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In the finite field (FF) treatment of vibrational polarizabilities and hyperpolarizabilities, the
field-free Eckart conditions must be enforced in order to prevent molecular reorientation during
geometry optimization. These conditions are implemented for the first time. Our procedure facilities
identification of field-induced internal coordinates that make the major contribution to the
vibrational properties. Using only two of these coordinates, quantitative accuracy for nuclear
relaxation polarizabilities and hyperpolarizabilities is achieved-tonjugated systems. From these

two coordinates a single most efficient natural conjugation coord{iNG€) can be extracted. The
limitations of this one coordinate approach are discussed. It is shown that the Eckart conditions can
lead to an isotope effect that is comparable to the isotope effect on zero-point vibrational averaging,
but with a different mass-dependence. 1©99 American Institute of Physics.
[S0021-960609)01225-9

I. INTRODUCTION given in order of electrical and mechanical anharmonicity,
contain first- and higher-order derivatives of static clamped
Since the laser was invented in 1960, interest in nonlinnucleus electrical properties with respect to normal coordi-
ear opticSNLO) has grown continuously® and now ranges nates, as well as harmonic and anharmonic vibrational force
from fundamental studies of the interactions of light with constants. The determination of these parameters, particu-
matter to applications such as laser frequency conversion andrly the higher property derivatives and anharmonic force
optical switching. In the presence dépatially uniform constants, can be computationally demanding.
static and dynamic electric fields, both the electronic and  For the two limiting cases where the optical frequencies
nuclear motions of a molecule will be perturbed. If the over-are formally either zero or infinite, one can circumvent ex-
all rotations are considered separately, then the moleculalicit evaluation of the electrical property derivatives and
response can be expressed in terms of electronic and vibraibrational force constants by using finite fiel¢FF)
tional contributions to the dipole moment, linear polarizabil- techniques®-2° The latter, in principle, yield exactly the
ity, and various NLO propertie’.’ same results as those obtained analytically from a double
As far as NLO properties are concerned, it turns out thakxpansion of the properties in terms of the field and the nor-
the vibrational contribution can sometimes be even more immal coordinate$?=>*In the FF approach, one first optimizes
portant than the corresponding electronic t&4n™* Until  the molecular geometry in the presence of a static electric
very recently*? the only method available for calculating the field and, then, calculates the electronic dipole montent
vibrational contribution at an arbitrary optical frequency wasenergy, linear polarizability, and first hyperpolarizability in
the perturbation treatment of Bishop and Kirtm@K),*>71®  that field. A detailed analysis shows that the field-dependent
which is based on the general sum-over-states forilas  change in the clamped nucleus electronic properties yields
dynamic hyperpolarizabilities. In the BK procedure, the elecwhat is called the nuclear relaxatioiNR) contribution to
tronic and vibrational terms are separated by applying a cathe vibrational polarizability and hyperpolarizabilities. The
nonical or clamped nucleus approximation, wherein the elecelectronic dipole momentu(®) gives the static value of the
tronic and nuclear motions are considered sequentiallynuclear relaxation term, whereas the values derived from the
rather than simultaneouskl. The resulting expressions, linear polarizability ¢°) and first hyperpolarizability £°)
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correspond to the infinite optical frequency lifflit(also  have not been generally recognized in either the BK or FF
known as the enhanced approximaffynThis limit, it turns  treatments. We analyze these effects in Sec. IV using illus-
out, gives results similar to the exact frequency-dependerttative calculations for three isotopes of water,(4 D,O,
value at typical laser optical frequencies, at least in thosend HDQ. Finally, Sec. V contains a summary of this paper,
cases that have been testad. as well as some of our plans for future investigations based
There is a second source of vibrational polarizability andon the FF approach with the Eckart conditions included.
hyperpolarizabilities that arises because of the static field-
induced change in the vibrational potential. It is known asll. IMPLEMENTATION OF ECKART CONDITIONS
thg curyature contributiqn and can be ob_tained from thg 810~ As discussed in Sec. |, the first step in calculating vibra-
point V|brat|on_al averaginGZPVA) cp_rre_ctlon due to motion tional contributions to polarizabilities and hyperpolarizabili-
about : the f|eIQ—dependent ethbngm geometry. Theties by the FF method lies in determining field-dependent
analysig® of the field-dependent ZPVA is exactly analogous

equilibrium geometries. This has limited the treatment since,

to that of the clamped nucleus electronic property itself. Asexcept in a few special cases, the molecule will rotate with

might be expected, thg contrlbutlor_ls to the ZPVA that arlserespect to the finite field during geometry optimization. In
from geometry relaxation are of higher order than the NRy yor 15 prevent the molecule from rotating, one must apply
contributions associated with the clamped nucleus eIectronlﬁ1e Eckart condition&2°
properties.

Very recently the FF scheme has been generdlitzed 2im;(axr;)=0. 1)

yield the NR and curvature contributions over the entire frejgre r, is the vector from the center of mass to atorg; is

quency range. This formulation, like its predecessors, beging,e equilibrium value of that vector, and; is the atomic
with a geometry optimization in the presence of a static elecmass (For convenience the translational condition is not ex-
tric field. The difference occurs in a later step where ongjicitly displayed since it is not involved in the following
must evaluate dynamic, rather than static, properties at th&nalysis. However, it is rigorously enforced in our treat-
field-equilibrated geometry. Calculations based on this neWnent) A key point to recognize is that, according to the
technique have yet to be carried out. Indeed, even the earli@ﬁeory underlying the FF method, it is tfield-free Eckart
and simpler FF approach has been applied only in a fewonditions that are required even when an external field is
special cases. The main reason is that, in general, the mainposed. Thus, the field-dependent geometry optimization

ecule will rotate during the field-dependent geometry optimi-may be carried out by the following procedure:
zation. This causes the applied field to be no longer in the,

intended direction with respect to the molecular axes. Thél
sole exceptioh'®2%?” occurs when the permanefit any)

Using any standard quantum chemistry program a
complete optimization of the field-free geometry is

and field-induced dipole moments are in the same direction, ~ Performed; _ _
as the field. (i) At this geometry, three rotatiottwo for linear mol-
It is known in principlé® that the above difficulty can be ecules and three translational Eckart coordinates are
constructed;

overcome by proper application of the Eckart conditigh.
To our knowledge, however, this has not previously beer!ll)
accomplished. In Sec. Il we present a simple, yet successful,
implementation of the Eckart conditions for geometry opti-
mization in the presence of a static electric field.

Our computer code permits us to determine the contri-
bution of any coordinate, or set of coordinates, to the vibra-
tional polarizability and hyperpolarizability. In Sec. Il we V)
present a systematic method for determining the key internal
vibrational coordinates) and apply this approach to three
prototypical 7-conjugated molecules. Although it has beenin our implementation, stew) is carried out by means of the
widely speculated that the vibrational contribution to theBroyden, Fletcher, Goldfarb, and Shani®FGS method®®
electrical properties of such molecules is dominated by &he required field-dependent energy and gradients can be
single internal coordinate—sometimes referred to as the ebbtained from any standard quantum chemistry program. We
fective conjugation coordinatdECC)*’—there are also developed our code in conjunction wirUSSIAN 943
indications?? to the contrary. Our treatment of the three ~ Our program was tested by determining fully optimized
m-conjugated molecules shows that, in fact, two internal co{3N-6 or 3N-5 coordinatekfield-dependent geometries, and
ordinates are required to quantitatively reproduce the electrithen calculating NR contributions to the vibrational polariz-
cal properties. Furthermore, we are able to extract a singlability and hyperpolarizabilities by means of the FF proce-
most efficient natural conjugation coordinadCC) from  dure of Bishop, Hasan, and KirtmafBHK).1® As noted
these calculations. The NCC has its limitations but is showrabove, exactly the same results for the vibrational properties
to be preferable to the ECC. can be obtained analytically. However, the latter computa-

The Eckart conditions explicitly involve atomic massestions are much more demanding because, in contrast with the
and thereby give rise to orientational mass-dependent effect&- approach, they require explicit input values @} qua-
on the vibrational polarizability and hyperpolarizability that dratic, cubic, and quartic vibrational force constar®y;first

A set of variable coordinates is read as input. These
coordinates may be of any tygmternal, normal etg.

and any number from one to\36(5);

(iv) The input coordinates expressed in terms of mass-
weighted Cartesian displacements are orthogonalized
to the field-free translations and rotations; and

A field-dependent geometry optimization is per-
formed in this subspace of orthogonalized coordi-
nates.
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derivatives(with respect to nuclear coordinajesf the elec- It is often assumed fofr-conjugated systems—which
tronic dipole moment4°®), polarizability (a®), and first hy-  are of special interest in NLO applications—that there is a
perpolarizability (3°); (3) second derivatives gi® anda®  single coordinaté®3®known as the effective conjugation co-
and (4) third derivatives ofu°®. The simplicity of the FF/  ordinate(ECC) or bond length alternatiofBLA) coordinate,
relaxation procedure, however, does not come without ghich makes a dominant contribution to the NR properties.
price. In order to(implicitly) calculate the first, second, To our knowledge, however, this hypothesis has not been
and third derivatives of8°, a®, and u respectively, with  gsgessed and, moreover, the ECC is usually not precisely
sufficient accuracy, one needs to use tight thresholds in th§afined. On the other hand, the FF method leads logically

field-dependent geometry optimization. Experience ha§0 field-induced coordinate¢FICs), from which a most
taught us that the residual atomic forces must be no greateér

than 10 ® hartree/bohr or hartree/rad and that the thresholdsffICIent natural conjugation coordin .j O can pe rigor-
2 . : ously extracted and tested. In our first application to three
on the energy (10%?a.u) and density matrix (max

=10 a.u.; rms=10"2a.u.) must be decreased accord- Protoype m-conjugated systemssee Fig. l—hexatriene,
ingly. Nonetheless, except for small molecules, the FFNOZ_(CH:CH,)Z_NHZ’ gndp-pltrganlllne(PNA)—We find )
method is far more efficient than the perturbation theory proj[hat the NCC gives semiquantitative results for the properties
cedure for determining the complete NR contribution to the®f Poth donor/acceptoiD/A) molecules but, beyond that, a

vibrational properties, particularly if the properties are longi-Sécond FIC is required. Using two FICs in the subsequent
tudinally dominant. restricted field-dependent geometry optimizations yields al-

most exact agreement in all cases with the values calculated
using a complete set ofN8-6 coordinates.

The FICs are generated simply by taking the difference
between the optimized geometry with and without an exter-
nal field (F) being present. For the-conjugated systems in

The results obtained from a FF calculation with anythis study,F is chosen to lie in the longitudinal direction
complete set of coordinates can also be determined by pefparallel to the dipole moment for PNA and the donor-
turbation theory. In the perturbation treatmentadt?, 8%, acceptorD/A) butadiene: along the line that bisects the cen-
andy"R one computes these quantities as a sum over normala; and end double bonds for hexatrigisince a, B, and y
modes(SOM). At the double harmonic level of approxima- are all longitudinally dominant. The special significance of

tion there is no coupling between modes, and the contribut-l1iS type of coordinate is suggested by physical as well as

tion of each vibration can be immediately determined. Whenmathematical considerations. From a mathematical perspec-

anharmonicity is taken into account, the assignment to indi-. , : . :
. . N tive the zero field and field-dependent geometries determine
vidual modes can be accomplisfédy equipartitioning.

This provides a straightforward method of characterizing thé linear synchronoys transﬂLST) patf?’ between thg tWO,
vibrational coordinates that make the largest contributions tGtrUctures. By moving along this path one can obtain a first
the NR polarizability and hyperpolarizabilities. There are,@PProximation to the optimum geometry at any field from
however, two important drawbacks to the SOM approachZe0 to [F| and even somewhat larger. For PNA and
One of these is the difficulty of doing a complete perturba-NO>—(CH=CH),—NH,, specifically, there is also an argu-
tion calculation for medium and large systems; in fact, noment which suggests that this path has speuigisicalsig-
such calculations have been reported with anharmonicity innificance. It is based on the assumption that the polarizability
cluded. Equally significant is the nonintuitive and nontrans-and hyperpolarizabilities arise from electric dipole transi-
ferable nature of the normal coordinates. Both of these drawtions between a primarily covalent ground state and (@ne
backs can be overcome through use of the FF method. = more charge-transfer excited states. An electric field applied

IIl. CHARACTERIZATION OF MOST IMPORTANT
VIBRATIONAL MOTIONS/FIELD-INDUCED
COORDINATES

TABLE I. Nuclear relaxatiofNR) polarizabilities and hyperpolarizabiliti€s a.u) of prototypew-conjugated
molecules calculated using the one vibrational degree of freedom SFIC model.

Molecule Property

aYR(0;0)
CH,—~(CH),~CH, 2.26 (-27.8
NH,—(CH),~NO, 38.17 (-5.3
NH,-CgH,-NO, 20.12 (-3.9

B35(0;0,0) B~ w;,0)°
NH,—(CH),~NO, 5426 (11.3 1217 (8.3
NH,—C¢H,~NO, 1965 (14.3 494 9.7

722¢40;0,0,0) YVozed — ;0,000 YVired —20i0,0,0)°

CH,—(CH),~CH, 1131x 107 (23.9 3665x 10 (23.9 -275 (-38.2
NH,—(CH),~NO, 6744x 107 (5.9 1350x 10 (3.9 2101 10 (16.1
NH,—CgH,~NO, 2126x 107 (2.5 6050x 10 (3.9 1724x10 (12.9

#The percentage error compared to the compléte63coordinate treatment of Table Il is given in parentheses.
PInfinite frequency approximation.
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TABLE II. Reference valuesin a.u) for nuclear relaxatiofNR) polarizabilities and hyperpolarizabilities of
prototypem-conjugated molecules obtained using a complete sefNeB3coordinates.

Molecule Property
37(0;0)
CH,—(CH),~CH, 3.13
NH,—(CH),~NO, 40.30
NH,—CsH,~NO, 20.92
B3740;0,0) B — ;0,0
NH,—(CH),—~NO, 4877 1124
NH,—CsH,~NO, 1718 450
¥y {0;0,0,0) YR (— w;0,0,0 PR (—2w;0,0,0)2
CH,—(CH),~CH, 9133x 10 2957x 10 —445
NH,—(CH),~NO, 6400x 107 1310x 107 1810x 10
NH,—CsH,~NO, 2075x 107 5870x 10 1527 10

4nfinite frequency approximation.

to the ground state will induce the charge-transfer &fpte The geometry optimizations were done at the RHF/6-
and the accompanying geometry change will be that assocB1G level and the electronic properties needed for the FF
ated with the largest vibronic coupling®:*® Although this  treatment were calculated by the CPHF/6-31G method. For
valence-bond charge-transfer model has serious defthe two D/A molecules the one vibrational degree of freedom
cienciesi®*' as currently formulatedhe underlying concept SFIC model yields small errorisee Table | for the % error
is basically valid. in parenthesgs in the static «"R(0;0), the static
The choice that remains in defining a particular FIC isyN?(0;0,0,0), and the optical kerr effect(OKE)
the magnitude and sign of the electric field. It seems cleay"?(— w;®,0,0). The error in the remaining properties var-
that the field should be in the direction that induces theies from about 8% to 16%. In the case of hexatriene, the
charge-transfer structui®, which is also the alternative that deviations from the completeN86 coordinate treatment are
leads to the larger geometry change. Based on both the matinrore serious. This is consistent with the fact that, from the
ematical and physical perspectives, one is tempted to selephysical point of view, the SFIC model is less appropriate
the strongest field used in the FF calculation; this yields thdor hexatriene than for the two D/A molecules.
strongest field-induced coordinat®FIC). Our results for the In order to improve on the SFIC model it was decided to
NR polarizabilities and hyperpolarizabilities shown in Tableadd a second coordinate derived from a weak field geometry
| were obtained by restricted one coordinate field-dependerdptimization. This weak field induced coordinafé/FIC)
geometry optimizations. They may be contrasted with thewvas obtained in the same manner as the SFIC except that we
reference values given in Table Il, which were determinedised the weakest fiel@®.0004 a.u.from our FF calculations.
using a complete set ofN8-6 coordinates. The argument here is simply that the two limiting cases
Typically, in FF calculations we employ fields of mag- might be expected to provide the necessary flexibility over
nitude ZF wherek=0,1,2,... andc=0.0004 a.u. The factor the entire range of fields. Indeed, in a single coordinate treat-
2% is introduced in order to apply the Romberg fitting ment, the WFIC gives resultsee Table Il} that are to a
procedur&*3which removes higher-order hyperpolarizabil- large extent, complementary to those found for the SFIC. In
ity contaminants. In this case a maximum valu&kef5 was  particular, for the D/A molecules the staig'?(0;0,0); the
employed; thus, the strongest field is 0.0128 a.u. dc-Pockelsdc-P effect BNR(— w; w,0), and the dc-induced

TABLE lIl. Nuclear relaxation (NR) polarizabilities and hyperpolarizabilite¢in a.u) of prototype
m-conjugated molecules calculated using the one vibrational degree of freedom WFIC model.

Molecule Property
5(0;0)
CH,—(CH),~CH, 3.13 (0.01
NH,—(CH),—NG, 40.30 (0.00
NH,—CsH,—NO, 20.92 (0.00
B2340;0,0) B — ©;,0)°
NH,—(CH),~NO, 4898 (0.44 1128 (0.3D
NH,—C¢H,~NO, 1726 (0.42 452 (0.3
722:40;0.0,0) Yazed — ;0,00 YVored —20;0,0,0)°

CH,—~(CH),~CH, —443 (—0.51)
NH,—(CH),~NO, 5012107 (—21.69  1067x10? (—1857  1818x10 (0.45
NH,—CgHs~NO, 1633107  (—21.30  5046x10? (—14.04  1533x10 (0.37

#The percentage error compared to the compléte63coordinate treatment of Table Il is given in parentheses.
PInfinite frequency approximation.
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TABLE IV. Nuclear relaxation (NR) polarizabilities and hyperpolarizabilitiesin a.u) of prototype
m-conjugated molecules calculated for the 2-FIC treatment #with0.0016/0.0032 a.u.

Molecule Property

aYR(0;0)
CH,—(CH),—~CH, 3.13 (0.00
NH,—~(CH),—~NO, 40.30 (0.00
NH,—CsH,~NG, 20.92 (0.00

B3340;0,0) B — ©;0,0)°
NH,—(CH),~NO, 4877 (0.0 1124 (0.0
NH,—CsH,—NO, 1718 (0.00 450 (0.02

723¢40:0,0,0) Biref— @;©,0,0 Yezpd —20;0,0,0)°

CH,—(CH),—~CH, 9136x 10 (0.03 2990x 10 (1.09 —445 (—0.03
NH,—(CH),~NO, 6390x 10>  (-0.16 130810  (-0.15  1808<1C0*  (—0.09
NH,—CsH,—NO, 2074107 (—0.02 583710  (-0.55  1527x10*  (—0.01)

#The percentage error compared to the compléte63coordinate treatment of Table Il is given in parentheses.
PInfinite frequency approximation.

second harmonic generatioflc-SHG YN}(—2w;w,w,0) varies, of course, from one FF to another. A simple average
are given quite well, whereas the opposite is true in Table |over all fields yields an overatiingle most effective coordi-
It turns out that the two-coordinate WFIC/SFIC model isnate, which we call the natural conjugation coordinate
remarkably accurate for all three molecules, with a maxi-(NCC). When the NCC is used in a one coordinate FF treat-
mum error of 1.6% in every instance. Although this is quitement, the polarizabilities and hyperpolarizabilities shown in
satisfactory, one final improvement of the two-coordinateTable V are obtained. The results are quite reasonable, with
model was undertaken. the most notable exceptions being"R(0;0,0,0) and
Since there is some ambiguity with respect to the choice/N"(— w;®,0,0) for hexatriene; in these cases the FF proce-
of the weakest and strongest fields, the sensitivity of oudure is nonconvergent. The convergence problem can be
results was tested by examining the additional pairs 0.0008Jvercome by symmetrizing the hexatriene NCC on the
0.0064 and 0.0016/0.0032 a.u. Table IV summarizes the vagrounds that- F and —F are degenerate for that molecule.
ues obtained for the latter. Again, the agreement with théhis leads to the rows contained in square brackets in Table
complete }N-6 coordinate calculation is excellent. It is even V. Unfortunately, when that is done the values of the polar-
better than for the WFIC/SFIC model and the same is trugzability and dc-SHG are seriously degraded. One other pos-
for the 0.0008/0.0064 a.u. pair. In order to avoid any ambi-sibility considered for the NCC was to use a weighted aver-
guity, then, we suggest that the 2-FIC treatment be employedge in whichF? is the weighting factor. Although the errors
with  coordinates generated by the fieldsF  in yNR(0;0,0,0) andy"?(w;w,0,0) for the D/A molecules
=0.0016/0.0032 a.u., which will typically be in the middle are, thereby, significantly reduced, the errors in all the other
of the range used in the FF procedure. properties increase. Thus, we define the NCC as being the
Our results imply that, at each field used in the FF cal-simple average and at the same time note the limitations
culations, one can find a linear combination of two mid- pointed out above.
range FICs F=0.0016/0.0032a.u.) that accurately repro- Finally, it is of interest to compare the rigorously com-
duces the fully optimized geometry. This linear combinationputed NCC with the priori ECC. As observed earlier, there

TABLE V. Nuclear relaxation (NR) polarizabilities and hyperpolarizabilitiegin a.u) of prototype
m-conjugated molecules calculated using the one vibrational degree of freedom NCC model.

Molecule Property
aYR(0;0)
CH,—~(CH),~CH, 3.02 (3.59
[0.000 (—100.00]
NH,—(CH),~NO, 40.08 (—0.55
NH,—CgH,—NO, 20.80 (=057
B2240;0,0) Brd — @;0,0)°

NH,—(CH),~NO, 5149 (5.6) 1170 (4.1
NH,—CgH,~NO, 1835 (6.8 472 4.9

¥22.40:0,0,0) Voreh— 010,00 Yook —20i0,0,0)°
CHZ—(CH)4—CH2 —414 (_7_0:D

[8424%x10 (=7.79 2813x 10 (—4.89 -3 (—99.32]

NH,—(CH),~NO, 5846x 107 (-11.789 117510 (-10.32  1914x10 (5.79
NH,—CsH,~NG, 1827x 10 (—11.96 545110  (—7.13  1616x10 (5.81)

#The percentage error compared to the compléte63coordinate treatment of Table Il is given in parentheses.
PInfinite frequency approximation.
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whole, the NCC model is substantially better. Both have sig-
nificant weaknesses that are overcome by the 2-FIC treat-
ment.

Unlike the ECC, the NCC displayed in Fig. 2 has a
transverse as well as a longitudinal compongmth shown
separately using the same sgal€hat is why, for example,
the latter gives a good value for the linear polarizability of
hexatrieng cf. Ref. 35. The longitudinal component of the
NCC is similar to the ECC in that both exhibit alternating
displacements along the conjugated backbone. On the other
hand, in the NCC the displacements are far from uniform in
length and the attached hydrogen atoms are, for the most
part, either stationary or nearly stationary. We have not at-
tempted a further analysis of the NCC since that is beyond
the scope of this paper, nor have we carried out any one-
dimensional calculations using only the longitudinal compo-
nent of the NCC.

IV. ANALYSIS OF ISOTOPE EFFECT FOR NR
VIBRATIONAL POLARIZABILITIES AND
HYPERPOLARIZABILITIES

Although the perturbation theory calculation of'R,
FIG. 1. Thea priori effective conjugation coordinat&CC). All arrows are ’BNR’ .E.ind YNR IS equwalent to a FF treatment, the. Eckart
drawn to the same scale. conditions appear in a more subtle way since the field does
not occur explicitly and infinitesimal displacements are pre-
sumed. For example, consider the perturbation theory for-
is no strict definition of the ECC. Even for hexatriene, onemula for the staticx"® given by**
can vary the CC bond lengths while keeping all angles fixed NR, A e _ e
or movg the CH groups (ng-lat the chairﬁ) e?\dsas agrigid g, (0;0)=33(aug dR)(F1);(dus/dR), 2
unit in the longitudinal direction. We make the latter choice,where R; is a (nonredundantinternal coordinatefF is the
depicted in Fig. (a), since it turns out to give better results. force constant matrix in terms of th& , and¢, » are Carte-
For the two D/A molecules the ECC in Figs(bl and Xc)  sian directions. At first glance it might appear that the ex-
was drawn by alternating the longitudinal displacements apression on the rhs of Eq2) is independent of atomic
one proceeds from one atom to the next along the conjugatedasses. However, one should recall that the dipole patrtial
backbone(which includes the oxygen atoms of the NO derivatives must be evaluated with the coordinates corre-
group. Again, the hydrogens move rigidly along with the sponding to infinitesimal rotationgand translations held
heavy atom to which they are attached. When these coordequal to zero, i.e., the Eckart conditidms. Eq. (1)] must be
nates are used in a one-dimensional FF treatment, the N&atisfied. As a result, although it is often not recognizetf}
polarizabilities and hyperpolarizabilities reported in Table VI (0;0) will be mass-dependent; in particular, it will exhibit an
are obtained. Oua priori ECC model is seen to give fair isotope effect. In this section we analyze some of the factors
results. A comparison with Table V reveals that, on thethat govern this mass-dependence not only 48R but for

TABLE VI. Nuclear relaxation (NR) polarizabilities and hyperpolarizabilitiegsin a.u) of prototype
m-conjugated molecules calculated from the one coordiagigori ECC model.

Molecule Property

aYR(0;0)
CH,—(CH),~CH, 0.00 (—100.00
NH,—(CH),~NO, 37.27 (-7.5
NH,—CgH,~NO, 14.68 (29.9

B2340;0,0) B — ©;0,0)°
NH,—(CH),~NO, 4686 (-3.9 1088 (-3.2
NH,—CgH,~NO, 1300 (-24.9 350 (-22.2

7R (0:0,0,0) AR~ ;0,00 PR{—20;0,0,0)°

CH,—(CH),~CH, 7655x 10 (-16.2 255210  (—13.7) -3 (-99.3

NH,~(CH),~NO,  4847x1(®  (-24.3  1028x1®® (—21.5 1626x10  (—10.1)
NH,—CsH,~NO, 1237107 (—40.9 399310  (-32.0 122610  (-19.9)

#The percentage error compared to the compléte63coordinate treatment of Table Il is given in parentheses.
PInfinite frequency approximation.
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FIG. 2. The natural conjugation coordingCC). For each molecule the transverse and longitudinal components are shown separately. All arrows are drawn
to the same scale except as indicated.

the first hyperpolarizability gNR?) and second hyperpolariz- Thus far we have focused on NR to the exclusion of
ability (yNR) as well. We also carry out illustrative calcula- contributions toa”, 8° andy" that are related to the ZPVA
tions for three isotopes of water. of the electronic properties. Besides the ZPYAr se the

The expression on the rhs of E@) has been studied by latter category includes higher-order “curvature” terms de-
vibrational spectroscopiéfs®’ in connection with infrared rivable from the ZPVAZL (The ZPVA is the lowest-order
isotope intensity rules. It has been shown that under certaigurvature term and is usually considered to be an electronic
circumstances some, or all, of the dipole first derivatives willproperty but here, for convenience, we discuss it as part of
be mass-independent. Three such instances, basically det#ée vibrational contribution.In contrast with NR, the isotope
mined by symmetry, are(1) R; is a symmetry coordinate effect due to the ZPVA has been fairly well studd® at
that cannot give rise to an infinitesimal molecular rotation;least for the polarizability of small molecules. A mass-
(2) the molecule does not have a permanent dipole momerttependence occurs in this case not only through the elec-
(ordinarily due to inversion symmeitry(3) the dipole deriva- tronic property derivatives but, more importantly, through
tive is in the direction of the permanent moment. Apart fromaveraging over the vibrational coordinates. For the total iso-
these cases, the remaining dipole derivatives will generallyope shift both NR and ZPVA-related contributions must be
be mass-dependent. taken into account. In this paper our interest lies particularly

Next, we extend the above analysis to hyperpolarizabiliin the previously ignored NR isotope shift and its analysis in
ties treated at the double harmonic level. This level is suffiterms of the Eckart conditions. However, in the example
cient to yield the complete NR contribution to several NLO (below) we also compute the ZPVA terms in order to com-
processes in the infinite frequency approxima-pare them with NR.
tion>*?L—namely BNR(— w; ,0), Y"R(—2w;w,w,0), and For illustrative, and further analytical purposes, calcula-
the intensity-dependent refractive  index (IDRI) tions were undertaken on the thréeommon isotopes of
YR(— w;w,w,— w). For these properties the derivatives of water—H0, D,O, and HDO. Our results turn out to be re-
«® and B¢ are needed in addition to those @f. Ordinarily,  vealing as to the role played by electronic vs inertial sym-
the derivatives ofa® and 8¢ will also be mass-dependent. metry in determininga"R, BNR, and yNR. They also shed
For a® only exception(1) above applies; foB® exception(2)  light on the relationship between the mass-dependence due
is also valid, since inversion symmetry causes hothand to NR and that due to ZPVA. The & and DO isotopes
B° to vanish. There is no simple analog (@) in the case of have just one internal coordinatasymmetric stretchthat
«® and B¢ since they are tensor, rather than vector, properhas the same symmetry as a rotat{amich, in this case, is
ties. within the molecular plane From the Ihs of Eq(1) one can

In order to obtain the NR contribution to other vibra- determiné® the mass-dependent angle of rotation generated
tional hyperpolarizabilities that are often of interest, includ-by any set of displacement having that symmetry. In order to
ing the static8\R and yNR as well as the OKE, higher-order satisfy the Eckart conditions the molecule must be rotated to
electronic property derivatives are necessary. As a generatstore the original orientation, and that leads to a rotation of
rule, these derivatives will also be mass-dependent due to the® (as well as thex® and g€ tensors. Therefore, the elec-
Eckart conditions unless the symmetry coordinate canndironic properties with respect to space-fixed axes will be
lead to a molecular rotation. isotope-dependent. HDO has the sa@g electronic sym-
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TABLE VII. Nuclear relaxation(NR) polarizabilities and hyperpolarizabilitiggn a.u) for H,0, D,O, and
HDO. The frequency-dependent properties are obtained in the infinite frequency approximation.

Component HO D,O HDO H,O D,O HDO H,O D,O HDO
a"R(0;0)
XX 0.0000 0.0000 0.0000
yy 0.1405 0.1546 0.2218
7z 0.8584 0.8589 0.8589
B"R(0;0,0) B R(;,0)
XXZ —0.436 —0.436 —0.436 —0.436 -0.436 —0.436
XZX —0.436 —0.436 —0.436 0.000 0.000 0.000
yyy 0.000 0.000 1.767 0.000 0.000 0.461
yyz 2.957 3.116 2.936 -0.070 -0.070 -0.070
yzy 2.957 3.116 2.936 1.739 1.819 1.706
777 4.379 4.379 4.131 2.917 2.917 2.917
¥NR(0;0,0,0) YR(— w;©,0,0) YR(—2w;w,,0)

XXXX 20.2 20.2 20.2 6.7 6.7 6.7 0.0 0.0 0.0
XXyYy 29.7 30.0 30.2 29.7 30.0 30.2 2.3 24 24
XXzz 23.9 23.9 24.1 23.9 23.9 241 1.6 1.6 1.6
XyXy 29.7 30.0 30.2 2.3 2.4 2.4 2.3 24 2.4
XzZXz 23.9 23.9 24.1 1.6 1.6 1.6 0.0 0.0 0.0
YXyX 29.7 30.0 30.2 2.3 2.4 2.4 0.0 0.0 0.0
YYXX 29.7 30.0 30.2 23.8 23.8 23.8 0.0 0.0 0.0
yyyy 252.6 252.8 247.8 72.0 71.0 67.1 -10.2 -10.8 -13.0
yyzz 92.8 93.7 99.7 54.6 54.6 547 -31 -31 =31
yzyz 92.8 93.7 99.7 12.9 12.9 147 -31 -31 -31
ZXZX 23.9 23.9 24.1 1.6 1.6 1.6 0.0 0.0 0.0
zyzy 92.8 93.7 99.7 12.9 12.9 147 -59 -6.1 —46
ZZXX 23.9 23.9 24.1 11.8 11.8 11.8 0.0 0.0 0.0
zzyy 92.8 93.7 99.7 37.7 37.6 414 -59 —-6.1 —46
7777 178.9 178.9 180.6 19.4 19.4 19.1 -13.0 -13.0 -13.0

metry as the other two isotopéthe electronic properties of topic invariance of the d& effect and dc-SHG. Note that the
all three are identicabut its inertial symmetry is reduced to above analysis applies to HDO even though not required by
Cs. As a result, the two symmetric internal coordinates carthe inertial C; symmetry.

also give rise to a mass-dependent rotation within the mo- It is evident from Table VII that the reduced inertial
lecular plane. symmetry in HDO leads to an isotope effdes H,O and

Our NR results for HO, D,O, and HDO are reported in  D,0O) for the diagonak component when anharmonic terms
Table VII. All calculations were carried out in the polarized are included [see BNR(0;0,0), 9N%(0;0,0,0), and
[5s3p2d/3s2p] Sadlej bas® using sixd functions. The YNR(— »,®,0,0)]. ForHDO, unlike HO and BO, symmet-
permanent dipole moment lies along thexis andyzis the  ric motions can generate a rotation and, indeed, that is the
molecular plan&? Completely optimized field-dependent ge- origin of the mass-dependent anharmonicity contributions in
ometries were determined at the Hartree—Fock level usinghis isotope. Thus, we see that the effect updff, BNR, and
the Eckart program. Then the electrical properties wereyNR of applying the Eckart conditions depends upon both the
evaluated at the optimum geometry by the coupled perturbedlectronic and inertial asymmetry. In general, even in the
Hartree—Fock(CPHP method. For HO our values agree absence of a significant electronic effect, substitutions that
very closely with those calculated by Bishop and Dal$Rov cause a rotation of the inertial axes will alter these properties.
using the same basis set; fo,® and HDO there are no Finally, the above arguments can easily be extended to ex-
previous results. plain all the other isotope variations in Table VII.

The largest components are those in yizeplane. Con- In order to compare with the ZPVA contributions and,
sider, first, the diagonal planar components of the static pogltimately, with experiment, the various components given in
larizability given by Eq.(2). If the magnitude ofu® is u,  Table VIl were combined to form the mean propertiiesi-
then rotation in the molecular plane by an angl@ill gen-  cated by an overhead bathe polarizability anisotropyAa),
erate the dipole componengsf=u sin6 and u;=pu €cosf.  and the Kerr anisotropieSx and yy . For the polarizability
Since ¢ is proportional to the internal coordinate displace-we use the definitions of Ref. 50; for the hyperpolarizabili-
ment, SR, the power series expansion of #iwill give a  ties, Ref. 5. Our results for the separate NR and ZPVA con-
leading term proportional téR and a remainder of order tributions are reported in Table VIII. For the ZPVA of,8
(6R)%. Similarly, I has the formu[1+6(5R)?]. Thus,  and DO these values agree well with previous w83t
&,ui/&R#O and «,,’(0;0) exhibit an isotope effect, while s clear that the NR term behaves very differently from the
du,ldR vanishes and there is no mass-dependence faforresponding ZPVA term as far as isotopic substitution is
a’z\'f(O;O). Analogous arguments can be made to show thatoncerned. For NR, the HDO value is either the largest or the
das /iR anddBs,/dR are zero, which accounts for the iso- smallest of all three isotopes. On the other hand, the ZPVA
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TABLE VIII. Nuclear relaxation(NR) and zero-point vibrational averagifgPVA) contributions(in a.u) to polarizabilities and hyperpolarizabilities 058,
D,0, and HDO. The frequency-dependent properties are obtained in the infinite frequency approximation.

Property H,O D,0 HDO H,O D,0 HDO H,O D,O HDO
«(0;0)
a\R 0.3331 0.3378 0.3602
a?PVA 0.2472 0.1799 0.2139
AaNR 0.3485 0.3549 0.3865
A a?PVA 0.2677 0.1953 0.2313
B(0;0,0) B(—w;0,0)
BR 4.141 4.236 3.978 2.345 2.377 2.331
BEPVA —-1.397 -1.014 —-1.205
R 4.141 4.236 3.978 3.467 3.539 3.437
BEPVA -1.397 -1.014 —1.205 -
v(0;0,0,0) v(— w;,0,0) Y(—2w;w,0,0)
¥ 148.9 149.4 151.3 36.2 36.0 37.0 -5.6 -5.8 -5.9
YRR 148.9 149.4 151.3 115 11.4 11.2 -5.6 -5.8 -5.9

aSee Ref. 50 for definition of polarizabilities; Ref. 5 for definition of hyperpolarizabilities.

for HDO is almost exactly the average of the correspondingasymmetry on NR polarizabilities and hyperpolarizabilities.
H,O and DO values. Furthermore, while the magnitude of Preliminary calculations show that the NR isotope effect in
the ZPVA term decreases b2 (Refs. 49,50 from H,O to  this example is comparable in magnitude to that due to
D,0, the NR contribution typically increases. According to ZPVA, but the isotopic pattern is quite different. Although
the numerical values in Table VIII, the range of isotopeboth isotope effects are small for water, they may be larger in
shifts in« (0; 0) and B (0; 0, O will be somewhat largetby  other cases.
a factor of 1.5—-2.5for ZPVA than for NR. This is just a Apart from making FF calculations feasible, the most
preliminary assessment because electron correlation has riatportant contribution of our treatment is to provide a con-
been taken into account and the effects of the higher-orderenient method for studying the role of individual internal
curvature(ZPVA-related terms remain to be examined. Our coordinates or sets of internal coordinates. We have shown
main purpose has been to determine the relative differencehat the fundamental idea undergirding the FF method can be
in magnitude and isotopic pattern between the ZPVA andised as the basis for a systematic approach to determining
NR vibrational contributions in a typical case. the most important vibrational motions. In this approach,
Recently>® gas-phase EFISH measurements havéfield-induced coordinate§FICS) are derived directly from
been reported which vyield theE(—Zw;w,w) and field-dependent geometry optimizations. A specific treatment
Y(—2w;0w,0,0) values for HO and DO. The NR contribu- for 7-conjugated molecules, where there is a natural direc-
tion to both of these quantities is very small at optical fre-tion for the applied field, has been given here. Calculations
quencies. In order to emphasize the NR isotope effect ion three prototyper-conjugated molecules reveal that quan-
would be preferable to have measurements of the static projitative accuracy can be achieved by means of a 2-FIC treat-
erties, particularlya and 8, since it is difficult to calculate ment. The particular values of the field chosen to generate
¥*PVA_ From Table VIl it is clear that, in these instances, thethe two-coordinate basis do not seem to be important, but to
total isotope shift will be quite different from that predicted avoid ambiguity we suggest the mid-range valuEs
for ZPVA alone. The theoretical NR contribution £{0; 0, =0.0016/0.0032 a.u. in all cases.
0) can also be checked, at least approximately, by means of From the 2-FIC treatment, one can extract a single well-
infrared and Raman intensity measureméfts. defined natural conjugation coordinatCC). This NCC,
which for these prototypical conjugated molecules is more
accurate than the priori ECC, provides semiquantitative
NR properties where applicable, and also yields a physically
In the FF treatment of vibrational polarizabilities and intuitive picture.
hyperpolarizabilities, a key step is determining the optimized We have initiated further studies based on the 2-FIC
molecular geometry in the presence of an external field. Thenethod. One such investigation relates to a recent paper
major stumbling block in such a calculation is that the mol-demonstrating that the two-state valence-bond charge-
ecule will generally change its orientation with respect to thetransfer(VB-CT) model is not valid,n its current formula-
field during optimization. In order to avoid this difficulty we tion, for NR polarizabilities and hyperpolarizabilities. This
have developed a convenient implementation of the field-freeonclusion was based on trial calculations for a set of ten
Eckart conditions on rotational motion. These conditions in-molecules that cover the entire range of VB-CT mixing. The
troduce a mass-dependence into the derivatives®o#®, 3¢  very same set of molecules should pose a strenuous test of
with respect to internal coordinates. One consequence is aur new 2-FIC treatment. We hope that this study will even-
isotope effect for the NR polarizabilities and hyperpolariz-tually lead to a new VB-CT model that will be both practical
abilities. Using the three common isotopes of water as amand generally applicable.
example, we have analyzed the role of electronic and inertial From the viewpoint of methods, as opposed to applica-

V. CONCLUSIONS AND FUTURE WORK
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