation,
loaded 02 Dec 2010 to 84.88.138.106. Redistribution subject to AIP licens
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babg
nr ~2vs ;v1 ,v2!5( PabgF (

i

3N26

a12
i ,abq1,uv2u

i ,g

2 (
i j

3N26

a21
i j ,aq1,uv1u

i ,b q1,uv2u
j ,g

1 (
i jk

3N26

a30
i jkq1,u2vsu

i ,a q1,uv1u
j ,b q1,uv2u

k,g G ,

~20!

where (Pabg indicates a sum over all six permutations
the pairs of indices~2s/a!, ~1/b!, and ~2/g!. But, in this
instance, introduce three sets of vibrational coordinates
fined either byf1

a5x1,u2vsu

a or f1
b5x1,uv1u

b or f1
g5x1,uv2u

g

and their orthogonal complements. For instance, the sec
term on the rhs of Eq.~20! leads to

2( Pabg (
i j

3N26

a21
i j ,aq1,uv1u

i ,b q1,uv2u
j ,g

5( Pabg

1

2 (
i j

3N26
]2ma

]Qi]Qj

]Qi
F

]Fb
uv1u

]Qj
F

]Fg
uv2u

5( Pabg

1

2 (
kl

3N26
]2ma

]fk
b]f l

g (
i

3N26

Mki
b,uv1uM1i

b,uv1u

3 (
j

3N26

Ml j
g,uv2uM1 j

g,uv2u

5( Pabg

1

2

]2ma

]x1,uv1u
b ]x1,uv2u

g

]x1
F

]Fb
uv1u

]x1
F

]Fg
uv2u . ~21!

Applying the same procedure to the other two terms
babg

nr (2vs ;v1 ,v2) one obtains24

babg
nr ~2vs ;v1 ,v2!

5( Pabg

3F1

2

]aab

]x1,uv2u
g

]x1
F

]Fg
uv2u 1

]2ma

]x1,uv1u
b ]x1,uv2u

g

]x1
F

]Fb
uv1u

]x1
F

]Fg
uv2u

2
1

6

]3V

]x1,u2vsu
a ]x1,uv1u

b ]x1,uv2u
g

]x1
F

]Fa
u2vsu

]x1
F

]Fb
uv1u

]x1
F

]Fg
uv2uG .

~22!

Here vs5( iv i . Since]x1
F/]Fa

uvu vanishes in the limituvu
→` it is easy to verify that Eq.~22! reduces to the expres
sion given in an earlier work23 for bzzz

nr (2v;v,0)v→` and
for bzzz

nr (0;0,0).
For gabgd

nr (2vs ;v1 ,v2 ,v3) we require second-orde
FD-FICs. These are obtained, as in the first-order case
generalizing the static FIC expression. Thus, from Eq.~8!,

x2,u2vs1v1u
ab 5

1

2 (
i 51

3N26 ]2Qi
F

]Fa
u2vsu

]Fb
uv1u Qi , ~23!

where
e or copyright; see http://jcp.aip.org/about/rights_and_permissions
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1

2

]2Qi
F

]Fa
u2vsu

]Fb
uv1u 52q2,u2vs1v1u

i ,ab

1 (
j 51

3N26 2a2l
i j ,a

2a20
i i 2~2vs1v1!2 q1,uv1u

j ,b

23 (
j ,k51

3N26 a30
i jk

2a20
i i 2~2vs1v1!2

3q1,u2vsu
j ,a q1,uv1u

k,b , ~24!
f

h
sly
r
er

ue
po

loaded 02 Dec 2010 to 84.88.138.106. Redistribution subject to AIP licens
q2,u2vs1v1u
i ,ab 5

a12
i ,ab

2a20
i i 2~2vs1v1!2 . ~25!

Proceeding as before we now need to introduce ten set
FD-FICs ~assuming all frequencies are different! based on
x1,u2vsu

a , x1,uv1u
b , x1,uv2u

g , x1,uv3u
d , x2,u2vs1v1u

ab , x2,u2vs1v2u
ag ,

x2,u2vs1v3u
ad , x2,uv11v2u

bg , x2,uv11v3u
bd , andx2,uv21v3u

gd . Substi-

tuting into the formula forgnr(2vs ;v1 ,v2 ,v3) which can
be written from the square bracket BK terms given in Ref.
yields24
gabgd
nr ~2vs ;v1 ,v2 ,v3!5( PabgdF (

i

3N26 S a13
i ,abgq1,uv3u

i ,d 1
a12

i ,ab

2
a2,uv21v3u

i ,gd D 2 (
i , j

3N26

a22
i j ,abq1,uv2u

i ,g q1,uv3u
j ,d

22 (
i , j

3N26

a21
i j ,aq1,uv1u

i ,b q2,uv21v3u
j ,gd 1 (

i , j ,k

3N26

~a31
i jk ,aq1,uv1u

i ,b q1,uv2u
j ,g q1,uv3u

k,d

13a30
i jkq1,u2vsu

i ,a q1,uv1u
j ,b q2,uv21v3u

k,gd !1 (
i , j ,k

3N26 2a21
i j ,aa21

jk,b

2a20
j j 2~2vs1v2!2 q1,uv2u

i ,g q1,uv3u
k,d

2 (
i , j ,k,l

3N26

a40
i jkl q1,u2vsu

i ,a q1,uv1u
j ,b q1,uv2u

k,g q1,uv3u
l ,d 2 (

i , j ,k,l

3N26 6a30
i jka21

kl,a

2a20
kk2~2vs1v3!2 q1,uv1u

i ,b q1,uv2u
j ,g q1,uv3u

l ,d

1
9

2 (
i , j ,k,l ,m

3N26 a30
i jka30

klm

2a20
kk2~2vs1v1!2 q1,u2vsu

i ,a q1,uv1u
j ,b q1,uv2u

l ,g q1,uv3u
m,d G

5( PabgdF1

6

]babg

]x1,uv3u
d

]x1
F

]Fd
uv3u 1

1

8

]aab

]x2,uv21v3u
gd

]2x2
F

]Fg
uv2u

]Fd
uv3u 1

1

4

]2aab

]x1,uv2u
g ]x1,uv3u

d

]x1
F

]Fg
uv2u

]x1
F

]Fd
uv3u

1
1

4

]2ma

]x1,uv1u
b ]x2,uv21v3u

gd

]x1
F

]Fb
uv1u

]2x2
F

]Fg
uv2u

]Fd
uv3u 1

1

6

]3ma

]x1,uv1u
b ]x1,uv2u

g ]x1,uv3u
d

]x1
F

]Fb
uv1u

]x1
F

]Fg
uv2u

]x1
F

]Fd
uv3u

2
1

8

]3V

]x1,u2vsu
a ]x1,uv1u

b ]x2,uv21v3u
gd

]x1
F

]Fa
u2vsu

]x1
F

]Fb
uv1u

]2x2
F

]Fg
uv2u

]Fd
uv3u

2
1

24

]4V

]x1,u2vsu
a ]x1,uv1u

b ]x1,uv2u
g ]x1,uv3u

d

]x1
F

]Fa
u2vsu

]x1
F

]Fb
uv1u

]x1
F

]Fg
uv2u

]x1
F

]Fd
uv3uG . ~26!
n-
the

Cs
s

rlier
t-
r
i-
Since]x1
F/]Fa

uvu vanishes in the limituvu→`; the harmonic

and anharmonic parts of]2x2
F/]Fg

uv i u]Fd
uv j u vanish in the

limit uv i1v j u→`; and the anharmonic part o

]2x2
F/]Fg

uv i u]Fd
uv j u vanishes ifuv i u→` and/oruv j→`u; it is

easy to verify that this general expression reduces to w
has been found for the special cases considered previou23

Equations~19!, ~22!, and~26! are the key results of ou
treatment. In the study of NLO materials one is often int
ested in only one or, perhaps, a few components of the~hy-
per!polarizability tensor. In that event the number of uniq
FD-FICs is reduced. For example, the longitudinal com
nent of gabgd

nr (2vs ;v1 ,v2 ,v3), for which a5b5g5d
5L, is completely determined by seven FD-FICs:x1,u2vsu

L ,
at
.

-

-

x1,uv1u
L , x1,uv2u

L , x1,uv3u
L , x2,uv11v2u

L , x2,uv11v3u
L , andx2,uv21v3u

L

rather than ten. If, in addition, some of the optical freque
cies are duplicated, then a further reduction occurs. In
case of the Kerr effect~i.e., vs5v15v;v25v350!, for
instance, there remain only two unique first-order FD-FI
(x1,u0u

L ,x1,uvu
L ) and two unique second-order FIC

(x2,u0u
L ,x2,uvu

L ) for a total of four. In the static limit only one
first-order and one second-order FIC (x1,u0u

L ,x2,u0u
L ) endure

and they are the same as those obtained in our ea
treatment.23 In fact, as we have already noted, it is straigh
forward to verify that, in the static limit, our key formulas fo
the ~hyper!polarizabilities are identical to those found prev
ously.
e or copyright; see http://jcp.aip.org/about/rights_and_permissions
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The second-order FD-FIC defined by Eq.~24! contains
two anharmonic terms which are tedious to calculate. In
static case these terms can be obtained by finite field ge
etry optimization but that is not possible when frequen
dependence is taken into account. On the other hand,
harmonic approximation,

x2,u2vs1v1u,har
ab 5

1

2 (
i 51

3N26 S ]2Qi
u

]Fa
u2vsu

]Fb
uv1u D

har

Qi

52 (
i 51

3N26

q2,u2vs1vu1
i ,ab Qi ~27!

is sufficient to obtain most properties either in the static
infinite optical frequency limit with the notable exception
the staticgnr. For the latter property using the harmonic a
proximation causes errors of second-order in anharmoni
Since these second-order anharmonicity contributions are
pected to fall off rapidly with increasing frequency the ha
monic approximation is an attractive possibility for freque
cies beyond the infrared region. In the next section we w
explore that possibility along with other test calculations

TABLE I. Structural formula of molecules studied in this paper.
loaded 02 Dec 2010 to 84.88.138.106. Redistribution subject to AIP licens
e
m-
y
he

r

-
y.
x-

-
ll

establish the circumstances under which static FICs are
sufficient and the frequency-dependent version is require

III. TEST CALCULATIONS

This section has several goals with respect to the ca
lation of NR properties;~i! to examine the limits of the infi-
nite frequency approximation;~ii ! to determine when substi
tution of static FICs into the frequency-dependent B
perturbation formulas is adequate to describe frequency
persion;~iii ! in instances where~ii ! is inadequate, to quantify
the performance of various subsets of the complete se
FD-FICs; and, in conjunction with that study;~iv! to inves-
tigate the validity of the harmonic approximation for secon
order FICs. For initial testing purposesab initio RHF/6-31G
calculations were carried out on~see Table I!
p-methylpyridone ~I!, 1-amino-4-nitrobuta-1,3-diene~II !,
and hexatriene~III !. These three organic molecules are ea
representative of a different class of compound in terms
polarity and valence bond-charge transfer~VB-CT!
characteristics;30 I is polar with a dominant CT ground state
II is polar with a dominant VB ground state; and III is non
polar.

The infinite optical frequency approximation has be
found to perform satisfactorily for small molecules b
Bishop and Dalskov20 as well as by Quinet and
Champagne.21 However the behavior of this approximatio
for medium size organic molecules has not previously b
tested. In Tables II–IV we present results for the frequen
dependent NR contribution toazz(2v;v), bzzz(2v;v,0),
bzzz(22v;v,v), gzzzz(2v;v,0,0), gzzzz(22v;v,v,0),
gzzzz(23v;v,v,v), andgzzzz(2v;v,2v,v) in molecules
I–III, where z is the ~longitudinal! direction associated with
the largest component of the~hyper!polarizability tensor. In
our calculations we tookz to be along the principal axis
associated with the largest rotational constant. For comp
son purposes we also give the static electronic prop
value. The properties in Tables II–IV were evaluated at
Hartree–Fock 6-31G~HF/6-31G! level using the derivative
expressions of Eqs.~19!, ~20!, and ~26!. Although a higher
level treatment is needed for accurate results, the calculat
g
ptical
re the er
TABLE II. Exact frequency-dependent NR~hyper!polarizabilitiesazz(2v;v), bzzz(2v;v,0), andbzzz(22v;v,v) calculated at the HF/6-31G level usin
BK perturbation theory. Molecule I isp-methylpyridone; II is 1-amino-4-nitrobuta-1,3-diene; and III is hexatriene. The percentage error of the infinite o
frequency NR values with respect to the sum of the electronic and infinite optical frequency NR values are given in parentheses. Those cases wheror
exceeds 5% are blocked off with dashed lines. All quantities are in a.u.
e or copyright; see http://jcp.aip.org/about/rights_and_permissions



K
ptical
re the er

4479J. Chem. Phys., Vol. 115, No. 10, 8 September 2001 Dynamic vibrational nonlinear optical properties

Down
TABLE III. Exact frequency-dependent NR hyperpolarizabilitiesgzzzz(2v;v,0,0) andgzzzz(22v;v,v,0) calculated at the HF/6-31G level using B
perturbation theory. Molecule I isp-methylpyridone; II is 1-amino-4-nitrobuta-1,3-diene; and III is hexatriene. The percentage error of the infinite o
frequency NR values with respect to the sum of the electronic and infinite optical frequency NR values are given in parentheses. Those cases wheror
exceeds 5% are blocked off with dashed lines. All quantities are in a.u.
ic

he

ia
ta
s

ld

o
fic
tio
o
t

e
e
io
th

bu
.,

to
p-

be-
,

an
en

s-
on
,

ing
for

cy-
nd
i-
der
ili-
reported are sufficient for the exploratory purposes to wh
they have been put here.

For our three molecules it is feasible to use t
GAUSSIAN 98 suite of programs31 to obtain analytical HF/6-
31G results fora20, a01, a11, a02, a12, anda03 where the
vibrational derivatives are with respect to atomic Cartes
coordinates. These derivatives may be combined to ob
derivatives with respect to normal coordinates or FD-FIC
Then, numerical differentiation ofa20, a11, a12, and a03

with respect to the normal coordinates or FD-FICs yie
a30, a21, a22, anda13, respectively.a40 anda31 were com-
puted by double numerical differentiation ofa20 and a11.
The NR contributions that lie inside the dashed line area
the tables represent those cases where there is a signi
difference between the frequency-dependent NR contribu
and the infinite frequency approximation. As a measure
significance we have chosen to compare this difference to
sum of thestatic electronic property value and the infinit
frequency NR contribution. The criterion for significanc
was arbitrarily set at 5%. We note that the peculiar behav
in the tables between 0.00 and 0.02 a.u. arises because
frequencies lie in the vibrational absorption region.

For those properties that have a vanishing NR contri
tion under the infinite frequency approximation, i.e
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azz(2v;v), bzzz(22v;v,v), and gzzzz(23v;v,v,v),
the frequency-dependent NR term always tends rapidly
zero asv increases. Tables II–IV show that for these pro
erties the error is insignificant whenv>0.04 a.u. The only
exception isgzzz

nr (23v;v,v,v) of molecule I, which has a
small static electronic value and, in that case, the error
comes insignificant whenv>0.08 a.u. On the other hand
our results for bzzz

nr (2v;v,0), gzzzz
nr (2v;v,0,0),

gzzzz
nr (22v;v;v;0), andgzzzz

nr (2v;v,2v,v) indicate, that
for these properties, the infinite frequency approximation c
not be systematically applied without significant error wh
the optical frequency is lower thanv50.06 a.u.
(;13 000 cm21). This is consistent with the theoretical a
sumption underpinning the infinite frequency approximati
that (vv /v)2, with vv a fundamental vibrational frequency
is negligible compared to unity.

There is a way to introduce frequency-dependence us
only the static FICs and that is to substitute these FICs
the normal coordinates directly into the usual frequen
dependent perturbation formulas. For the polarizability a
first hyperpolarizability only the first-order static FIC is ut
lized. For the second hyperpolarizability the second-or
FIC is required as well. In that case there are two possib
ptical
re the er
TABLE IV. Exact frequency-dependent NR hyperpolarizabilitiesgzzzz(23v;v,v,v) andgzzzz(2v;v,2v,v) calculated at the HF/6-31G level using BK
perturbation theory. Molecule I isp-methylpyridone; II is 1-amino-4-nitrobuta-1,3-diene; and III is hexatriene. The percentage error of the infinite o
frequency NR values with respect to the sum of the electronic and infinite optical frequency NR values are given in parentheses. Those cases wheror
exceeds 5% are blocked off with dashed lines. All quantities are in a.u.
e or copyright; see http://jcp.aip.org/about/rights_and_permissions
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TABLE V. Frequency-dependent NR~hyper!polarizabilitiesazz(2v;v), bzzz(2v,v,0), andbzzz(22v;v,v) calculated at the HF/6-31G level using theo
and static FICs. Molecule I isp-methylpyridone; II is 1-amino-4-nitrobuta-1,3-diene; and III is hexatriene. The percentage error with respect to the sum
electronic and exact dynamic NR values are given in parentheses. Those cases where the error exceeds 5% are blocked off with dashed lines. Aes
are in a.u.
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ties. The complete second-order static FIC yields the ex
static NR second hyperpolarizability but, for optical pr
cesses, the harmonic FIC is necessary to obtain the e
solution in the infinite frequency limit. Thus, the frequenc
dependent NR properties presented in Tables V–VII w
calculated utilizing harmonic static FICs. Of course, the
results are approximate for all optical processes at fin
nonzero frequencies. As in Tables II–IV, those results c
taining a significant~.5%! error are marked off by dashe
lines. In this case the percent error was calculated by c
paring to the sum of the static electronic property and
exact NR contribution. Although substitution of static FIC
into the perturbation expressions often improves upon
infinite frequency approximation, the extent of that improv
ment depends considerably on the property and the molec
Errors are reduced between 28% forgzzzz

nr (22v;v,v,0) at
0.02 a.u. ~i.e., from 29.3% to 21.2%! and 68% for
azz

nr(2v;v) at 0.12 a.u.~20.10% to 0.03%! in the case of
molecule II, whereas the reduction is between 2.3%
azz

nr(2v;v) at 0.02 a.u.~20.172% to 0.168%! and 35.2%
for gzzzz

nr (23v;v,v,v) at 0.12 a.u.~20.17% to 0.11%! in
the case of molecule III. For molecule I the error
gzzzz

nr (2v;v,0,0) andgzzzz
nr (22v;v,v,0) actually increases

although reductions up to 54% are achieved for the rem
ing properties. Since the improvement is limited, the abo
method is not that attractive over the infinite frequency
loaded 02 Dec 2010 to 84.88.138.106. Redistribution subject to AIP licens
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proximation, especially when one considers the necessit
determining higher-order derivatives. In order to calcula
the dynamic NR contribution to the second hyperpolariza
ity it is necessary to determine fourth derivatives of the e
ergy with respect to vibrational coordinates (a40) and third
derivatives of the dipole moment (a31), neither of which
occur in the infinite optical frequency approximation for th
same quantities. If we use FD-FICs one still has to determ
the higher-order derivatives but, then, the calculated res
are exact as long as a complete set is employed~cf. Sec. II!.

In connection with FD-FICs an interesting question
whether sufficient accuracy can be achieved with less tha
complete set. In order to address that point we focus on
most problematic case, namely on the hyperpolarizabili
of molecule I atv50.02 and 0.04. In addition, we also ca
ried out calculations atv50.005 a.u. (1097 cm21) in order
to analyze the performance of the FD-FICs within the
region. Apart from using just a subset of the second-or
FD-FICs we also considered only the harmonic approxim
tion to the second-order FD-FICs for the second hyperpo
izabilities. This considerably simplifies the calculations b
cause, then, all numerical differentiations are done w
respect to the FD-FICs. Otherwise,a20, a11, anda12 must
be differentiated with respect to the 3N26 normal coordi-
nates.

Our results for several subsets are given in the Tab
a-
t to the
ed lines. All
TABLE VI. Frequency-dependent NR hyperpolarizabilities,gzzzz
nr (2v;v,0,0) andgzzzz

nr (22v;v,v,0) calculated at the HF/6-31G level using BK perturb
tion theory and static FICs. Molecule I isp-methylpyridone; II is 1-amino-4-nitrobuta-1,3-diene; and III is hexatriene. The percentage error with respec
sum of the electronic and exact dynamic NR values are given in parentheses. Those cases where the error exceeds 5% are blocked off with dash
quantities are in a.u.
e or copyright; see http://jcp.aip.org/about/rights_and_permissions
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TABLE VII. Frequency-dependent NR hyperpolarizabilities,gzzzz
nr (23v;v,v,v) and gzzzz

nr (2v;v,2v,v) calculated at the HF/6-31G level using BK
perturbation theory and static FICs. Molecule I isp-methylpyridone; II is 1-amino-4-nitrobuta-1,3-diene; and III is hexatriene. The percentage error
respect to the sum of the electronic and exact dynamic NR values are given in parentheses. Those cases where the error exceeds 5% are blo
dashed lines. All quantities are in a.u.
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VIII and IX. We list the FD-FICs employed in the form
(v1 ,v18 ,.../v2 ,v28 ,...) where the first-order FICs are on th
left of the diagonal line while the second-order FICs are
the right. Forbzzz

nr (2v;v,0) andgzzzz
nr (2v;v,0,0) the sets

~v, 0/v, 0! and ~2v, v, 0/2v, v, 0! are both complete. In-
deed, for either set our value of the first hyperpolarizabi
agrees with the exact result at all three frequencies a
should. The second hyperpolarizability, however, does
agree; the difference is due to the harmonic approxima
for the second-order FICs. A similar analysis pertains
bzzz

nr (22v;v,v), gzzzz
nr (22v;v,v,0), and gzzzz

nr (2v;v,
2v,v). In this instance, although the set~2v, v, 0/2v, v, 0!
is complete~v, 0/v, 0! is not. ~However, for all three prop-
erties there are smaller subsets not listed here that are
plete.! The errors in the second hyperpolarizabilites that
cur for the complete set again arise from the harmo
approximation for the second-order FICs. Forazz

nr(2v;v)
all of the FD-FIC sets chosen produce the exact value
cause they are all complete and we have, therefore, refra
from including this property in the table.
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The most important result that emerges from Tables V
and IX is that outside the IR region the set~v, 0/v, 0! is
sufficient forall processes. This is true even in cases wh
this set is not complete and regardless of the fact that
harmonic approximation is applied for the second-ord
FICs. The first hyperpolarizabilities cannot be affected by
harmonic approximation. That is not true of the second
perpolarizabilities but, in practice,gzzzz

nr (2v;v,0,0) is not
significantly altered even within the IR region.

IV. CONCLUSIONS AND FUTURE WORK

We have demonstrated that aab
nr (2vs ;v1),

babg
nr (2vs ;v1 ,v2), and gabgd

nr (2vs ;v1 ,v2 ,v3) can be
expressed exactly in terms of frequency-dependent fi
induced vibrational coordinates called FD-FICs. The m
advantage of the FD-FICs, as opposed to normal coordina
is that they are few in number and the size of the set rem
the same regardless of the number of atoms in the molec
In previous work the~hyper!polarizabilities listed above
tage
cked off wit
TABLE VIII. Frequency-dependent NR hyperpolarizabilities ofbzzz(2v;v,0), bzzz(22v;v;v) andgzzzz
nr (2v;v,0,0) ofp-methylpyridone calculated at the

HF/6-31G level using BK perturbation theory and various sets of harmonic TD-FICs. The exact result is included for sake of comparison. The percenerror
with respect to the sum of the electronic and exact dynamic NR values are given in parentheses. Those cases where the error exceeds 5% are bloh
dashed lines. All quantities are in a.u.
e or copyright; see http://jcp.aip.org/about/rights_and_permissions
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TABLE IX. Frequency-dependent NR hyperpolarizabilities ofgzzzz
nr (22v;v,v,0), gzzzz

nr (23v;v;v,v), and gzzzz
nr (2v;v,2v,v) of p-methylpyridone

calculated at the HF/6-31G level using BK perturbation theory and various sets of harmonic TD-FICs. The exact result is included for sake of compan. The
percentage error with respect to the sum of the electronic and exact dynamic NR values are given in parentheses. Those cases where the error exre
blocked off with dashed lines. All quantities are in a.u.
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were evaluated for the most common cases using static F
and the infinite optical frequency approximation. Tests
that approximation for finite frequencies are carried out h
at the HF/6-31G level for three medium size conjugated
ganic molecules that are either nonpolar, or polar with a
valent ground state, or polar with a charge transfer gro
state. At frequencies smaller than 0.06 a.u.~;13 100 cm21 or
1.63 eV! errors in the infinite frequency approximation ma
become significant for the longitudinal~hyper!polarizabili-
ties.

A possible alternative to the infinite-frequency appro
mation is to combine static FICs with the BK dynamic pe
turbation formulas. Although this procedure leads to so
overall improvement, the extent of that improvement—
any—depends upon the molecule and the property. On
contrary, when appropriately chosen FD-FICs are combi
with perturbation theory the result is exact at all frequenc
Furthermore, for thep-conjugated organic molecules studie
in this paper the reduced set consisting ofx1,u0u

z ,x1,uvu
z plus

the harmonicx2,u0u
zz andx2,uvu

zz yields accurate values outsid
the IR region. This reduced set is complete f
bzzz

nr (2v;v,0) and gzzzz
nr (2v;v,0,0). The harmonic ap

proximation is exact for first hyperpolarizabilities and yiel
an insignificant error forgzzzz

nr (2v;v,0,0) even within the
IR region.

Of course, more molecules need to be examined be
our conclusions based on the computations done here ca
considered general. In addition, the effect of the basis set
the electron correlation must be investigated. We also pla
study other properties of interest such as sum-frequency
eration.
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