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Abstract

The outstanding stiffness and strength properties, with respect to their weight, of fibre-
reinforced polymers have led to an increase of their usage in structures that needed
a weight reduction. This has been specially the case of the aerospace industry,
where the use of light materials has a significant effect on the fuel consumption
of aircraft structures, resulting in two direct benefits: first reducing the economic
costs of flights, and second, reducing the gas emission that causes the greenhouse
effect.

When a fibre-reinforced composite laminate is subjected to traction or compression,
it develops a relatively large Fracture Process Zone where material toughening
mechanisms such as matrix cracking, fibre-bridging and fibre pull-outs take place.
The damage onset and damage propagation are well defined from a cohesive
model point of view, although no standard procedure has been yet developed to
characterize the translaminar Cohesive Law. The present Ph.D. thesis proposes an
objective inverse method for obtaining the Cohesive Law from a single Compact
Tension test.

First, the usage of the Compact Tension specimen for determining the fracture
properties of orthotropic laminates has been studied. As a result, a Stress Intensity
Factor function has been developed, for the mentioned geometry, applicable to a
wide range of materials orthotropies. Additionally, some test recommendations are
given taking into account the material properties.

Second, a semi-analytic model has been developed for a Compact Tension specimen
subjected to a controlled displacement and corresponding load within a cohesive
model framework. The model is able to capture the material response while the
Fracture Process Zone is being developed, obtaining the evolution of multiple vari-
ables such as the crack opening and the cohesive stresses, for any given arbitrary
Cohesive Law shape.

xxi
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Third, with the aid of the aforementioned model, an algorithm has been developed
capable of obtaining the translaminar Cohesive Law from a single Compact Tension
test. The methodology to solve the inverse problem consists on defining a piecewise
unknown Cohesive Law. The segments widths and slopes are found in order to best
fit the experimental curve.

Last, the proposed inverse method has been used to perform an in-depth discussion
of the Cohesive model. First, the Cohesive Law has been measured for several
interply hybrid laminates, in order to study the influence of the stacking sequence on
the resulting curve. Secondly, the method has been applied to show the invariability
of the obtained Cohesive Law for different geometries and specimen sizes.



Resum

Lexcel lent rigidesa i resisténcia, respecte al seu pes, dels polimers reforgats amb
fibres han portat a un augment del seu Us en estructures que necessiten una
reduccid de pes. Aquest ha estat especialment el cas de la industria aeroespacial,
on I'ds de materials lleugers afecta significativament el consum de combustible
dels avions, resultant en dos avantatges directes: primer la reduccié dels costos
econdmics dels vols, i segon, la reduccid de I'emissid dels gasos causants de
I'efecte hivernacle.

Quan un laminat compost de polimer reforgcat amb fibres €s sotmés a traccié o
compressio, aquest desenvolupa una Zona de Procés de Fractura relativament
gran, on mecanismes d’enduriment com ara I'esquerdament de la matriu, bridging i
pull-out de fibres tenen lloc. La iniciacid i propagacié del dany estan ben definits
des del punt de vista del model cohesiu, tot i que actualment encara no hi ha cap
procediment estandard per caracteritzar la Llei Cohesiva translaminar. La present
tesi doctoral proposa un métode invers per a I'obtencio de la Llei Cohesiva utilitzant
unicament un assaig de la proveta Compact Tension.

En primer lloc, s’ha estudiat I'iis de la proveta Compact Tension per determinar les
propietats de fractura de laminats ortotrépics. D’aquest estudia ha sorgit una funcié
del Factor d’Intensitat de Tensions, aplicable a una amplia gamma de materials
ortotrépics. A més, s’han donat algunes recomanacions per a la correcta realitzacié
de 'assaig, tenint en compte les propietats del material.

En segon lloc s’ha desenvolupat un model semi-analitic capag¢ de reproduir el
comportament d’una proveta Compact Tension sotmesa a un desplagament controlat
i a una carrega corresponent, dins el marc del model cohesiu. El model és capag de
capturar el comportament del material mentre es desenvolupa la Zona de Procés
de Fractura, aixi com obtenir 'evolucidé de multiples variables com ara I'obertura
d’esquerda i les tensions cohesives, per a qualsevol forma de la Llei cohesiva
donada.

xxiii



XXiv

En tercer lloc, amb I'ajuda del model anteriorment esmentat, s’ha desenvolupat un
algoritme capag d’obtenir la Llei cohesiva d’'un laminat, a partir d’un unic assaig
de la proveta Compact Tension. La metodologia per resoldre el problema invers
consisteix a definir la Llei cohesiva a mesurar com una funcid definida a trossos,
composta per trams lineals. Lample i el pendent de cada tram es varia fins que la
corba forga-desplagament s’ajusta millor a la mesurada en I'assaig.

Finalment, el metode proposat del problema invers s’ha utilitzat per dur a terme
una discussio del model cohesiu. En primer lloc, la Llei Cohesiva de diferents
laminats hibrids ha estat mesurada, per tal d’estudiar la influencia de la seqiiencia
d’'apilament en la forma de la Llei Cohesiva obtinguda. En segon lloc, el métode ha
estat aplicat per mostrar la invariabilitat de la Llei cohesiva obtinguda de diferents
geometries i mides de provetes.



Resumen

La excelente rigidez y resistencia, con respecto a su peso, de los polimeros reforza-
dos con fibras han llevado a un aumento de su uso en estructuras que necesitan
una reduccion de peso. Esto ha sido especialmente el caso de la industria aeroes-
pacial, donde el uso de materiales ligeros afecta significativamente el consumo de
combustible de los aviones, lo que resulta en dos ventajas directas: primero reducir
los costes econdmicos de los vuelos, y segundo, la reduccidn de la emisién de
gases causantes del efecto invernadero.

Cuando un laminado compuesto de polimero reforzado con fibras es sometido a
traccién o compresidn, éste desarrolla una Zona de Proceso de Fractura relativa-
mente grande, donde mecanismos de endurecimiento tales como agrietamiento de
la matriz, fibre-bridging y fibre pull-out tienen lugar. La iniciacién y propagacion del
dafio estan bien definidos desde el punto de vista del modelo de cohesivo, aunque
en la actualidad todavia no existe ningun procedimiento estandar para caracterizar
la Ley Cohesiva translaminar. La presente tesis doctoral propone un método inverso
para la obtencién de la Ley Cohesiva utilizando unicamente un ensayo de la probeta
Compact Tension.

En primer lugar, se ha estudiado el uso de la probeta Compact Tension para
determinar las propiedades de fractura de laminados ortotrépicos. Como resultado,
se ha desarrollado una funcién del Factor de Intensidad de Tensiones, aplicable
a una amplia gama de materiales ortotrdpicos. Ademas, se han dado algunas
recomendaciones para la correcta realizacién del ensayo, teniendo en cuenta las
propiedades del material.

En segundo lugar, se ha desarrollado un modelo semi-analitico capaz de reproducir
el comportamiento de una probeta Compact Tension sometida a un desplazamiento
controlado y a su carga correspondiente dentro del marco del modelo cohesivo. El
modelo es capaz de capturar el comportamiento del material mientras se desarrolla
la Zona de Proceso de Fractura, asi como la evolucidn de multiples variables tales
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como la apertura de grieta y tensiones cohesivas, para cualquier forma de la Ley
Cohesiva.

En tercer lugar, con la ayuda del modelo anteriormente mencionado, se ha desar-
rollado un algoritmo capaz de obtener la Ley Cohesiva de un laminado, a partir de
un uUnico ensayo de la probeta Compact Tension. La metodologia para resolver el
problema inverso consiste en definir la Ley Cohesiva a medir como una funcién
definida a trozos, compuesta por tramos lineales. El ancho y la pendiente de cada
tramo se modifica hasta que la curva fuerza-desplazamiento se ajusta mejor a la
medida en el ensayo.

Por ultimo, el método propuesto para el problema inverso se ha utilizado para llevar
a cabo una discusién del modelo cohesivo. En primer lugar, la Ley Cohesiva de
distintos laminados hibridos se ha medido, con el fin de estudiar la influencia de la
secuencia de apilamiento en la forma de la Ley Cohesiva obtenida. En segundo
lugar, el método ha sido aplicado para mostrar la invariabilidad de la Ley Cohesiva
obtenida de diferentes geometrias y tamafos de probetas.



Introduction

1.1 Background

The outstanding stiffness and strength properties, with respect to their weight, of fibre-
reinforced polymers have led to an increase of their usage in structures that needed
a weight reduction. This has been specially the case of the aerospace industry,
where the use of light materials has a significant effect on the fuel consumption
of aircraft structures, resulting in two direct benefits: first reducing the economic
costs of flights, and second, reducing the gas emissions that cause the greenhouse
effect.

The effort lead by researchers, development and design communities over the
last four decades has led to a better understanding of the failure mechanisms of
fibre-reinforced composite materials and how these mechanisms can impact the
performance of structural components. Although this has carried more efficient
structural designs, there is still room to push the boundaries of damage tolerant com-
ponents. In order to achieve this, methods for predicting the onset and subsequent
propagation of damage in composite components are, therefore, highly desirable.

1.1.1 Fibre-reinforced composite materials

A composite material is any material that consists of two or more components
with different properties and distinct boundaries between them. Concretely, Fibre-
Reincorced polymers (FRP) refer to the family of composite materials made of a
polymer matrix reinforced with fibres. The fibers are usually made of glass or carbon,
and are the basic components of these composite materials, as they provide the
high strength and stiffness required in structural applications. The volume fraction
of the polymer matrix is usually lower than 50%.
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Fig. 1.1.: Stress-strain diagrams for typical fibers used in composites (Vasiliev and Morozov,
2007).

Glass fibers are characterized by having a high strength and relatively low stiffness,
high chemical and biological resistance, and low cost. On the other hand, carbon
fibres are much stiffer than the glass fibres, with modern carbon fibres capable
of reaching elastic modulus of about four times the modulus of steel. Fig. 1.1
shows typical stress-strain diagrams for high-modulus (H-M) and high-strength (H-S)
carbon fibres. Carbon fibers are also characterized by providing high chemical
and biological resistance, electric conductivity and very low coefficient of thermal
expansion.

Chapter 1 Introduction



In order to create a monolithic composite material capable of withstanding the
required strength and stiffness, the fibres are bounded in a matrix material. These
provide the final shape of the composite structure and govern the parameters of
the manufacturing process. The resulting combination is a ply or lamina of FRP
composite, with high structural properties in one direction (along the fibre direction),
but of poor quality on the other directions. By joining several of these plies, oriented
in different directions, it is possible to create a laminate, in order to provide the
required engineering properties, such as the in-plane stiffness, bending stiffness
and strength.

1.1.2 Translaminar failure

Most structural components are subjected to several combinations of tensile, com-
pressive and bending loads that may cause the failure of a FRP laminate in different
manners: matrix cracking induced delamination, tensile failure of a ply, free-edge
delaminations, translaminar crack, etc.

The present thesis focuses on translaminar failure. This phenomenon is described
when a crack appears across the whole thickness of the laminate, breaking all the
plies. It is a very catastrophic failure mode, as it requires a relatively high amount of
energy to start propagating, that is suddenly released upon reaching a critical load.
This type of failure can appear in structural elements with stress concentrations at
discontinuities such as holes and pins.

1.2 Motivation

Multiple theories exist in the literature to model a translaminar crack of a FRP
composite, ranging from Linear Elastic Fracture Mechanics (LEFM), through more
complex models such as the Critical Distances Theory and the Cohesive Zone model.
Although some simple theories reproduce effectively these kind of crack for a very
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limited range of geometries (LEFM needs the presence of a crack to be applied),
they fail when trying to extrapolate the laboratory results to larger structures.

The Cohesive Zone model is capable of reproducing this kind of fracture for a wide
range of specimen sizes and geometries, even for unnotched structures. The key
ingredient of this approach is the Cohesive Law of the material, which is assumed
to be a property for a given laminate. The main disadvantage of the Cohesive
Zone model is the lack of robust and objective tools, and procedures to meaure the
Cohesive Law.

1.3 Objectives

The present thesis aims to deepen into the analysis of the translaminar crack
formation and growth of fibre-reinforced composite materials, from a Cohesive Model
point of view, particularly on developing a robust tool to measure the translaminar
Cohesive Law. In order to achieve this main goal, several specific objectives are
proposed, such as developing an analytical solution to the Cohesive Zone, an
proposing and algorithm that measures the translaminar Cohesive Law.

1.4 Thesis structure

The present thesis has been developed as a compendium of publications, with a
reproduction of the generated manuscripts at the end of this document. Instead of
copying the whole text of each publication within the body of the thesis, we have
decided to write the document as a whole, including some parts of the publications
when necessary, while adding information and results not published elsewhere.
This decision gives the opportunity to the reader to completely follow the conducted
research during the writing of this thesis, but at the same time, when interested, to
consult the details available in the full-text versions of the published manuscripts.

Chapter 1 Introduction



With this in mind, the document has been divided in three blocks. The first part
consists of a wide literature review, composed of Chapters 2 and 3. The former
is focused on a brief introduction and basis of fracture mechanics, from the very
fundamental concepts of Linear Fracture Mechanics to the introduction of the more
complex Cohesive Zone model. On the other hand, the latter is an in-depth literature
review of the current available methods to measure the Cohesive Law.

The second block is focused on the analysis of the fracture toughness of a fibre-
reinforced composite laminate, composed of Chapters 4 and 5. In Chapter 4 the
Compact Tension specimen is studied and some LEFM tools have been introduced
to use this specimen for any laminate orthotropy, as well as giving some design
recommendations. The results of this research have generated the PAPER A.
Chapter 5 studies the translaminar fracture from the Cohesive Model point of view,
introducing a methodology to measure the laminate Cohesive Law. The results of
this research have generated the documents PAPER B and PAPER C.

The third block consists of Chapters 6 and 7, and is focused on the applicability of
the developed methodology. Chapter 6 attempts to relate how the used ply stacking
sequence affects the resulting Cohesive Law, generating the document PAPER D.
Chapter 7 discusses the fundamental hypothesis of the Cohesive Zone model: is
the translaminar Cohesive Law a material property?

The concluding remarks are found in the fourth block, with Chapter 8 based on

the general results and discussion of the thesis, Chapter 9 consists of the general
conclusions, and finally, Chapter 10 introduces some lines of future research.

1.4 Thesis structure
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Introduction to the cohesive
law. History and concepts

Traditionally, structural designs were based on the limits imposed by the material’s
ultimate tensile and compressive strengths. By using these design criteria, the
structures would never suffer from loads that would cause the collapse throughout
their life. However, many structures failed even though they never exceeded the
calculated critical loads: these collapses were produced by the inherent defects of
the material present in the structure, or because of the growth of the defects up to a
critical dimension.

This chapter aims to summarize the different theories that helped to develop the
concept of the cohesive Fracture Process Zone (FPZ) and the Cohesive Law (CL),
from the appearance of the fracture mechanics proposed by Giriffith to the emergence
of the general cohesive model proposed by Hillerborg.

2.1 Linear Elastic Fracture Mechanics

Firstly introduced by Giriffith, the principles of fracture mechanics were based on
an energy balance. Subsequently several authors delved into the stress state near
the crack tip. This section contains the main concepts of Linear Elastic Fracture
Mechanics (LEFM) that may be found in many fracture mechanics books (Bazant
and Planas, 1998; Sharpe and William N., 2008; Zihai Shi, 2009).
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2.1.1 Giriffith. Fracture mechanics based on energy
balance

Griffith (Griffith, 1921; Griffith, 1924) theorized that the maximum load that a structure
can withstand depends not only on the strength of the material, but also on the size
of the defects that may exist in the structural element. Given a linear elastic material
and of unitary thickness, that contains a crack of length «, the total energy E of the
system can be divided into two components: the potential energy II stored in the
system and the energy associated with crack surface Us:

E=1+U; (2.1)

The potential energy II is the summation of the work done by the external forces
applied to the sample, stored in the form of elastic energy. Assuming the material
has a unitary thickness, all the acting forces can be considered to be applied per unit
thickness too. The energy associated with crack surface, U, can be understood as
the free surface energy plus the plastic energy dissipated while creating new crack
surface, again per unit crack area. If the problem is considered to be almost static
(otherwise the inertial forces should be taken into account), the energy of the system
is in equilibrium when is minimal. Therefore the equilibrium condition dE/dA =0 is
applied, where A represents the crack surface, which per unit thickness is equal to
the crack length a. G is defined as the potential energy release rate (ERR) per unit
crack surface area, and G, is defined as the fracture resistance per unit surface
area as: Al aU

Gla)=—3, 3 Ge=7,
In this manner, if the available potential energy is lower than the fracture resistance,

the the crack will not grow. Otherwise, the crack growth condition is verified:

(2.2)

G. (2.3)

The fracture resistance G. is considered to be a material property that must be
obtained experimentally and Giriffith defined it as constant value. This is generally
true for brittle materials, although in practice most materials show a dependence

Chapter 2 Introduction to the cohesive law. History and concepts
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Fig. 2.1.: Infinite plane subjected to a tensile stress with a central crack.

of G, as the crack grows. The function G (a) can be obtained either analytically or
numerically.

2.1.2 Stress field near the crack tip

The study of the stress field around the crack tip was formulated in parallel with the
developments of Griffith, by Inglis (Inglis, 1913), Irwin (Irwin, 1957) and other authors
(Muskhelishvili, 1954; Williams, 1957). Consider a sheet made of an isotropic linear
elastic material of infinite extent with a central crack of length 2a subjected to tension o
perpendicular to the crack direction, defined in Fig. 2.1. Given the polar coordinates
r and 0 centred at the crack tip, the stress field is defined:

K
= o (r, 0 2.4
o J \/%fj ( ) ( )
where ¢;; is the stress defined in the coordinates = and y shown in Fig. 2.1, and
fi; (r,8) is a non-dimensional function. Observing the stress field defined in Eq. 2.4,
two characteristics stand out. First, the stress suffered by the material increases
infinitely as the point being considered is closer to the crack tip, independently of

2.1 Linear Elastic Fracture Mechanics
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Fig. 2.2.: 0, stress profile for § = 0 near the crack tip

the remote stress o applied, as long as it is not null. This phenomenon is known as
a singularity of stresses at the crack tip, represented in Fig. 2.2.

Second, for a given configuration, the whole stress field is completely defined by a
single scalar K, known as the Stress Intensity Factor (SIF). Although being a scalar,
the K value varies in function of the applied load, the geometry of the structure and
the crack length as:

K=o0yrma-g (2.6)

where ¢ is a non-dimensional geometric function. For the illustrated case of a
plate of infinite extension (Fig. 2.1), the value of ¢ is equal to 1. The function ¢
has been tabulated for multiple geometries and loading configurations and can be
found in numerous Handbooks (Tada et al., 2000). Observing Eq. 2.6, K is directly
proportional to the applied remote stress o and proportional to the square root of
the crack length a.

Likewise the crack growth condition defined by Eq. 2.3, it is possible to define a
crack growth condition from the stress field around the crack tip as:

K (a) = K. (2.7)
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where K. is the material fracture toughness, a material property that must be
determined experimentally.

2.1.3 Relation between G and K

So far two parameters related to fracture have been introduced: the Stress Intensity
Factor K and the rate of energy release G. As already mentioned, the first parameter
defines the stress and displacement around the crack while the second accounts
for the released elastic energy as the crack grows. Irwin (Irwin, 1957) deduced the
relationship between these two parameters.

Suppose the same sheet of material defined in Fig. 2.1. Because the load is applied
in mode I loading configuration, the SIF and the fracture energy are denoted as
Ky and G, respectively. Within the LEFM framework and assuming that the work
necessary to close the crack at the tip is equal to zero, the energy release rate can
be calculated as the work required to close the crack an infinitesimal length da. The
vertical displacement w,, is computed as:

20 2K; [a? — 22
_ = 2 _ 2 —
Uy = i va*—zx i — (2.8)
where x and r are defined in Fig. 2.1. The crack closing stress is defined in Eq. 2.4,
that for # = 0 and f = 1 (infinite extension sheet) becomes:
K

Oyy = 2.9
Once the crack surface displacement and the stress profile have been defined,
computing the work to close the crack an infinitesimal crack extension da leads to
the expression

_ K7

“r=T

(2.10)

2.1 Linear Elastic Fracture Mechanics
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where E' is the effective elastic modulus (E for plane stress and E/ (1 — 1/2) for
plane strain). It can be demonstrated that for mode Il and Ill, the relationships
between G and K are:

K
Grr =L (2.11)
_ L Kjy
Grr = T & (2.12)

Egs. 2.10-2.12 define the relationship between G and K for an isotropic material
given the crack grows in the z direction defined in Fig. 2.1. For an an orthotropic
material, the relationship is extended:

—1/2

_K? (2)3/2
Gr=—7 (1+p> (2.13)

where X and p are two non-dimensional scalars that define the orthotropy of the

material:
Ey, VA

>\ = =

(Eze — 202yGay) (2.14)

where E,, and E,, are the elastic moduli, G, is the shear modulus and v, is the
Poisson’s ratio, defined by the material principal axes. In the plane strain case, A
and p are obtained by replacing E,,, E,, and v,, in Eq. 2.14:

Eus / Eyy ’ Vay + VpzVzy
B g Bw Tt Vel (2.15)

1- VgVex

[
sz - 1 - 1 ’
— VgzVex - Vszzy

The relationship between the fracture toughness and the fracture energy is likewise
defined:

—1/2

2 3/2
o, = B (” > (2.16)

- F 1+p

2.1.4 Irwin’s plastic correction

Although LEFM is suitable for predicting the crack growth and the stress distribution
around the crack tip in a simple manner (Section 2.1.2), it also introduces an

Chapter 2 Introduction to the cohesive law. History and concepts
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Fig. 2.3.: Irwin’s plastic correction zone: (a) first order plastic correction, (b) second order
plastic correction, (c) elasto-plastic stresses distribution near the crack tip.

inaccuracy for any material: the presence of a stress singularity at the crack tip.

Because no material is capable of withstanding an infinite stress, it is necessary to
consider that it contains a non-linear region. Metals develop a plastic region where
the stress exceeds their yield strength and quasi-brittle materials form a Fracture
Process Zone (FPZ). The extension of this region was first estimated by Irwin (Irwin,
1957; Irwin, 1961), known as lrwin’s plastic correction.

The first order plastic correction length r; is found as the zone where the material
exceeds its yield strength o,; (metals) or its tensile strength o, (quasi-brittle). Fig.
2.3(a) shows the stress distribution near the crack tip oy, (r, 8 = 0) as oy, (1) =
K /\/2nr. For perfect plastic materials, the first order plastic correction length can
be simply obtained by imposing that the stress o, (r) in this region is equal to the
material yield stress o, ;. Imposing this condition, the length in terms of the applied
remote stress o is obtained:

oo K1 ota (2.17)

P 2 T 942
2oy, 204,

2.1 Linear Elastic Fracture Mechanics
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The new distribution of stresses neglects the tensions greater than o, denoted
with an A in Fig. 2.3(a). Because of that, the force balance is not satisfied with the
first order correction defined in Eq. 2.17. Irwin (Irwin, 1957; Irwin, 1961) suggested
a methodology to estimate a new plastic correction zone r, by introducing an
equivalent crack length a.;¢. The increase in crack length is defined as da and
the new inelastic zone length is r, = da + . In this manner, the inelastic region is
increased, redistributing the stresses as shown in Fig. 2.3(b). The fictitious increase
of crack length is then obtained by imposing A = B:

K2
or r,=da+p=2r;= L (2.18)

2
O

*
p

da=r

Resulting in a second order correction length r, twice as the length ;. For a perfectly
plastic material the resulting stress distribution is shown in Fig. 2.3c. The effective
SIF is obtained:

/ o2
Krefs =0Tacss = oy/m(a+1p) =04ma (1 + 2058) (2.19)

Under plane strain, the plastic region is formed under a triaxial stress state, and the
Irwin’s plastic correction then becomes:

2
* KI

P 2
6oy

r (2.20)

which is lower than the plane stress state first order correction by a factor of 3.

The plastic zone development causes the fracture energy G, or the fracture tough-
ness K. to be a function of the crack growth. Therefore, Eq. 2.3 and Eq. 2.7 can
be rewritten:

G (acrs) =R (Aa), K(acss)=Kr (Aa) (2.21)

where R (Aa) = K% (Aa) /E’ is the resistance curve of the material. It is defined
as a function that grows as the plastic zone is being developed, achieving a plateau
value equal to G, as soon as the crack growth becomes self-similar.
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2.2 Crack-bridging models

Linear Elastic Fracture Mechanics are suitable when the material non-linearities
are confined to a very small region at the crack tip, compared to other problem
dimensions. When a large Fracture Process Zone is present, more elaborated
fracture models are needed in order to capture properly the energy dissipation
mechanisms.

2.2.1 Dugdale’s and Barenblatt's cohesive zone
models

Dugdale (Dugdale, 1960) and Barenblatt (Barenblatt, 1959; Barenblatt, 1962),
proposed, independently, a cohesive zone model where closure stresses are present
at the crack tip, in order to capture the non-linear behaviour of the material in the
formation of new crack surface. Likewise Irwin, Dugdale’s and Barenblatt's models
also introduced the concept of the effective crack, with a length of 2a + 2/p,,, as
shown in Fig. 2.4. The cohesive or closure forces acting in the non-linear zone
represent the material resistance to fracture when it is subjected to external forces,
and therefore eliminating the stress singularity at the crack tip.

These models take into account the non-linear behaviour at the crack tip by intro-
ducing cohesive forces at the surface of the crack. The main difference between
the two is that in the case of Dugdale’s model, the closure stresses of the mate-
rial are constant and equal to the yield strength of the material o,,. On the other
hand, Barenblatt's model stresses represent the forces of molecular cohesion of the
material, and these vary throughout the plastic zone defined by a function ¢ (z).

In order to determine the length of the non-linear zone, Dugdale’s condition may be
applied: the stress singularity at the crack tip must disappear under the combined
action of the remote stress o and the cohesive forces at the crack tip. Based on

2.2 Crack-bridging models
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Fig. 2.4.: Dugdale’s (a) and Barenblatt’s (b) cohesive zone models.

the superposition principle, the global SIF must be null, obtained by adding the K
caused by each acting load:

KI — K;emote + K}:ohes =0 (222)

where Kjemote js the SIF caused by the remote stress o for an infinite sheet of
material of crack length a + ¢pg, and K¢obes s the SIF caused by the closure stress
applied over a length ¢p,,. Assuming a constant closure distribution equal to o
(Dugdale’s cohesive zone model), the plastic zone length is found by solving Eq.
2.22: ) o )

fpug = 220 _ TR (2.23)

2 T Q.2
80yS SO'yS

Barenblatt’s cohesive zone model can be solved analogously, but replacing the SIF
K¢ohes py the one caused by the stress distribution ¢ (). Comparing Dugdale’s
plastic zone length with Irwin’s one:

"p

_ 8 _ 0,81 (2.24)
gDug s
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As it can be seen, the relative difference between both solutions differs less than
20%.

Although the cohesive zone models introduced by Dugdale and Barenblatt have
been able to eliminate the stress singularity at the crack tip and have provided a
way to estimate the length of the material non-linear region, they have also caused
the failure criterion based on the K. to be no longer applicable.

2.2.2 Generalized cohesive model

Heterogeneous materials such as concrete or composite materials fracture under
complicated mechanisms due the fact that they are composed of various components
bonded together (cement and aggregates in the case of concrete, and reinforcement
and matrix in the case of composite materials). Under these circumstances, when
such materials are subjected to tension, a Fracture Process Zone forms near the
crack tip, where inelastic fracture mechanisms take place, such as micro-cracking
and bridging (Mai, 2006), as seen in Fig. 2.5(a).

A generalized cohesive zone model for non-linear fracture problems was introduced
by Hillerborg (Hillerborg et al., 1976), which is an extension of the model of Dugdale
and Barenblatt. Similar to other cohesive models, he introduced the concept of
a fictitious crack that takes place inside the FPZ, capable of transferring closure
tension between its surfaces. The relationship between the cohesive stress profile
as the Crack Opening Displacement (COD) opens is governed by the Cohesive
Law (CL) or tension-softening law of the material. It describes a tension-softening
phenomenon, illustrated in Fig. 2.5(b). It is generally considered to be a material
property (Elices et al., 2002).

Fig. 2.6 shows a three-point bending notched beam subjected to a controlled
displacement (u) and corresponding load (P), while reproducing the FPZ formation
and growth based on the generalized cohesive zone model. In order to capture
a stable crack formation the load is applied under controlled displacement until
the specimen splits completely. The initial slope of the load-displacement curve

2.2 Crack-bridging models
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Fig. 2.5.: Concept of FPZ and tension-softening in concrete: (a) FPZ in front of an open
crack and (b) tension-softening inside FPZ.

is defined by the elastic compliance of the specimen for the given geometry and
initial notch. The Fracture Process Zone is initialized as soon as the stress at the
crack tip reaches the material tensile strength o, represented as the point A in
Fig. 2.6. This usually occurs for low values of P, because of the presence of the
stress singularity at the notch. The FPZ initializes its development with a null length
and a cohesive crack opening equal to zero. As the displacement is increased, the
FPZ grows as well as the cohesive crack, with the stresses being defined by the
CL. The maximum load the structure can withstand is reached at point B, while
the FPZ is still being developed. At point C' the FPZ has been fully developed, and
the COD at the initial crack position has reached the critical opening w.. From this
moment the FPZ starts to translate along the crack plane and while the crack growth
becomes self-similar. When the last portion of the specimen has reached the critical
opening w,, the specimen splits in half, at point D. As just seen, the pre-peak and
early post-peak non-linearity is controlled by the Cohesive Law of the material, and
cannot be described completely with a single parameter such as G. or K..

Chapter 2 Introduction to the cohesive law. History and concepts
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Fig. 2.6.: Typical load-deformation relation of a notched beam under bending and develop-
ment of the FPZ in front of the notch.

Some commonly used CL shapes can be seen in Fig. 2.7. Although a unique curve
can be defined for every material, some characteristics are common among all the
softening laws. For instance, the area under the curve must be equal to the material
fracture energy G., to ensure the correct energy dissipation when the FPZ is fully
developed. The onset point of the Cohesive Law matches the tensile strength o,
and the FPZ is totally developed once the COD at the initial crack tip has reached the
critical value w,. Lastly, to ensure a localized crack, it is necessary that 0o /0w < 0,
i.e. the softening function must be a non-increasing function, or, at least, that its
local maxima are lower than o,,. Otherwise, after the first crack had appeared, other
crack would appear at neighbouring points (Elices et al., 2002).

2.2 Crack-bridging models
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Fig. 2.7.: Common Cohesive Law: (a) Constant, (b) linear and (c) exponential shapes.
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Fig. 2.8.: Bilinear Cohesive Law shape, with G1 as the fracture energy related to the initial
slope H;.

Metallic or polymer structures have their nominal strength and structural response
well enough predicted with the use of a constant (Fig. 2.7a) or linear (Fig. 2.7b)
Cohesive Laws. For such shapes, only two parameters are needed to be fully
described, usually being o, and G.. Concrete or fibre-reinforced composite materials
do not have their energy dissipation mechanisms well enough represented with
these curves. Exponential CL shapes (Fig. 2.7c) with an initial linear part are
capable of capturing properly the damage mechanisms of concrete (Planas et al.,
2003), whereas Bilinear cohesive laws (Fig. 2.8) provide optimal solutions for both
concrete and fibre-reinforced composite materials (Elices et al., 2009).
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Bilinear laws need four parameters to fully describe the shape, being ¢, and G two
of them. Two additional values are needed to describe the CL: the slopes of the
branches H; and H,, the fracture energy G, associated with the first part of the CL,
the abscissa centroid of the area under the curve, etc. Unfortunately, such softening
laws have their measurement not well established by the researchers. Chapter 3
delves on the methodologies to obtain the CL shape available in the literature.

2.2.3 Rice’s J-integral

The LEFM definition of the Energy Release Rate assumes the existence of a sharp
crack a. Within the framework of a cohesive zone model, the crack length looses its
definition, due to the existence of the FPZ. An alternative to measure the energy
dissipated inside the FPZ without any LEFM assumptions was proposed by Rice
(1968). Ideally, one would like to measure the strain and stress field of the specimen
during the whole crack formation and propagation. Then, it would be possible to
directly apply the J definition

J= / ((I)dxl —tiauids> (2.25)
r 0z

where J is the energy being dissipated at a given instant inside the FPZ, ® is the
elastic strain density, ¢; is the surface traction vector and u; is the displacement
vector. The surface traction vector is obtained as t; = o;;n;, where n; is a unitary
vector normal to the path I" and o;; is the stress tensor.

The J defined in Eq. 2.25 is a path-independent integral, meaning that the measured
energy that is being dissipated is invariant regardless of the path I', provided it
encloses the FPZ, as seen in Fig. 2.9. Moreover, when the FPZ is small enough
compared to other problem dimensions and small-scale yielding (SSY) or bridging
(SSB) can be assumed, the J-integral equals to the Energy Release Rate G defined
in Eq. 2.3.

2.2 Crack-bridging models
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Fig. 2.9.: Integration path I" and normal traction vector ¢ for the J-integral.

When shrinking the integral path T" to just include de boundaries of the FPZ, Eq. 2.9

becomes:
wCcTOD
J = / o (w) dw
0

where o (w) is the CL function and werop is the Crack Tip Opening Displacement,
i.e., the crack opening measured at the initial notch position. Eq. 2.26 establishes a
direct relation between J and the CL. While the FPZ is being developed, J is always
lower than G, and as soon as J = G, the FPZ becomes completely developed.
At this point the crack growth becomes self-similar. The definition of Eq. 2.9
does not require the measurement of the crack length while also not making any
approximation.

(2.26)

2.2.4 Size effect on structural strength according to the
Crack-bridging models

The phenomenon known in the literature as Size Effect accounts for the dependence
of the structural strength on the specimen size. The structural or nominal strength
on is defined as the maximum load the specimen withstands divided by some
measure of specimen size (W). The specimen size W may be arbitrarily defined by
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Fig. 2.10.: Size effect law for (a) notched and (b) unnotched structures.

any dimension, given all tested specimens remain geometry invariant. The typical
response for notched and unnotched structures is shown in Fig. 2.10.

The generalized cohesive zone model is able to capture the Size Effect as:

() -+()

EG,

2
ou

where

Oy = (2.28)

is a characteristic length of the material. The function ¢ is generally unknown, but can
be computed using numerical simulations (Bazant and Planas, 1998; Cusatis and
Schauffert, 2009; Maimi et al., 2012) for a given specimen geometry and Cohesive
Law shape.

For small specimen sizes, notched or unnotched, the nominal strength tends to the
plastic limit, i.e., the nominal stress o calculated through purely plastic analysis,
where the whole stress profile located at the failure plane is equal to o,,. In this case,
the nominal strength is achieved before the FPZ has been completely developed,
hence not experiencing any large softening. In that manner, the nominal strength is
fully controlled by the first slope of the softening curve (Mai and Hakeem, 1984). The
plastic limit tends to a horizontal line for the logarithmic variables log (o) — log (W)
for limy,_,q, as seen in Fig. 2.10. On the other hand, for large notched specimens,

2.2 Crack-bridging models
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the o follows the LEFM limit, where the response tends to a line with a slope of
—1/2 (see Fig. 2.10(b)). In this case, the ¢z py is very small compared to the other
problem dimensions, with the Fracture Process Zone completely developed when
the nominal strength is reached. Therefore oy is controlled uniquely by G. while
assuming LEFM. Lastly, for large specimens without stress singularities or blunt
notches, such as the Open Hole, oy tends to the material elastic limit, controlled by
the stress concentration factor K; (see Fig. 2.10(a)).

Chapter 2 Introduction to the cohesive law. History and concepts



Existing literature on
determining the cohesive law

The determination of the Cohesive Law has been a problem of increasing interest
for the scientific community over the last three decades. An overwhelming number
of literature resources delve with this topic: several specimen geometries, materials,
loading configurations and methodologies have been studied. Historically introduced
for concrete materials, the prime problem of the cohesive zone modelling is the
determination of the softening law itself. With the increasing presence of fibre-
reinforced composites materials in aeronautical and automotive applications, several
new approaches have been suggested by researchers to accomplish this measure.
This chapter deals with the most common methodologies to measure the Cohesive
Law, classified by the nature of the procedures.

3.1 Experimental measure from a tensile test

The most direct methodology to obtain the Cohesive Law is from a stable traction test
(Cornelissen et al., 1986; Hordijk et al., 1987). In this manner it is possible to obtain
the entire softening curve o —w as a direct measure of a single experiment. However,
approaching the problem with this methodology may lead to some difficulties or even
the impossibility to finalize the test or validate the data (Elices et al., 2002).

+ Crack instability: The most common problem when approaching the CL
measure in this manner derives from the instability of the crack growth. Usually,
tensile specimens store a high amount of elastic energy prior to the crack
onset, causing a sudden crack growth that results in the inability to properly
measure the o — w curve. The use of smaller specimens may reduce the
stored elastic energy, although most quasi-brittle materials would require an
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extremely small specimen in order to achieve a stable crack growth, even
for laboratory standards. Generally, the stable crack growth condition, i.e,
the absence of a snap-back of the load-displacement curve, is checked with
L < E/H, where L is the specimen length and H is the maximum slope of the
Cohesive Law, as seen in Fig. 2.8. Because of this, in practice, this method
has only been used for concrete.

 Multiple cracks: To direct measure the softening law, a single crack perpen-
dicular to the loading direction must form across the section of the specimen.
However, many ceramic and cementitious materials develop more than one
cohesive crack during the experiment. Additionally, the location of the crack is
unknown before the test (Fig. 3.1a).

 Crack rotation and crack overlapping: The inclusion of small notches to
force the crack location may provoke the fracture to become asymmetric: both
cracks do not grow at the same rate, resulting in the rotation of the specimen
(shown in Fig. 3.1b). When stiffer testing machines are used to avoid this
phenomenon, the specimen itself rotates internally, making the cracks at each
side of the specimen to overlap and preventing the formation of a single crack
(shown in Fig. 3.1c).

Because of the mentioned difficulties in the direct determination of the softening
law from a tensile test, some indirect methods have been developed by multiple
researchers. This chapter includes a classification of the available procedures,
ranging from experimental test to obtain characteristic values of the CL to parametric
fitting using analytic or Finite Element models, through more sophisticated methods
such as the J-integral method.

Chapter 3 Existing literature on determining the cohesive law
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Fig. 3.1.: Problems during the CL determination from a tensile test: (a) Multiple cracks in
tensile specimens. (b) Rotation of crack faces in pre-cracked specimens. (c) Crack
overlapping.

3.2 Obtaining characteristic values of the
Cohesive Law from experimental test

An alternative to measuring the entire Cohesive Law from a single fracture test
was proposed by (Planas and Elices, 1999). Their approach was developed for
concrete, assuming a bilinear CL shape. This methodology consists on performing
several independent experiments in order to determine the parameters that define
the softening law, separately. The four chosen parameters to be determined from
this method are: the ultimate tensile strength o, the total fracture energy G., the
fracture energy related with the first part slope GG; and the abscissa of the centroid
of the curve wg. The chosen parameters are depicted in Fig. 3.2. It should be
mentioned that, although the methodology is intended to be used for concrete, it
could be adapted for fibre-reinforced composite materials.

3.2 Obtaining characteristic values of the Cohesive Law from experimental test
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Fig. 3.2.: Bilinear Cohesive Law proposed for concrete, with the defining characteristics o,
G, G1 and wg.

Ultimate tensile strength o,

The ultimate tensile strength of the material can be obtained from a uniaxial tensile
test, where the maximum load (P,) that the specimen withstands is recorded (Mier
and Vliet, 2002), as seen in Fig. 3.3. The stress distribution at the failure plane
tends to the material tensile strength o, at the critical load. In order to successfully
record o, the specimen must not have any notch or holes to prevent any stress
concentration to appear. Otherwise, the average stress distribution at the failure
plane would be altered. Taking this into account, o,, can be determined with Eq. 3.1:

ou=— (3.1)

where A is the area of the failure plane, perpendicular to the loading direction.

A tensile test is normally sufficient to measure the o, of many quasi-brittle materials.
In the case of FRP, the tensile test is accurate enough, as long as undesired failure
modes, such as the failure at the end tabs, are avoided. However, some materials,
like concrete, show a low repeatability of o, recorded by a tensile test (Planas
et al., 2003). This behavior is caused by the inherent defects of the material, such
as cavities and micro-cracks between the cement and the aggregates, with sizes

Chapter 3 Existing literature on determining the cohesive law
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Fig. 3.3.: Uniaxial tensile test (left) and split-cylinder test (right)

that are not negligible with respect to other problem dimensions. Because of the
randomness of the defects at this scale, stress concentrations take place at the
defect surfaces, altering the average stress at the failure plane between specimens
of the same size. In order to increase the repeatability of the measured tensile
strength, an alternative approach is to use the split-cylinder test (Elices et al., 2002;
Planas and Elices, 1999). In this experiment, a concrete cylinder is subjected to
a compression load, shown in Fig. 3.3. The cylinder is loaded until it splits in two
halves under the action of a compressive load P,c-. At the failure plane, which
is oriented along the loading direction, the stress distribution is almost constant
an equal to o,. Small areas next to the load application points are submitted to
compression, although they influence on the average stress at the failure plane can
be neglected.

The repeatability of the recorded o, is increased by using the split-cylinder tests
at the cost of a significant inconvenient: the measure is size-dependent. The size
effect law for the tensile strength obtained from a split-cylinder test can be written in

the form:
2PuC

ﬂDcLC
where ¢ is the size effect function related to the cylinder test and D¢ and L are
the cylinder diameter and length respectively. The ¢y, ; is a characteristic length of

oupc (b)) = (3-2)

3.2 Obtaining characteristic values of the Cohesive Law from experimental test
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the material related to G, the fracture energy related to the first part of the Cohesive

Law and shown in Fig. 3.4
G\FE
Uy = 012 (3.3)

u

The size effect function ¢ can be obtained by carrying out several experiments on
different size specimens with similar geometries or it can be computed numerically
(Camanho et al., 2007; Maimi et al., 2012). When split-cylinder testing laboratory
sized specimens of concrete, the size effect law can be approximated to 1 (Elices
et al., 2002). Hence, o, is computed as:

2P,.c
Ou =

~— 4
WDcLC (3 )

When ¢ can not be assumed as 1, at least two experiments must be carried out in
order to compute it numerically, while obtaining the o, and at the same time ¢;;;
(see Section Initial shape of the cohesive law).

Fracture Energy G.

The total fracture energy G. is measured from a stable fracture test, such as the
Compact Tension test for fibre-reinforced composite materials or the notched three
point bending test for concrete. In general, any stable fracture test is sufficient as
long as the Fracture Process Zone is fully developed prior to the end of the test.

During a quasi-static fracture test, if the kinetic energy is neglected, the work done
on the specimen is equal to the product of the load force (P) and load application
point displacement (u). Assuming that the external work Wy has been spent solely
on creating new crack area until the specimen has been split in two, the specific
fracture energy is obtained from dividing the external work W by the ligament
area.

Alternatively, to measure G. it is possible to just assume LEFM for the given speci-
men, and take the total fracture energy as the plateau value of the obtained R-curve,
i.e., when the FPZ has been completely developed.

Chapter 3 Existing literature on determining the cohesive law



In these experiments, the specimens are loaded to create a macro-crack that grows
in a quasi-static state, until the specimens are split completely. For specimens with
positive geometries (the vast majority of specimen geometries), the test must be
displacement-controlled in order to achieve a stable crack growth and to capture
the entire P-u curve. For negative geometries the test can be either loading or
displacement controlled.

Initial shape of the cohesive law

As mentioned in Section 2.2.2, the maximum load a structure can withstand is
achieved while the FPZ is still being developed. Therefore, the initial shape of
the CL plays a key role in the prediction of the structural nominal strength. For a
bilinear CL, the initial part of the curve is defined by o, and G;. The latter parameter
expresses the fracture energy dissipated by the first slope of the softening function
as G = o,w1/2. The w; is the crack opening obtained at the intersection of the
abscissa axis and the projection of the first slope, as shown in Fig. 3.4. G; can
also be expressed by means of the characteristic length 5,1 as G1 = oﬁéM,l/E,
introduced in Eq. 3.3.

To experimentally obtain G4, it is necessary to perform a series of tests of different
size specimens with similar geometries, in order to capture the Size Effect:

Py = 0ud ( W > (3.5)

Cara

where P, is the structural ultimate load and W is the specimen’s size. Elices et al.

(2002) solved the Size Effect function ¢ for a notched three point bending test while
assuming a linear initial part of the softening law. If the tensile strength ¢, is known
(measured from the split-cylinder test for concrete), w; can be determined with:

w D
S (1 o) 2

(3.6)

26,22 5,36
(x—1)7 @

3.2 Obtaining characteristic values of the Cohesive Law from experimental test
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Fig. 3.4.: Linear approximation of the initial part of the Cohesive Law.

where Dj is the beam depth and « is the initial crack to depth ratio ag = a¢/Dp.
The variable z is defined as:

2 2BBD%O’U

x={3(1—a) 3PS5

(3.7)

where Bjp is the beam thickness and S is the loading span.

The same procedure can be applied for other specimen geometries and materials,
as long as o, is determined independently, and the nominal strength of the chosen
specimen is influenced by the Size Effect. The ¢ can be obtained for other geometries
by fitting numerical simulations.

Last part of the cohesive law shape

As already mentioned in Section 2.2.2, the crack growth becomes self-similar as
soon as the FPZ has been fully developed. During this phase, the FPZ moves along
the symmetry plane. During the last moments before the specimen splits in two, the
only cohesive forces that are sticking the two parts of the specimen together are
defined by the second slope of the softening law. Fig. 3.5 schematically represents
this behaviour.

Elices et al. (Elices et al., 2002) suggested to describe the final shape of the cohesive
law by using the abscissa centroid coordinate of the softening curve area wg, as

Chapter 3 Existing literature on determining the cohesive law
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Fig. 3.5.: FPZ translation along the symmetry plane, until the ligament is only held by the
cohesive stresses defined by the last part of the Cohesive Law.

shown in Fig. 2.8. Again for a notched three point bending test, the final part of the
P-u curve tends to the asymptotic solution

__ SpBpwcG.

P
4y

(3.8)

where u is displacement of the applied load. In order to determine w¢, it needs
to be best fitted with the experimental points of the curve. It may be solved by an
iterative method while minimizing the error between the computed and experimental
values. It should be mentioned that this method was proposed to measure the CL
of concrete, which has a high compressive strength. Applying this approach to FRP
may lead to undesired failure modes such as buckling or compressive failure.

3.3 The J-integral method

This methodology takes advantage of the existing relationship between the J-integral
and the material CL. As previously stated in Section 2.2.3, both parameters are
directly related, as one is the integral of the other. When applying Rice’s J-integral
definition around a FPZ, the energy being dissipated inside the non-linear region
is computed correctly, even when Large-Scale Bridging is present, as no LEFM
assumptions are made.

3.3 The J-integral method
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In order to obtain the material softening function, the J must be recorded as a
function of the Crack Tip Opening Displacement wcrop during the whole crack
formation and propagation. Then, the CL is obtained by differentiating the curve
J-werop (L. et al., 1987; Sgrensen and Jacobsen, 2003; Lindhagen and Berglund,
2000):

g = dJ/doJCTOD (39)

As the expression of J does not depend on the integration path T', it does not need
to be traced to just include the FPZ boundary, but can be obtained from any arbitrary
path, as long as the whole FPZ is enclosed. This property is highly useful, as it
allows to obtain the softening law virtually from any specimen geometry.

Although the procedure to measure the CL from the J-wcrop is simple enough,
provided the curve has been obtained, in reality the difficulty arises when trying to
evaluate the J-integral. Many strategies exist in the literature on how to accomplish
this measure. This Section includes the most spread approaches adopted by
different researchers.

In order to compute J, ideally one would like to measure the strain and stress
field of the specimen during the whole crack formation and propagation. Then, it
would be possible to directly apply the J definition given in Eq. 2.25. In reality, the
only procedure to measure the whole strain and stress field of a specimen during
a test is by using the Digital Image Correlation (DIC) technique. This technique
follows the relative displacement of several spots printed on the specimen face.
As a result, the strain field is recorded where the material is continuous, provided
that the measurement is done sufficiently away from the FPZ (Catalanotti et al.,
2010; Bergan et al., 2014). The stress field is then obtained from the strain field by
knowing the material elastic properties. For some particular Specimen Geometries
(SG) and loading configurations, an explicit form of Eq. 2.25 can be found, i.e. the
closed form solution. Hence, the J-integral can analytically expressed, resulting in
only needing to measure some output variables such as the acting load or certain
displacements, instead of measuring the stress and strain field. For instance, when
evaluating J in a Double Cantilever Beam (DCB) subjected to a bending moment

Chapter 3 Existing literature on determining the cohesive law
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Fig. 3.6.: DCB specimen subjected to: (a) a bending moment M in pure mode | loading and
(b) a pair of bending moments M; and M- in mixed mode I/Il loading.

M in pure mode | loading, as seen in Fig. 3.6(a), the expression turns (Suo et al.,

1992):
1202

E'H
with only needing to record the bending moment that is being applied as the FPZ
progresses. Similarly, J can be expressed analytically for a DCB subjected to a pair
of bending moments M; and M; in mixed mode I/ll loading, shown in Fig. 3.6(b), J
is expressed (Sgrensen et al., 2006):

J =

(3.10)

21 (M? + M3) — 6 M1 M,

J = ;
4B?H3FE

for |Mi| < My (8.11)

again with only needing to record the applied bending moments. In a similar way,
when applying a point load P in pure mode | loading, the expression is simplified
as J (P,0), where 6 is the rotated angle at the loading end (Paris and Paris, 1988;
Olsson and Stigh, 1989), meaning that in addition to measure P, 6 needs also to be
recorded experimentally (Andersson and Stigh, 2004).

3.3 The J-integral method
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When studying the fracture toughness and the though-the-thickness crack propaga-
tion in fibre-reinforced composite materials, the most commonly tested specimens
are the Compact Tension (CT) and the Overheight Compact Tension (OCT) spec-
imens. Unfortunately, closed-form J-integral expressions do not exist for these
geometries. The only way to measure J would be by means of the more difficult and
expensive DIC technique. Because the computation of J with DIC can be very time
consuming, an alternative was proposed by Bergan et al. (2016). In this case, they
measured the .J-integral curve for a CT specimen assuming that J=G, and thus,
equalling the R-werop 10 J-werop. The Crack Tip Opening Displacement was still
tracked with DIC. Lastly, the parameters that defined the bilinear CL were best fitted
from the measured R-werop function. In their study, they also compared, from a
FE test, the J and R curves for three Compact Tension specimens of different sizes
with a bilinear cohesive law. While the R-wcrop were influenced by the specimen
size, they assumed the discrepancies could be ignored, even for laboratory sized
specimens.

Lastly, instead of measuring the J-wcrop curve for the whole experiment, it is
possible to obtain the CL shape from a single frame of the test, by means of the
experimental measure of the function o — w. Ideally, it could be obtained as the
evolution of the stress measured at the initial crack tip ay position as the crack opens,
similarly to the method applied to composite materials proposed by Zobeiry et al.
(2014). In this method, the displacement field of the specimen is measured through
the use of the Digital Image Correlation (DIC) technique, and the FPZ boundary
is estimated where the material does not behave linear-elastically. The cohesive
stresses are obtained by assuming the stress in the loading direction across the
damaged material to be uniform and equal to the stress of the undamaged ma-
terial adjacent to the FPZ. Finally, an optimization algorithm is used in order to
find a softening function that best fits the experimental curves. Despite the fact
that this method is time-consuming, it is capable of measuring any arbitrary CL
during the FPZ formation as well as during the self-similar crack growth. In practice,
some problems arise when trying to perform this experimental measurement. For
instance, it is not feasible to measure the strain inside an heterogeneous region
such as the FPZ, where a material discontinuity is taking place, e.g. matrix cracking,
fibre bridging and fibre pull-out. On the other hand, the crack opening could be
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measured with a displacement transducer placed at the initial crack tip or with the
use of the DIC, although the obtained data would probably suffer from high scattering.

3.4 Optimization techniques

As seen through this Chapter, the direct measure of the CL variables is very difficult,
if not impossible, for most materials. For instance, it is not feasible to measure
the stresses inside an heterogeneous region such as the FPZ, where a material
discontinuity takes place. On the other hand, the crack opening profile inside the
FPZ could be measured with a displacement transducer placed at the initial crack tip
or with the use of the more sophisticated DIC. Additionally, the closed-form solutions
for the J-integral are only available for a handful of geometries, but in many other
cases, such solutions may not exist. Under these circumstances, an additional family
of methodologies to determine the CL have emerged. These are called optimization
techniques (Que and Tin-Loi, 2002; Silva et al., 2014; Ortega et al., 2015; Roelfstra
and Wittmann, 1986; Steiger et al., 1995; Bolzon et al., 2002; Ortega et al., 2016;
Cox and Marshall, 1991; Lindhagen et al., 2000).

In the optimization techniques group, the softening law is found through the use of an
optimization algorithm capable of solving the inverse problem. The inverse problem
consists of predicting the CL by changing its shape in a numeric simulation until it
fits the experimental results, as depicted in Fig. 3.7. All the methodologies based
on solving the inverse problem are usually composed of three key ingredients:

* First, an experimental test is carried out where the P-u curve is recorded.

Other variables such as the Crack Tip Opening Displacement can also be
recorded, depending which variables are going to be fitted. When addressing
the problem in this fashion it is important to perform a stable fracture test
and to choose the correct specimen size W. The specimen needs to be
sufficiently large to guarantee that at the end of the experiment the FPZ has
been completely developed, while at the same time, it must be sufficiently

3.4 Optimization techniques
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small so that its response differs enough from the LEFM one, allowing to
properly capture the CL shape.

» Second, it is necessary to develop a computer simulation test that virtually
reproduces the experimental one, where the parameters that define the CL
can be freely altered. This computation can be performed by FE analysis, or
other numerical or analytic methods, as will be further discussed.

+ Last, the optimization algorithm is performed in order to find the CL param-
eters. To do so, a suitable norm which quantifies the discrepancy between
experimental data and the corresponding values provided by the computer
simulation is minimized, with respect to the mentioned parameters.

During a fracture test, usually the recorded variables are the load and some sort of
displacement measure, such as the load-pin displacement or the Crack Opening
Displacement. These are the output variables that are normally best fitted in order
to measure the Cohesive Law. These variables are easily recorded during the
experiment, but can only be applied to measure the CL if they are recorded during
the whole FPZ formation, and not just during the auto-similar crack growth. An
alternative approach was proposed by Cox and Marshall (1991) and Lindhagen et al.
(2000), where the complete crack opening profile is experimentally determined and
the Cohesive Law is numerically found until the numerical crack profile fits to the
experimental results. The accuracy of this method depends on the measured crack
openings that in multiaxial composites appears to be difficult. On the other hand,
it is possible to measure the cohesive law in self-similar crack regime. Similarly,
Stutz et al. (2011b), Stutz et al. (2011a), and Sgrensen et al. (2008b), tested a DCB
specimen with a Bragg fibre placed in the interface. This fibre is capable of obtaining
the strain distribution along its length, thus measuring the stress inside the totally
formed FPZ. The CL was fitted in order that it would adjust the strain distribution.

Several methodologies can be found in the literature to solve the inverse problem
by this approach. This section delves in the methodologies to execute the computer
simulations of the virtual test, and will not focus on the optimization techniques in
order to find the optimum solution.
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Fig. 3.7.: Optimization approach to measure the CL.

3.4.1 Null crack tip intensity factor

This methodology derives from Dugdale’s cohesive zone model highlighted in Section
2.2.1. Let’s consider a rectangular plate with an initial notch of length R, subjected
to a controlled displacement and corresponding tension o normal to the initial crack,

as seen in Fig. 3.8.

3.4 Optimization techniques
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Fig. 3.8.: Rectangular plate with lateral crack subjected to a remotely applied stress o and
Cohesive stresses o, inside the FPZ.

To obtain the load-displacement curve of the given specimen, while taking into
account the non-linearities of the Cohesive Zone, Dugdale’s condition is applied, i.e,
the global Stress Intensity Factor at the crack tip must be zero:

K=K+ K =0 (3.12)

where K7 is the SIF caused by the applied stress ¢ and K°- is the SIF caused
by the whole cohesive stress profile o.. If the Cohesive Stress profile inside the
FPZ is known, there is only one value for ¢ that satisfies Eq. 3.12. Although o. is
unknown and may change during the FPZ development, it can be discretized as a
series of small constant stresses of value equal to o; applied at the crack surface.
The non-linear problem expressed as a superposition of linear problems is shown
in Fig. 3.9. In order to solve the cohesive stress profile inside the FPZ, the crack
opening profile must also be found. It is possible to express the set of openings w;
as a superposition of the openings caused by each acting load

w; = w! +wie (3.13)
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Fig. 3.9.: Rectangular finite plate with a fracture process zone expressed as a lineal super-
position problem.

where w;, w? and w° are the total crack opening, the crack opening caused by
the point load P and the crack openings caused by the cohesive stress profile o,
respectively. The solution to the Eqg. 3.13 is obtained from an iterative process and
for a given CL. As a result, the stress profile and the crack openings at the FPZ are
obtained. Lastly, the load P is obtained by means of Eq. 3.12. The displacement is
determined, again, by the superposition of the displacement due to external load (o)
and the cohesive stresses.

This methodology can be applied on other geometries (Newman, 1983; Williams
et al.,, 2011; Maimi et al., 2012), and will be further described in Section 5.2, where
it is applied for a Compact Tension specimen.

3.4.2 Tractions at the failure plane

In this case, the cohesive problem is approached from the study of the traction
distribution of the material at the crack plane. Again, the considered geometry
is a rectangular plate with an initial notch of length R, subjected to a controlled
displacement and corresponding tension ¢ normal to the initial crack, as seen in
Fig. 3.8. The goal is to reproduce analytically the whole non-linear solution of the
P-u curve. An analogous procedure can be applied to solve other geometries.

3.4 Optimization techniques
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The solution is found by obtaining the tractions at the crack plane, again by using the
superposition principle. The whole stress distribution is acquired as the superposition
of the stresses caused by each acting load: the tension o corresponding to the
applied displacement and the inelastic response of the cohesive stresses inside the
FPZ (Que and Tin-Loi, 2002; Que, 2003).

Dividing the crack plane in n intervals, as shown in Fig. 3.10, the traction at each
point is evaluated:

ti = Z Zijwj + t? (314)
i=1

where ¢; is the traction vector of the discretized crack plane points when a displace-
ment v is applied, t$ is the traction due the linear elastic response of the material,
w; is the fictitious crack opening profile vector along the crack plane and Z;; is the
influence coefficient matrix, that describes the traction at position i imposed by a
unitary opening at position j.

Observing Eqg. 3.14, if no point is bearing a tension greater than ¢, the cohesive
crack opening is null, and therefore the traction distribution becomes the linear
elastic response of the material t¢. On the other hand, if any point experiences an
elastic stress greater than o, the cohesive crack starts to open and the bearing
stress must lie on the Cohesive Law. Taking this into account, it can be seen that
the traction vector t; must satisfy:

- .19

where o (w;) are the cohesive stresses at each discretized crack opening obtained
from the Cohesive Law. It should be mentioned that the elastic stress solution ¢ also
lies in the Cohesive Law (at the vertical branch of zero cohesive crack opening).

In order to solve the problem, it is necessary to obtain the crack opening profile w;
that satisfies Eq. 3.14 and Eq. 3.15 at the same time. This is normally achieved
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Fig. 3.10.: Discretized traction nodes along the crack plane
from an iterative process. Once w; and ¢; are known, the load of the structure for
the given displacement P is computed
P:ij]'—l—Pe (316)

where P¢ is the load necessary to create a displacement w in the structure if only an
elastic response is considered, and X; is a vector that relates the load necessary to
open the crack at the node j by unity.

3.4.3 FE method

Lastly, another used method to obtain the softening law of the material is the Finite
Element (FE) method (Mihashi and Nomura, 1996; Tschegg et al., 1993). As in both
previous cases, the objective is to reproduce a crack initiation and development of

3.4 Optimization techniques
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an specimen with an unknown Cohesive Law, but instead of trying to obtain the P-u
from analytic approaches, it is obtained with the use of a FE model.

Basically two approaches to solve the problem are generally used. The first one
consist of modelling the geometry with elastic elements in conjunction with cohesive
elements (Turon et al., 2006). In this case the crack propagation plane must be
known a priori, placing cohesive elements along the crack path. The behaviour of
the FPZ is governed by the cohesive law of the element. The second approach is to
use continuum damage model elements with tension softening (Maimi et al., 2007a;
Maimi et al., 2007b). In this case the crack propagation plane does not need to be
known beforehand, because the damage model used in the elements is capable
of reproduce the cohesive crack that may appear in any place of the geometry. A
drawback with this type of element is experienced when a crack is not propagating
perpendicular to one of the side of the element. In order to solve the problem, the
geometry would need to be re-meshed to orientate the elements perpendicularly to
the crack.

Chapter 3 Existing literature on determining the cohesive law
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Linear Elastic Fracture
Mechanics

The translaminar fracture toughness accounts for the energy dissipated when devel-
oping and propagating a crack that spans all the plies of a laminate, i.e, a though-
the-thickness crack. This kind of fracture involves complicated fracture mechanisms
such as fibre-matrix debonding, fibre breaking and fibre pull-out, resulting in large
amounts of energy being dissipated. During the crack onset and crack propagation,
the fracture energy G. associated to this kind of fracture takes into account all these
damage mechanisms indistinctly.

The present chapter focuses on the determination of the fracture toughness associ-
ated with a translaminar crack growth under mode | tension. A literature review has
been performed to establish the available standard procedures and specimen ge-
ometries in order to measure the critical strain energy release rate for fibre-reinforced
composite laminates. Next, the Stress Intensity Factor (SIF) and Compliance (C)
analytic functions for a Compact Tension are formulated, in order to take into ac-
count the material orthotropy. Additionally, some experimental recommendations
are given to measure the fracture toughness from a Compact Tension specimen,
while avoiding undesirable failure modes. Lastly, a new geometry is proposed in
order to prevent or delay undesired failure mechanisms during the experimental
testing.

4.1 Literature Review: specimens and
standard procedures

The translaminar fracture toughness is a key parameter in the prediction of the
nominal strength of load-bearing structures. For that reason, the determination of
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this property is of high interest for the scientific community (Laffan et al., 2012b).
The translaminar toughness is usually used in numerous models in order to define
the strength of composite structures when loaded in tension (Whitney and Nuismer,
1974; Tan, 1988; Soutis et al., 1991; Taylor, 2007; Taylor, 2008; Maimi et al., 2012;
Maimi et al., 2013). Therefore, reliable methods to obtain the laminate G, or the
resistance curve are needed in order to feed numerical (Maimi et al., 2007a; Maimi
etal., 2007b; Camanho et al., 2007) or analytic models (Whitney and Nuismer, 1974;
Tan, 1988; Soutis et al., 1991; Taylor, 2007; Taylor, 2008; Maimi et al., 2012; Maimi{
et al., 2013).

Over the last four decades, numerous fracture mechanics test specimens have
been proposed in order to obtain the translaminar fracture toughness of composite
laminates. The most common ones are shown in Fig. 4.1. In general, the most
accepted and used geometry is the Compact Tension specimen, adapted from
metallic materials (ASTM, 1997), as it has been used in multiple studies (Slepetz
and Carlson, 1975; Parhizgar et al., 1982; Cowley and Beaumont, 1997; Minnetyan
and Chamis, 1996; Underwood and Kortschot, 1993; Garg, 1985; Masters, 1997;
Poe and Reeder, 2001; Jose et al., 2001; Pinho et al., 2006; Laffan et al., 2010a;
Laffan et al., 2010b; Laffan et al., 2011; Catalanotti et al., 2010; Gutkin et al., 2011;
Ortega et al., 2014; Blanco et al., 2014a; Blanco et al., 2014b; Zobeiry et al., 2014;
Underwood et al., 1995). The Extended Compact Tension (ECT), also proposed
for metallic materials, has been also used for composite laminates in numerous
occasions (Underwood et al., 1995; Poe and Reeder, 2001; Haj-Ali and El-Hajjar,
2003; Haj-Ali et al., 2006; El-Hajjar and Haj-Ali, 2005; Piascik and Newman, 1995;
Piascik et al., 1997). Another variant of the CT specimen is the Over-height Compact
Tension (OCT) (Kongshavn, 1996; Kongshavn and Poursartip, 1999; Floyd, 2004;
Li et al., 2009; Zobeiry et al., 2014; Xu et al., 2015) , designed for composite
laminates with large failure process zones. Other specimens used are the Three
Point Bending (TPB) (Garg, 1985; Underwood et al., 1995; Sket et al., 2012) and
Four Point Bending (FPB) (Connell et al., 1994; Laffan et al., 2012a). Lastly, a set
of unstable specimens have also been used in some works, such as the Center
Cracked Specimen (CCS) (Daniel, 1978; Garg, 1985; Masters, 1997; Poe and
Reeder, 2001), the Double Edge Notched (DEN) (Bazant et al., 1996; Catalanotti

Chapter 4 Linear Elastic Fracture Mechanics
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Fig. 4.1.: Fracture mechanics specimens.

et al., 2014a; Catalanotti et al., 2014b) and Single End Notched (SEN) (Bazant et al.,
1996; Masters, 1997) specimens.

Despite the existing interest in determining the G. associated with the laminate
mode | opening, only one standard procedure exists that is applicable to composite
materials. This standard is the ASTM E1922-04 (ASTM, 2015), designed for the ECT
specimen. Other ASTM standards originally developed for metallic materials, such
as the ASTM E399-09 (ASTM, 1997) for a Compact Tension specimen, have been
applied for laminated composites, in conjunction with special recommendations
such as the load displacement and the notch radius.

4.1 Literature Review: specimens and standard procedures
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4.2 Stress field of a planar orthotropic solid

Given a general anisotropic material with a linear constitutive relation, in a bi-
dimensional problem, the stress-strain relation can be expressed as:

gi= Y bijoji=1,26 (4.1)

Jj=1,2,6

where:
sij, for plane stress o
bij = ’ 1,5 =1,2,6. (42)
Sij — 32‘3Sj3/$33, for plane strain
It is known that for any anisotropic material, the solution of the differential equation
that defines the stress state depends on the roots of the characteristic polynomial

(Lekhnitskii, 1963):
bi1p* — 2b16p® + (2b12 + bee)p? — 2b26p + bag = 0 (4.3)

with four complex roots in p. It is possible to define a subset of anisotropic materials,
defined as orthotropic materials, if their mechanical properties are unique and
independent according to three mutually perpendicular directions. For a planar
orthotropic material with the principal directions z;-z- defined by its two principal
axes, only four independent elastic constants are needed: by1, b12 = ba1, bao and
bes, Since big = beg = 0. Hence, Eq. (4.3) is reduced to:

Mt +20VAp2 +1=0 (4.4)

where p; and p» are the roots with positive imaginary parts and:

bi1 2b12 + bes
A=— = —— 4.5
ba2 P 24/b11b22 4-5)
In the plane stress case, A and p are expressed as:
E A
A= 22 va (E11 —2v12G12) (4.6)

“E, T aa,
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Material A p

T300/920 unidirectional lamina (Laffan et al., 2010a) 0.0657 3.7326
T300/920 [0, +60], isotropic 1.0 1.0
T300/920 [0, 90], cubic 1.0 7.9302
Western White Pine wood (Green et al., 1999) 0.0380 1.9635
Northern White Cedar wood (Green et al., 1999) 0.0810 0.6642
Cu (FCC) (Suo, 1990) 1.0 0.03
Fe (BCC) (Suo, 1990) 1.0 0.20
Tab. 4.1.: Values of X\ and p for seven different materials.

where E;; and Es, are the elastic moduli, G2 is the shear modulus, and v, is the
Poisson’s ratio. In the plane strain case, A and p are obtained by replacing E11, Fa
and vy, in Eq. (4.6) by:

Ell

Ea , V12 +Vi3l32
— — 2 1 7orse
1 — w133

B, =
11
1 — 13031

B, = (4.7)

- 3
1 — v93132

To ensure the positive definiteness of the strain energy, it must be ensured that:
A>0 and p> -1 (4.8)

The anisotropy of the material is easily described by the parameters A and p. For
an isotropic material, the parameters take the values A = p = 1. However, for a
cubic material, it only needs to be ensured that A = 1 and that p # 1. Table 4.1
contains the values of A and p for a number of materials. From the point of view of
composite laminates, the laminate anisotropy is determined by the lay-up sequence;
an in-plane isotropic lay-up may have its principals axis oriented in any direction
by definition. Some examples of laminate sequences that satisfy this condition are
[0, +£60]s, [0,£45,90], or [0,+36,%+72];. On the other hand, cubic materials have
a principal axis every 45 degrees. An example of cubic laminate sequence is a
cross-ply laminate.

4.2 Stress field of a planar orthotropic solid
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Assuming the material behavior to be linear elastic, that the specimen undergoes
small displacements and assuming Linear Elastic Fracture Mechanics, the Stress
Intensity Factor (SIF) caused by the bearing load P and Compliance functions can
be expressed in the form:

Kr= £/ %K1 (a,SG, X\, p) ; C=3C(a5SG,\p) (4.9)

where P is the applied load, h is the specimen thickness, W is a measure related to
the in-plane specimen size, a is the normalized crack length defined as a = a/W
and E is the material elastic modulus of any principal direction, for example Ey;.
The non-dimensional functions K; and C define the specimen SIF and compliance,
respectively. These are functions that depend on a, the Specimen Geometry (SG)
and two dimensionless parameters A and p that define the anisotropy of the material,
introduced in Section 2.1.3 and detailed in the next subsection.

4.3 The Compact Tension specimen for
orthotropic materials

The non-dimensional SIF and compliance functions defined in Equation 4.9 have
been obtained for a Compact Tension specimen, taking into account the material
orthotropy, defined by the variables A and p. In order to do so, a parametric FE model
was created using Python scripting together with ABAQUS/Standard 6.11-1 FEM
software. To obtain the compliance for a given A and p, a load of 1 N was applied
at the loading pin, while the crack nodes were released gradually along the crack
plane. The displacement u was captured at the loading line. Also, the Virtual Crack
Closure Technique (VCCT) was applied along the crack nodes to compute the SIF.
The non-dimensional functions were then found by fitting the results obtained form
the FE simulations. The details of the FE model, as well as its validation and the
procedure used to fit results can be found in the PAPER A included in this document.
Both functions are applicable for 0.03162 < A < 10.0 and 0.1 < p < 10.

Chapter 4 Linear Elastic Fracture Mechanics
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Fig. 4.2.: Compact Tension (CT) Specimen Geometry, subjected to a controlled displacement
u and measured load P and with the principal directions represented by x, and .

4.3.1 Specimen Compliance and Stress Intensity
Factor

The dependence of the dimensionless compliance C with respect to a, A and p can
be approximated by a function of the form:

_\ 2
C (a,\, p) = q(@ A p)- AP - (1 +0.22698 - p)*52%27. (%) (4.10)
where g(a, A, p) is a fourth order polynomial of a, in which its coefficients depend on
A and p, and B is a polynomial that depends on the normalized crack length @ and
p. The coefficients can be found in Appendix A. Note that Eq. 4.10 is dimensionless
and can be used for any specimen size W as long as the CT geometry of Fig. 4.2 is
respected.

4.3 The Compact Tension specimen for orthotropic materials 55
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The K7 interpolating function is defined:

1/4
K; (@, )\ p) =p(a,X,p)- AP - (1 +0.006689 - p)

oarist 2(2+a) 1 2)3/2
a7 (1)
(4.11)
where p(a, A, p) is a fourth order polynomial of a, with coefficients that depend on A
and p, and D is a polynomial dependent on the normalized crack length a and p.
The coefficients are also found in Appendix A. Again, Eq. 4.11 is applicable to any
specimen size W.

4.3.2 Undesired failure modes: back-end compression
failure and excessive bearing at the holes

Some undesired failure mechanisms may appear when testing a CT specimen,
preventing the experiment from being performed properly. Such failure modes
include failure under compression at the back end of the specimen or at the pin
holes due the bearing load. In this section, we present a proposal of failure criteria
which take into account the orthotropy of the material, the specimen size W and the
initial crack length ay.

The first contemplated failure mode considers the compressive stresses at the back
end of the Compact Tension specimen. These compressive stresses usually appear
while the fracture test is carried out, and tend to increase as the crack grows. This
may cause the specimen to collapse under compression at the back end before it
has been completely split (Laffan et al., 2010b). For some composite materials this
failure can occur in the form of ply delamination. Such phenomena have also been
observed in some tougher materials with large initiation or propagation loads and
also in low compression strength materials. The failure criterion considering the
back end compression (fgr) can be expressed as:

O'ucx/W
KIC

> fBE (4.12)
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where o, ¢ is the ultimate compressive stress of the laminate, obtained as fpr =
r(a,\, p) /va, and where r(a, ), p) is the dimensionless back end compression
stress function. This stress-based failure criterion predicts the initiation of the
material failure at the back face of the specimen. For some materials, the failure

may be controlled by a stable process due the formation of a Fracture Process Zone.

When dealing with composite materials, the back end failure normally appears in
the form of a kink-band. Hence, the failure criterion expressed in Eq. 4.12 is a
conservative prediction of the failure. It should be mentioned that, in order to use

this type of failure criteria, the material toughness K;. must be known beforehand.

To overcome this problem, it is possible to simply use an approximate expected
fracture toughness of the specimen being tested. The dimensionless back end
stress r(a, A, p) was obtained by fitting the results of the FEM models for a wide
range of material orthotropies with the least-squares method. The function is defined
as a fourth order polynomial of a, with coefficients that depend on A and p.

The second undesired failure mode is failure under compression at the load-bearing
holes of the specimen. When the crack length is very small, the bearing load required
to propagate the crack may be so high that it causes the collapse under compression
in the area surrounding the loading holes. The stress at the hole due to the bearing
pin can be defined as:

P
Obearing = 7 < aouo (4.13)

where d is the hole diameter and « is a parameter that depends on the stress
distribution between the pin and the hole. The value of « is normally considered
to be equal to 1 or 4/7. The standard procedure recommends a hole diameter of
d = 0.25W. Hence, the diameter can be defined as d = w/n (with n = 4 in the
standard recommendations). The failure criterion taking into account the bearing
load (fyearing) is then defined as:

—_— > fbearing (41 4)

where:
n

earing — = 415
fb g O[KIC\/E ( )

4.3 The Compact Tension specimen for orthotropic materials
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Non Linear Fracture
Mechanics: Fracture Process
Zone and Cohesive Law

5.1 Literature Review: Fracture Process Zone,
R-curve and the Cohesive Law

During crack nucleation and crack growth in a continuum solid, most materials

develop a relatively large Fracture Process Zone (FPZ) where energy is dissipated.

Fig. 5.1 schematically describes the FPZ present between the traction free crack
(between points a and b) and the elastic solid (beyond point d). This area is divided
in two regions based on the nature of the dissipation mechanisms. The first region
(bounded by points ¢ and d) is located ahead of the crack tip, where non-linear
material hardening takes place. Also known as intrinsic dissipation, it is typical
of metals and other ductile materials. The second region (bounded by b and c)
is located behind the crack tip, where material softening or extrinsic dissipation
occurs. The latter region is typical of quasi-brittle materials, such as concrete,
composite materials and advanced ceramics (Ritchie, 2011). Depending on the
relative sizes of these two zones and of the structure, one may distinguish between
ductile behaviour (intrinsic dissipation is dominant), quasi-brittle behavior (extrinsic
dissipation is dominant) or brittle fracture (the FPZ is very small compared to the
structure size). The present work focuses on quasi-brittle materials.

Linear Elastic Fracture Mechanics (LEFM) considers that the entire FPZ (bounded
by the points b and d in Fig. 5.1) lies at a single point at the crack tip while the
rest of the solid behaves elastically, i.e., considers a brittle fracture. In reality this
zone must have some finite size. Irwin estimated the FPZ length (¢rpz) using the
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Fig. 5.1.: Representation of the Failure Process Zone.

elastic stress distribution around the crack tip, by assuming that the {rp~ is equal
to the zone over which the tensile strength has been exceeded (Irwin, 1960). Irwin
also introduced the term equivalent crack length: a fictitious increase of the crack
in order to maintain the force balance when assuming the new stress distribution
inside the FPZ.

A common practice is to take into account the non-linearities that take place at the
crack tip while the FPZ is being developed by using LEFM in conjunction with an
R-curve that defines the apparent increase of fracture toughness as the crack grows.
Instead of using a LEFM fracture criterion G = G/, the crack growth condition is
computed with a variable toughness provided by the R-curve. This methodology
is widely used to predict the crack growth of quasi-brittle materials, although its
application range is unclear, and will be latter addressed in the thesis.

An alternative approach to describe the Fracture Process Zone formation is through
the use of the cohesive model. In this framework, the FPZ is initialized as soon as
a point of the specimen reaches a stress equal to the material ultimate strength
ow, Where a fictitious crack starts to develop, still capable of transferring stresses
between its surfaces. This tension-softening phenomenon is represented in Fig.
5.2a. The relationship between these closure or cohesive stresses and the crack
openings is known as the Cohesive Law (CL) of the material. A typical CL shape

Chapter 5 Non Linear Fracture Mechanics: Fracture Process Zone and Cohesive Law
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Fig. 5.2.: (a) Tension-softening inside the Fracture Process Zone. (b) Typical Cohesive Law
on the material.

is illustrated in Fig. 5.2b. The FPZ is still formed as the crack is opened, until the

crack opening measured at the beginning of the FPZ a reaches a critical value w...

At this precise instant the crack growth enters a steady state, i.e., it dissipates a
constant fracture energy Ge, while the FPZ moves along the crack path. During
the steady state growth the cohesive crack opening profile and cohesive stress
profile remain almost constant. This methodology goes back to the Dugdale’s strip
yield model (Dugdale, 1960), who introduced a constant stress inside the FPZ, and
Barenblatt (Barenblatt, 1962), who introduced a stress function with respect to the
crack opening, and those implemented later with finite elements by Hillerborg by
using cohesive elements (Hillerborg et al., 1976) and Bazant in a smeared way
(Bazant and Oh, 1983). It should be mentioned that Dugdale’s strip yield model
was developed for perfect plasticity, although, in fact, the model is more suitable for
quasi-brittle fracture: the energy dissipation is confined in a plane (bridging stresses)
instead of taking up a volume (material hardening). The use of the CL accounts
for the extrinsic energy dissipation mechanisms typical of quasi-brittle materials, by
introducing a relationship between bridging stresses and the crack opening.

This chapter is structured as follows: Section 5.2 proposes a new methodology to
solve the FPZ formation while taking into account the cohesive stresses and the CL
shape; Section 5.3 describes an algorithm capable of solving the Inverse problem
in order to experimentally measure the CL from a fracture test; lastly, Section 5.4

5.1 Literature Review: Fracture Process Zone, R-curve and the Cohesive Law
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presents a discussion on the Cohesive Model itself and the incompatibility with
R-curve based fracture mechanics.

5.2 Direct method: Dugdale’s condition

As seen in the Literature Review, most methodologies to obtain the CL of a material
involve sophisticated experimental setups to measure the required variables (Digital
Image Correlation to measure the displacement field, inclinometers to measure
rotation angles, ...). On the contrary, inverse problem approaches only need to
monitor easy-to-record variables, such as the applied load and the displacement.
However, they also need a quick enough tool to virtually reproduce the test for any
assumed CL shape, i.e., a tool capable of solving the direct method. The approach
to solve the direct method used in this thesis is described below.

A standard CT specimen of size W, shown in Fig. 4.2, is subjected to the action of
a controlled displacement (u) and corresponding load (P) applied at the pin holes.
The analytic solution is capable of predicting the FPZ development as a crack grows
in pure mode-| along the symmetry plane. The starting point of the problem solution
comes from the Dugdale’s condition, i.e., the global Stress Intensity Factor (SIF) of
the problem, K, must be null (Dugdale, 1960; Barenblatt, 1959; Barenblatt, 1962):

K=KP4+K° =0 (5.1)

where K* is the SIF caused by the point load P and K“- is the SIF caused by
the whole cohesive stress profile o.. Although the . is unknown and may change
during the FPZ development, it can be discretized as a series of small constant
stresses of value equal to o; applied at the crack surface. The non-linear problem
expressed as a superposition of linear problems is shown in Fig. 5.3.

Chapter 5 Non Linear Fracture Mechanics: Fracture Process Zone and Cohesive Law
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Fig. 5.3.: Compact Tension (CT) specimen with a FPZ expressed as a superposition of linear
problems.

In order to solve the cohesive stress profile inside the FPZ, the crack opening profile
must also be found. It is possible to express the set of openings w; as a superposition
of the openings caused by each acting load

wi = w! +wle (5.2)

where w;, w! and w{* are the total crack opening, the crack opening caused by
the point load P and the crack openings caused by the cohesive stress profile o,
respectively.

Eqg. 5.2 is solved from an iterative process for a given CL. As a result, the stress
profile and the crack openings at the FPZ are obtained. Lastly, the load P is obtained
by means of Eq. 5.1, and the displacement « is determined as the crack opening
measured at a; = 0, using again Eq. 5.2.

The detailed solutions to Eq. 5.1 and Eqg. 5.2 can be found in PAPER B. However,
some features of the model are worth mentioning. The solution to the direct method
allows to determine the load, the displacement, the FPZ length, the crack opening

profile and the cohesive stress profile during the whole crack growth and propagation.

The resulting system of equations obtained from applying Eq. 5.1 and Eq. 5.2
can be expressed as a system of non-linear algebraic equations. These have
been implemented in a Matlab® script, solving the problem in about 1 second of
computational time, using a Desktop computer with an Intel i5 processor running at
3.2 Ghz.

5.2 Direct method: Dugdale’s condition
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Fig. 5.4.: (a) Finite Element model of a Compact Tension specimen, using cohesive elements
to model the Fracture Process Zone. (b) Comparison of the displacement (u) and
load (P) curves obtained with the author’'s methodology and using a Finite Element
model.

Any obtained output associated with the problem can be expressed as

x(@, €y, CL, SG, M P) (5.3)

/
chwl/z
shape, SG is the Specimen Geometry, and MP are the non-dimensional variables
associated with the material anisotropy A and p, with the principal directions aligned
with the crack, introduced in Section 4.2. Following the same approach, the load can

where @ = u is the normalized displacement, CL is the Cohesive Law

_ P _
be normalized as P = ——————_.The variable ¢, is the normalized characteristic
hK W12 M

length defined as:
GrcE'

2
u

- 12
KM:% where {y; =

(5.4)

This normalized characteristic length indicates how relevant are the material non-
linearities with respect to the specimen size.

Chapter 5 Non Linear Fracture Mechanics: Fracture Process Zone and Cohesive Law
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Fig. 5.5.: Comparison of the normalized (a) cohesive crack openings and (b) cohesive
stresses inside the FPZ obtained with the author’s proposed methodology and
with a Finite Element model, for a Compact Tension specimen with a normalized
characteristic length of Z,; = 1.

In order to validate the proposed methodology, a Finite Element model has been cre-
ated using Python scripting together with ABAQUS/Standard 6.11-1 FEM software.
The 4-node plane stress elements with reduced integration (CPS4R) were used
to mesh the model. The FPZ has been modelled by placing Cohesive Elements
along the symmetry plane of the specimen (Turon et al., 2006), as seen in Fig. 5.4a,
assuming a linear CL shape. A comparison of the displacement and load outputs
obtained by both the FE model and the proposed author's methodology is found in
Fig. 5.4b, for several normalized material characteristic lengths ¢,,. As it can be
seen in the Figure, the response for small £, (large specimen size W) tends to the
LEFM particular solution, marked with dashed lines.

Additionally, Fig. 5.5 contains a comparison of the normalized cohesive crack
openings and cohesive stresses inside the FPZ for both the FE outputs and the
proposed direct method. As it can be appreciated, both solutions are in good
agreement, hence validating the authors proposed methodology satisfactorily.

5.2 Direct method: Dugdale’s condition
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5.3 Inverse problem

Once the algorithm to solve the direct method has been validated, it is time to continue
with the solution to the inverse problem. The inverse problem, i.e., the determination
of the Cohesive Law shape from a fracture test, is solved in three steps: first, a u-P
curve is obtained from an experimental test; second, a computer simulation of the
test must be carried out in order to find the parameters that define the Cohesive
Law; lastly, it is necessary to perform a minimization of a suitable norm which
quantifies the discrepancy between experimental data and the corresponding values
provided by the computer simulation, with respect to the mentioned parameters.
In the present work, the computer simulation is performed by using the author’s
proposed methodology to solve the direct method (Ortega et al., 2016).

The understanding of the FPZ formation within a cohesive crack model is needed in
the development of the inverse method presented in this paper. The FPZ is initialized
as soon as a point of the specimen reaches a stress equal to the material strength.
Once the o, is reached, the FPZ grows as the displacement is increased, opening
the cohesive crack and changing the cohesive stress profile in relation with the
laminate CL. When the crack opening at a = a( reaches the critical opening w., the
FPZ ends its development. At this precise point the crack growth enters a steady
state, meaning that it dissipates a constant energy G., while the FPZ moves along
the crack path. During this steady state growth the cohesive crack opening profile
and cohesive stress profile remain almost constant.

Since the peak load is reached while the FPZ is still being formed, the analysis of
the cohesive stresses inside the FPZ along the crack growth is of great interest in
predicting the nominal strength of structures. Fig. 5.6 gives some more accurate
insight, as it depicts the progress of the FPZ growth, and its relation with the CL.
Given the Point 1 of the P-u curve, the cohesive stresses range from o, at the
FPZ tip (next to the undamaged material), where the crack opening is w = 0, to
o = o at a crack opening w; measured at the end of the FPZ (next to the traction
free crack), i.e., at a distance ag measured from the load line. In other words, to
describe the crack growth and the FPZ development until the Point 1, only a part of

Chapter 5 Non Linear Fracture Mechanics: Fracture Process Zone and Cohesive Law
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Fig. 5.6.: Depiction of three states (1-3) during the FPZ growth: (a) the P-u position, (b) the
FPZ stress and crack openings and (c) the dissipated energy inside the CL. The
cracks openings w1, we and ws are measured at the initial crack position ao.

the CL needs to be known, i.e, the CL shape beyond the point w;-0; is not needed.

Observing Point 2, now the cohesive crack opening increases to w», and the cohesive
stress decreases 1o o-. In this case, to define the crack growth and the FPZ, the
CL must be known up to ws-05. The same can be applied to Point 3, and to every
displacement increase. If all the cohesive model variables are known during the
crack growth, each point of the P-u curve has a unique corresponding FPZ state,
with the cohesive stresses defined between 0 < w < w;, where w; is the Crack Tip
Opening Displacement (CTOD). In other words, every infinitesimal FPZ development
increase needs an additional infinitesimal portion of the CL. This property allows to
define a piecewise CL by fitting consecutive points in the P-u curve.

5.3 Inverse problem
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The inverse method takes advantage of the progressive FPZ development process,
being able to determine the CL from a single CT fracture test, that is, there is no
need to test other SG or sizes. An algorithm is proposed in order to solve the inverse
problem, with the following strategy: first, some points from the experimental u-P
curve are selected around the peak load, while the FPZ is still being developed, that
will be used to fit the curve. The algorithm is initialized by defining a Cohesive Law
with a single linear branch. The first branch of the CL is found by modifying its slope
until the predicted load at the first selected point matches the experimental value.
When the slope is found, the width of the first branch is found by determining the
cohesive crack opening at the initial crack tip a¢ at the given displacement. The
algorithm continues by adding as many branches as number of experimental points
are going to be fitted, consecutively finding an additional linear branch of the CL.

As an example of the usability of this method, the CL has been measured using the
proposed approach to solve the inverse problem. A Compact Tension specimen of
size W = 51 mm and with an initial crack length of ag = 26 mm has been tested.
The used material is an hybrid laminate made of woven Carbon fabric (C) and woven
Glass fabric (G) with a stacking sequence [(0¢/45%), /0% /60 / — 60¢] (laminate
LO2 of Chapter 6). Fig. 5.7a shows the u-P curves of two specimens and the
corresponding smoothed average. For the sake of ensuring the objectivity of this
method, the CL has been measured three times for the same laminate, each time
fitting a different set of points. Concretely, the CL has been obtained by fitting six (O),
eight (v) and nine (x) points from the smooth average curve. Each set is observed
in Fig. 5.7a. The measured CL for each set is shown in Fig. 5.7b. As it can be seen,
for the tested laminates, the general shape of the CL remains unchanged regardless
the used set of points. Additionally, the total fracture energy G;. measured from
each CL is 105.0 N/mm, 103.8 N/mm and 105.0 N/mm respectively, providing more
evidence of the objectivity of the proposed approach to solve the inverse problem,
at least, for the shown specimen.

Chapter 5 Non Linear Fracture Mechanics: Fracture Process Zone and Cohesive Law
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Fig. 5.7.: P-u curve for the two hybrid specimens and the corresponding smoothed average
curve. (b) Three different CL obtained from three different sets of points.

5.4 Discussion

An extensive discussion of the applicability of the Cohesive Zone Modelling and
the incompatibility with LEFM based theories can be found in PAPER C, although
a brief summary of discussion is hereby exposed. When dealing with quasi-brittle
materials in the presence of large-scale bridging (LSB), the stress field differs greatly

form the LEFM one, as the FPZ takes a considerably large portion of the specimen.

Under this scenario, the Energy Release Rate (ERR) is not well defined assuming
LEFM. Additional problems also appear when trying to measure the crack length
a. Typically, in LEFM, the crack tip is defined as a sharp through-the-thickness
edge perpendicular to the crack growth direction. In reality, even for brittle materials,
the crack tip profile is not straight, and its shape usually depends on the specimen
thickness. Additionally, taking the cohesive model as background, the crack tip
location is not well-defined, since there is no clear transition between the bulk
material and the free-edge crack, because of the presence of the FPZ.

5.4 Discussion
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Therefore, the use of R-curve to predict the crack growth should only be applied
under small-scale bridging (SSB) conditions for quasi-brittle materials or under small-
scale yielding (SSY) for ductile materials, i.e., when the {rp~ is small compared to
other problem dimensions, particularly when compared to the crack length. This
limitation is obvious for laboratory sized specimens (Bazant, 1992), and becomes
especially true for some natural materials such as human bone (Yan et al., 2007;
Koester et al., 2008a) or human dentin (Koester et al., 2008b), whose natural size
limits the specimen dimensions. This restriction is also present in some newly
developed materials such as metallic-glasses and bio-inspired ceramics (Bloyer
et al., 1998; Bouville et al., 2014; Demetriou et al., 2011) where the specimen size is
limited by the manufacturing processes. Furthermore, the methodologies to predict
the structural strength based on the R-curve are only applicable for notched speci-
mens, as they are not able to predict crack nucleation on smoothed surfaces.From
a cohesive model point of view, the apparent increase of the fracture toughness of
the material descried by the R-curve can be understood as the formation and prop-
agation of the FPZ (Suo et al., 1992; Jacobsen and Sgrensen, 2001). The increase
of G takes place while the FPZ is growing. During this process, the cohesive zone
is being developed with the cohesive stresses and crack openings being related
by the CL. As a consequence, the Cohesive Law shape plays an important role on
the R-curve output. Additionally, the FPZ formation and its development are also
influenced by the loading conditions and the Specimen Geometry, hence resulting
in very diverse R-curves depending on those variables. For theses reasons, the
‘R-curve should not be considered a material property (Bao and Suo, 1992; Suo
et al., 1992; Sgrensen et al., 2008a; Sgrensen and Jacobsen, 1998).

Some R-curves have been obtained in order to illustrate the specimen size (£,/)
and CL dependence. To obtain the curves, the output variables v and P have been
obtained for a CT specimen with a linear CL for 7;; = 0.05, 0.5 and 1, using the
analytic cohesive model defined in Section 5.2. First, the compliance obtained
from the direct method is equalled to the elastic compliance of a Compact Tension
specimen (Bazant and Planas, 1998), in order to infer the equivalent crack length
aeq- Then, the fracture toughness is obtained from the LEFM definition of the stress
intensity factor KF, found in (Bazant and Planas, 1998).

Chapter 5 Non Linear Fracture Mechanics: Fracture Process Zone and Cohesive Law
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Fig. 5.8.: (a) Three R-Aa., /¢ curves with a linear CL for Z,; = 0.05, 0.5 and 1. (b) Three
‘R-curves with a linear, constant and exponential CL and with ¢,; = 0.04.

The curves of Fig. 5.8a have been obtained for a linear CL. As it can be appreciated,
the measured R is heavily dependent on the /,,, obtaining more distorted outputs as
the material non-linearities become more relevant. To be able to discern when large-
scale bridging and small-scale bridging assumptions can be made, an additional
plot has been obtained, observed in Fig. 5.9. In this case the propagation values
of R, i.e. the maximum value Rmayx, has been obtained for several 7,, values. As
it can be observed in Fig. 5.9, the /), values for which the assumption of SSB is
correct (and therefore LEFM is applicable) are influenced by the CL shape. When
comparing the self-similar crack growth for a constant CL against a linear CL, the
former exhibits a shorter FPZ length. Therefore, the assumption of SSB will be
possible for small values of 7,, (larger specimens). In general, the longer the tail
of the CL shape is, the longer the fully developed FPZ length will be. On the other
hand, as /), increases, the R value becomes distorted when LEFM assumptions
are made, as seen in the left region of Fig. 5.9.

5.4 Discussion

71



Exponential

o
@

<
S
N |
S o6 Constant
I 1
&
0.4
ASTM
recommendation
021 ——-

Gl ————

i i
10 15 20 25
—1
vl

Fig. 5.9.: Propagation values of R for several values of ;.

Specifically, the standard procedure for the determination of the fracture toughness
of metallic materials ASTM E399 (ASTM, 1997) and of plastic materials ASTM
D5045 (ASTM, 1999) states that the procedure to determine the R can only be
applied for 5y < 0.4 (1 — ao), then for the CT specimen presented ¢, > 5. As
it can be seen in Fig. 5.9, for large enough specimens, it is correct to assume
SSB, resulting in an R-curve that is not size dependant. Fig. 5.8b shows three
R-curves for a linear, constant and exponential CL, for ijl = 25, in which case SSB
can be assumed. In conclusion, it has been shown that the R-curve is a property
incompatible with the Cohesive Law. This disagreement is mainly caused by the
use of LEFM assumptions in the R-curve definition.
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Translaminar Cohesive Law of
interply hybrid laminates

The use of hybrid materials is of high interest for the materials science research
field as well for industrial applications. These kind of composites may benefit
from advantages of each separate material, e.g, improving the damage tolerance,
delaying some failure mechanism or even decreasing the total economic cost by
using inexpensive materials. This Section studies the translaminar Cohesive Law of
several interply hybrid laminates, and how the stacking sequence and ply material
can influence the total laminate traction-separation law. The studied interply hybrid
laminates have been obtained by combining two materials of a total set of three
type of plies: Unidirectional Carbon (UC) tape, woven Carbon fabric (C) and woven
Glass fabric (G). For each combination of two materials several stacking sequences
have been studied. Concretely, how the location of certain plies can modify the
overall translaminar Cohesive Law.

6.1 Materials and laminates

The three composite materials that have been tested in the experimental campaign
are the same ones defined in the work of Gonzalez et al. (Gonzalez et al., 2014),
where one is unidirectional carbon tape and the other two are woven fabrics. The
three materials have been supplied by Hexcel®. The fabric materials use HexFlow®
RTM 6 mono-component epoxy system. All composites have been supplied with
epoxy binders on both sides (with the binder representing about 5% of the total
fabric weight). The woven fabrics plies are Carbon (C) fabric type G0926 (5HS, 6K,
370 gsm), and Glass (G) fabric type S2 (style 6781, Z-6040, 303 gsm), while the
UC is type G1157 (UD, 6 K, 270 gsm). The elastic properties of each lamina are
found in Table 6.1. The ply thickness of each material C, G and UC are 0.353 mm,
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Tab. 6.1.: Ply properties of each composite material, where C is woven carbon fabric, G is
woven glass fabric and UC is unidirectional carbon tape.

Material FE; (GPa) F, (GPa) G2 (GPa) vz o, (MPa)

C 59.54 54.95 5.21 0.03 804.1
G 19.65 19.24 3.93 0.09 557.8
uc 116.73 8.31 467 0.26 14771

0.229 mm and 0.247 mm, respectively. The thickness has been obtained from an
average of 6 measurements of cured non-hybrid laminates.

The interply hybrid laminates have been divided in three sets by combining two
different materials per laminate: C-G, C-UC and G-UC. The translaminar CL has
been obtained from a CT specimen subjected to a controlled displacement and
corresponding load again using the methodology proposed in Section 5.3. The
stacking sequences are summarized in Table 6.2, with the fibre direction of 0°
aligned with the loading direction, shown in Fig. 4.2. In order being able to compare
the laminates of each set, the ply stacking sequences have been chosen to be
symmetric, balanced and in-plane quasi-isotropic. The number of plies of each
material has also been kept constant. As a result, the resultant in-plane stiffness are
constant among each set, although the bending stiffness may vary from laminate
to laminate. The C-G laminates are made of n = 14 plies, with a cured laminate
thickness h of 4.31 mm. In the case of the C-UC laminates n = 14 and h = 4.22
mm, whereas for the G-UC, n = 18 and h = 4.22 mm.

6.2 Results and discussion

The measured CL for the laminate L04 is shown in Fig. 6.1. Observing the shape of
traction-separation law, it can be appreciated that, for small crack openings (about
w = 0.15), the FPZ still has a relatively high capacity of transferring stresses. The
measured CL also features a long tail that transfers low stress levels at larger
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Tab. 6.2.: Hybrid laminates stacking sequences, where C is woven carbon fabric, G is woven
glass fabric and UC is unidirectional carbon tape. The 0° direction is aligned with
the loading direction.

Materials Laminates

C-G LO1: [0%/60%/ — 60%/(0C /45C),]s
L02: [(0€/45%),/0%/60%/ — 60C]s
L03: [0%/(45C/0C),/60%/ — 60C]s

C-ucC L04: [90YC/ — 30YC/30YC /(0 /45C),]s

G-UC LO6: [90YC/ — 45Y€ /0YC /45YC /(0G /459), /0C]g
LO7: [(0%/45C), /0% / — 45YC /90YC /45UC /0UC g
LO8: [90YC/ — 45Y€ /0C /45C /0UC /45YC /0C /458 /0C]g

[
[
[
[
LO5: [(0€/45%)4/90YC/ — 30YC /30YC]g
[
|
L09: [0€/45% /0% /0YC /45YC /0C /45C /90YC /) — 45YC)4

crack openings. Although not included in this document, the rest of the measured
laminates all present a similar softening-law shapes. In order to objectively compare
the CL features of each laminate, a simplified cohesive law has been proposed,
capable of reproducing the behaviour described above: the transfer of high stresses
at low crack openings and low stress levels for large crack openings. The simplified
CL consists of a linear branch defined by ¢, and G+, a sudden drop of stresses
located at wq, and a second linear branch defined by o; and G, — G;. This simplified
shape is also shown in Fig. 6.1. The total energy fracture G. and the critical crack
opening w. are maintained from the experimentally measured CL. Hence, only 4
out of the 6 parameters need to be found in order to completely define the simplified
CL (o4, 01, w1, and G1). These have been obtained by means of a least square
fitting. Table 6.3 showcases the best fitted parameters for each laminate. Having
the translaminar CL expressed in this manner, it is possible to objectively compare
each laminate, and also analyse how the material used at the ply level modifies the
overall laminate behaviour.

Observing the laminates made of Carbon fabric and Glass fabric (C-G), the po-
sition of each material has no effect on the onset fracture energy G, although
the propagation fracture energy G. values are slightly increased when the Carbon

6.2 Results and discussion
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Fig. 6.1.: Measured Cohesive Law and proposed simplified shape for the Laminate L04.

fabric plies are located in the outer faces of the laminate. Moving to the Carbon
fabric and Unidirectional Carbon tape laminates (C-UC), placing the UC plies in
the outer faces increases the G, about a 15 %, while placing them in the middle
increases G a 15 %. The third group of laminates are the ones made with the most
contrasting materials: Glass fabric and unidirectional Carbon tape (G-UC). In this
case, the effects of the material position on the fracture energy are more evident
than in the previous studied laminates. One laminate stands out with respect to the
other three, the LO7. Observing closely the stacking sequences of both L0O6 and
LO7, it can be appreciated that both have the same layup, but with the plies of G
and UC with switched positions. The stacking sequence of L0O7 has a ply clustering
in the 0° in the center of the laminate, resulting in outstanding performance, mainly
caused be two phenomena. First, it is known that the fiber pull-out contributes to
the laminate energy dissipation, being a desired failure mode when a translaminar
crack is present. It is also known that thicker plies cause the fiber pull-out length
to be increased, hence dissipating more energy (Laffan et al., 2010b), as is in the
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Fig. 6.2.: X-ray of the laminates L06 and L07 for the CT specimens. Several matrix cracks
can be observed in the laminate L07.

case of LO7. The second damage mechanism phenomenon is the appearance of
larger amounts of matrix cracks and delaminations in the presence of thicker plies
(Li et al., 2009). Fig. 6.2 shows the X-ray image of both laminates L06 and L07. In
the case of L07, the damage zone is characterized by having larger matrix cracks
and larger delaminations which are not present in the case of L06. These matrix
cracks have two impacts during the damage process: first the matrix crack growth
itself, which adds to the laminate fracture energy, although its contribution may be
negligible compared to other fracture mechanisms such as fiber pull-out (Cooper
and Kelly, 1970). Secondly, the presence of numerous matrix cracks in the laminate
may cause a crack blunting effect, which leads to a reduction of the energy release
rate of the specimen. It should be pointed out that the Cohesive Laws have been
obtained assuming that all the dissipation mechanisms are confined in the fracture
plane. This hypothesis does not hold true for the laminate L07, where these matrix
cracks and delaminations take place far from the fracture plane. Hence, the results
for this case should be considered only qualitatively.

Moving to laminates L08 and L09, the same phenomena can be observed. Both
laminates have the same stacking sequence but with the plies of G and UC with
switched positions. In this case the discrepancy of energy is not as remarkable as

6.2 Results and discussion
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Tab. 6.3.: Simplified Cohesive Law parameters for each laminate.

Material Laminate G.[N/mm] Gy [N/mm] w; [mm]  w.[mm]

C-G LO1 98 70 0.17 0.57
Lo2 106 70 0.17 0.37
LO3 98 72 0.15 0.53
C-ucC LO4 123 87 0.15 0.49
LOS 111 99 0.17 0.45
G-UC LO6 102 87 0.17 0.43
LO7 166 99 0.16 0.52
LO8 94 70 0.10 0.54
LO9 113 83 0.16 0.50

in the case of laminates L06 and L07, since L09 only dissipates about 24% more
energy than L08. This may be explained by the laminate L09 having a ply clustering
of UC in the —45°, instead of the 0°. However, thicker plies, even at —45°, may still
result in higher pull-out lengths and fibre breakage.

The increase of the dissipated energy observed in the specimens where more
transverse matrix is visible can be mainly explained by three phenomena. The first
one being the transverse crack propagation itself. Although the matrix fracture energy
may be negligible compared to the fibre fracture energy, the contribution of all the
matrix cracking events can significantly add to the total translaminar fracture energy
of the laminate. The second phenomenon may be related to the matrix cracking
induced delamination. This is apparent in the laminate LO7, shown in Fig. 6.2 where
some small delaminations near the initial crack tip can be observed. Finally, the
third phenomenon can be explained by the reduction of the Stress Intensity Factor
of the whole laminate at the crack tip, caused by the presence of transverse matrix
cracking. Hence requiring more energy to propagate the translaminar crack.

An in-depth description of the data reduction of each laminate is included in PAPER

D. It also includes the characterization of the laminates under compressive loads,
obtained from the Compact Compression specimen.

Chapter 6 Translaminar Cohesive Law of interply hybrid laminates



Cohesive Law independence
of the specimen size and
geometry

The Cohesive Zone model has been applied throughout this document to model the
translaminar fracture, meaning that it can only be applied in laminates where the
damage mechanisms are almost localized in a plane. Laminates that experiment
large delaminations could not be benefited from this approach. The Cohesive Zone
model presents many advantages over the LEFM-based models. To begin with, it
is applicable to predict the nominal strength of structures in the absence of cracks.
Also, it is capable of capturing the size effect of structures with the same geometry
(more details can be found in PAPER C).

One of the main hypothesis of the Cohesive Zone model is that it assumes the
Cohesive Law to be a material property, i.e, it does not depend on the specimen
size or the specimen geometry. The main objective of this Section is to check the
foundation of this hypothesis. This will be confirmed in two steps: first, it will be
studied how the change in specimen size influences the measured CL. Second, it
will be studied how well the same CL can predict the nominal strength of multiple
geometries.

7.1 How the specimen size influences the
measured Cohesive Law

As previously mentioned, the first step is to study how the specimen size influences
the obtained CL using the methodology of Section 5.3. To do so, the CL has been
measured for three Over-height Compact Tension (OCT) specimens of different
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Fig. 7.1.: Over-height Compact Tension (OCT) specimen geometry, with all dimensions
defined with respect to the size W, where the dashed line represents the crack
path.

sizes for the same laminate. The Over-height Compact Tension (Kongshavn, 1996;
Kongshavn and Poursartip, 1999; Floyd, 2004; Li et al., 2009; Zobeiry et al., 2014; Xu
et al., 2015) was designed to measure translaminar fracture toughness of composite
laminates with a large Failure Process Zone. Fig. 7.1 shows the geometry of the
specimen with respect to the size W. As the proposed methodology to determine
the CL only needs to experimentally register the load and displacement outputs, the
curves are taken from the results published by Xu et al. (2015). In this publication,
the experimental load, displacement and damage evolution of three different OCT
specimens of size W = 40.3, 80.6 and 161.2mm are presented. The laminate
material is IM7/8552, a carbon-epoxy pre-preg provided by Hexcel HexPly®, with
a nominal ply thickness of 0.125 mm. The stacking sequence is quasi-isotropic
[45/90/ — 45/0],,. The elastic properties of the laminate are found in Table 7.1.
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Stacking sequence W [mm)] ap [mm] & [mm] FE[MPa] o, [MPa]

[45,90, —45, 0]45 40.3/80.6/161.2 0.4 4 61645 990

Tab. 7.1.: Laminate properties.

The experimental P-u curves of each specimen size are shown in Figure 7.2. The
solid lines represent the experimental curves, while the dashed ones have been
obtained from applying a Gaussian smooth, in order to reduce the experimental
scatter. This technique averages the values around a given point weighted according
to a Gaussian function, such that the end points at the data window have less
influence on the averaged value than the ones near the centre. For each specimen
curve, some points were used in order to apply the inverse method. For the scaled-
down specimen (W = 40.3 mm), 12 points were used, marked with x. For the
base-line (W = 80.6 mm) and scaled-up (W = 161.2 mm) specimens, 20 points
were fitted, marked with a + and a x, respectively.

The obtained CL shapes for the three specimen sizes are shown in Fig. 7.3. The
initial point of the curve, o, = 990 MPa, is taken from the laminate strength, and has
not been obtained from the inverse problem solution. Observing the results, it is
possible to identify a similar trend for the three CL.: first, a steep drop in stresses,
followed second smooth drop up until a crack opening around w ~ 0.7 mm. This
type of curve is usually expected in order to reproduce the translaminar fracture
of carbon-reinforced composites. The first drop of stresses may be related to the
high amounts of energy suddenly released when fibre-breakage takes place. The
second slope can be related with fibre-bridging and fibre pull-out, taking place at
wider crack openings. Is is worth mentioning that none of the three specimens
have fully developed their FPZ when the experiment was finished. This is easily
observed in two aspects: firstly, none of the P-u curves never follow the typical
LEFM response at any point in the experiment, and secondly, none of the obtained
CL are closed curves.

7.1 How the specimen size influences the measured Cohesive Law
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Fig. 7.2.: Experimental (solid lines) and fitted (dashed lines) load displacement curves. The
marks represent the points selected in order to fit the Cohesive Law for each

specimen.

Observing the measured shapes, one may assume that they describe the same
general trend, and therefore, the CL property is not influenced by the specimen
size, at least, for the range of tested sizes and for the given geometry. The dis-
crepancies can be attributed to the experimental scatter and to the material het-
erogeneity. In order to see how well the measured CL can predict the strength
other geometries, a simplified CL is proposed, marked with a solid line in Fig. 7.3.
The proposed piecewise curve is defined as a trilinear CL, defined by the points
o (w) =1[990(0); 250(0.0893); 175(0.7); 0(0.7)]. The cut-off observed in w = 0.7 mm
has been introduced as no information was obtained for greater crack openings.
The area under the curve corresponds to a fracture energy of Gy, = 185 N/mm or a
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critical SIF of K;. = 3377 MPa+/mm.
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Fig. 7.3.: Measured Cohesive Law obtained from each OCT specimen, along the simplified
trilinear Cohesive Law (solid line).

7.2 Predicting the nominal strength of other
geometries

In order to verify if the CL is modified by the specimen geometry, the proposed

simplified CL has been used to predict the nominal strength of two specimens:

the Center Cracked (CCS) and Open Hole (OH) specimens. Fig. 7.4 shows the
geometry of both specimens, with all the dimensions specified with respect to the
half the notch length R. The nominal strength, o, is defined as the average stress
of the net section at the maximum load, and has been predicted by solving the direct
method, as described in Section 5.2, for both geometries. A wide range of sizes
have been studied, with values of R = 1.5875, 3.175, 6.35, 12.7 and 25.4 mm. For

7.2 Predicting the nominal strength of other geometries
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Fig. 7.4.: (a) Center Cracked Specimen (CCS) and (b) Open Hole specimen (OH) geometry,
with all dimensions defined with respect to the half of the notch size R.

all the specimens, the considered laminate is the same used in the OCT, with the
properties summarized in Table 7.1.

The results of the predictions are found in Fig. 7.5, along some experimental ones.
These have been obtained from the published results in Xu et al. (2014). Some
characteristics of the plot of Fig. 7.5 are worth mentioning. The line labelled as
plastic limit references to the particular case in which the net section is subjected to
a constant stress distribution equal to the laminate strength o,. This limit is reached
for extremely small specimens in both the CCS and OH, where the FPZ length takes
the whole section. As the specimen size increases, the oy tends to two particular
solutions for R — oo, depending on the geometry considered. For the OH specimen,
the solution follows the elastic solution determined by the stress concentration factor.
On the other hand, for the CCS, the solution follows the LEFM determined by the
stress intensity factor or the energy release rate. As it can be seen, in general, the
predictions using the proposed CL are in good agreement with the experimental
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Fig. 7.5.: Predicted nominal strength ox of the Open Hole and Center Cracked specimens
with respect to half of the notch length R, considering the CL of Fig. 7.3, along with
some experimental results.

results, even some of them being in excellent agreement. The obtained predictions
follow the expected aforementioned particular solutions, by solving the direct method
and only changing the specimen size. More concretely, the nominal strength of
the Center Cracked Specimen is slightly underpredicted, being the most critical
case about a 20% lower for R = 6.35 mm. On the other hand, the o is slightly
overpredicted for the Open Hole specimen, being the most critical case about a 12%
greater for R = 1.5875 mm. These results suggest that, for the CCS, the nucleation
and crack growth requires more energy than the determined by the OCT. However,
the OH specimen seems to require less energy than OCT specimen.

7.2 Predicting the nominal strength of other geometries
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Results and discussion

This chapter summarizes the results of the developed work as a whole and discusses
them in accordance with four different building blocks: the extension of the Compact
Tension specimen for orthotropic materials (Chapter 4), the determination of the
translaminar Cohesive Law (Chapter 5), the verification of the Cohesive Law as a
material property (Chapter 7), and how the stacking sequence can influence the
measured CL (Chapter 6).

8.1 Compact Tension specimen for orthotropic
materials

When facing the problem of measuring the total fracture energy G or the associated
critical Stress Intensity Factor K. of an orthotropic laminate, it is necessary to have
a function of the form

K (a, A, p) (8.1)

that takes into account the orthotropy of the material defined by the non-dimensional
variables A and p. The available existing methodologies consisted on obtaining
Eq. 8.1 from a FE for a particular laminate. The writing of this Ph.D. thesis has
contributed to the problem by introducing an analytic expression of Eq. 8.1 for a
wide range of material orthotropies. The function has been obtained from fitting the
results obtained from FE simulations, and has been contrasted with the tabulated
isotropic solution available in the literature, as well as with particular orthotropic
solutions also found in the literature. The function computes the SIF with a maximum
error of 2.37% with respect to the FE simulations.

Likewise, when measuring the crack length a, basically two approaches exist: one
being measuring a optically, and the other one by equalling the experimental com-
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Fig. 8.1.: Comparison between FE and fitted (a) C and (b) K curves for three examples of
orthotropic materials.

pliance with the elastic one and thus obtaining the equivalent elastic crack length.

The former is not an objective methodology when large Fracture Process Zone are
present, as the crack tip location is not well defined, specially for fibre-reinforced
composite materials. The latter method relies on having an expression of the form

C(a, A p) (8.2)

Researchers would typically obtain Eq. 8.2 from a FE model for every particular
laminate needed to be tested. The present thesis has also introduced a general
analytic expression for Eq. 8.2 for the CT specimen. Again, the function has
been obtained from fitting the results obtained from FE simulations, and has been
contrasted with the tabulated isotropic solution, as well as with particular orthotropic
solutions, both found in the literature. The function computes the elastic Compliance

of the CT specimen with a maximum error of 2.29% with respect to the FE simulations.

Both general expressions for the Compliance and the SIF introduced in this thesis
facilitate the measurement of the translaminar fracture energy for a wide range
of orthotropies, without the need of doing a FE analysis for each particular tested
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laminate. These are valid for 0.03162 < A < 10.0 and 0.1 < p < 10.0, covering
virtually all the orthotropies that can be found in existing materials. The details
on how these functions have been obtained and their benchmarks can be found
in PAPER A. As an illustrative example, Fig. 8.1 shows the excellent agreement
between the proposed functions and the simulations obtained from the FE method.

8.2 Determination of the translaminar
Cohesive Law

Although the previous Section introduced general tools for measuring G;. and the
associated SIF for a wide range of orthotropies, in reality, the measurement of the
total fracture energy and Stress Intensity Factor are not sufficient for predicting the
nominal strength of structures when large Fracture Process Zone are present, with
respect to other problem dimensions. In these cases, during the FPZ initiation and
growth, the apparent fracture energy grows with the applied displacement. Once the
FPZ has been fully developed the apparent fracture energy achieves a plateau value
equal to G,.. This apparent increase of fracture energy is known as the R-curve
of the material. Using the Linear Elastic Fracture Mechanics reduction methods,
it could be possible to record the whole R-curve as a function of the crack length,
although this would only suffice to reproduce the exact same experiment from which
it was recorded, as the R-curve cannot be extrapolated to other geometries or sizes.
This is a consequence of the R not being a material property, as it depends on
the specimen size and geometry. LEFM assumes that the energy dissipation is
localized within a very small volume at the crack tip and, as a consequence, the
stress field can be defined by a single parameter K;. Hence, LEFM based theories
can deliver wrong predictions of structural strengths when large FPZ are present,
as is in the case of fibre-reinforced composite materials. Numerous studies are
available in the literature that support this statement, as introduced in Section 5.4,
an discussed in-depth in PAPER C.

8.2 Determination of the translaminar Cohesive Law
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On the other hand, more complex fracture models such as the Cohesive Zone Model
(Section 5.1), can properly predict the change in size and geometry by assuming
the CL as the true material property. This defines the relation between the closing
stresses and the crack openings inside the FPZ. Two main drawbacks appear with
this approach. First, the Cohesive Zone Modelling crack growth is predicted by
a set of non-linear equations that are usually complex to solve. Secondly, the
measurement of the translaminar CL itself is still an unresolved problem despite the
many attempts by the scientific community (a wide review can be found in Chapter
3).

The present thesis has improved the aforementioned problems related with the
Cohesive Zone Model (CZM) in two aspects. First, a semi-analytic solution has
been proposed to predict the P-u curve of a Compact Tension specimen along all the
FPZ related outputs, for any random CL shape. The method is able to obtain many
outputs during the crack growth, such as the cohesive crack openings w;, cohesive
stresses o; and the FPZ length ¢gpz. The non-linear problem has been solved
by applying the superposition principle in order to describe the SIF of the whole
problem for a given instant during the crack growth, and by solving the Dugdale’s
condition. This is fulfilled by ensuring that the total SIF is null due to the presence of
the cohesive stresses inside the FPZ. This approach has proven to be a reliable and
fast tool to solve all the variables related to the FPZ, as presented in Section 5.2.
The results obtained in this manner are in perfect agreement with those that can be
obtained by the Finite Elements approach, in just a fraction of the computational
cost. Fig. 8.2 shows the excellent agreement between the proposed analytic model
and the FE simulations, for a linear Cohesive Law shape. The procedure presented
in this thesis is easily applicable to other geometries.

This thesis has also proposed a methodology to measure the translaminar Cohesive
Law from a single fracture test of a Compact Tension specimen. The CL is defined
as a piecewise linear function, initially with segments of unknown slopes and widths.
Each segment is adjusted so that the predicted P-u curve best fits some selected
points from the experimental curve. This methodology has proven to be objective
enough, as the obtained CL does not depend on the selected points of the curve,
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Fig. 8.2.: Comparison of the displacement (u) and load (P) curves obtained with the author’s
methodology and using a Finite Element model.

as shown in Fig. 8.3. The details of the methodology are found in Section 5.3 and
can also be found in detail in PAPER B.

8.3 The translaminar Cohesive Law as a
material property

Is the translaminar CL a material property? The Cohesive Zone model assumes
this as a fact, but there is no experimental evidence to support this due to the lack
resources for measuring it. The present thesis tries to answer this question with the
aid of the introduced method to obtain the CL. The property has been checked in
two phases. In the first phase, the translaminar CL has been measured for three
Over-height Compact Tension specimens of different sizes while maintaining the
same laminate. The three specimens are geometrically identical, but with rescaled

8.3 The translaminar Cohesive Law as a material property
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Fig. 8.3.: P-u curve for the two hybrid specimens and the corresponding smoothed average
curve. (b) Three different CL obtained from three different sets of points.

dimensions. The results show that the general shape of the measured CL remains
unaffected by the specimen size. The obtained CL for each specimen size is shown
in Fig. 8.4.

The second phase in order to check whether the CL is a material property consists
in using the obtained curve from the OCT specimens to predict the nominal strength
of other geometries and sizes. To do so, first, a simplified CL shape is proposed,
used to predict the nominal strength of the geometries. This general shape is shown
as a solid line in Fig. 8.4. The other geometries that are predicted are the Open Hole
and the Center Cracked specimens. The predicted nominal strengths are in good
agreement with the experimental ones, as can be appreciated in Fig. 8.5. For some
of the cases, the predicted values are in excellent agreement with the experimental
ones. The details on the followed procedure, used materials, stacking sequence
and obtained results can be found detail in Chapter 7.

When defining the translaminar fracture of fibre reinforced composites, the Cohesive
Law takes into account several dissipation mechanisms indistinctly, such as fibre
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Fig. 8.4.: Measured Cohesive Law obtained from each OCT specimen, along the simplified
trilinear Cohesive Law (solid line).

breaking, matrix cracking, fibre bridging and fibre pull-out. Assuming the CL as
a material property implies that these series of events that take place inside the
FPZ during the crack initiation and growth are the same and dissipate the same
energy regardless the considered geometry or the size of the structure. This might
be a harsh assumption, as it is difficult to believe that a notched and an unnotched
structures undergo the same fracture damage mechanisms. Even so, in view of the
results, it seems plausible to assume the CL as a material property that remains
constant, at least, macroscopically speaking, for the ranged size of specimens.

8.3 The translaminar Cohesive Law as a material property
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Fig. 8.5.: Predicted nominal strength ox of the Open Hole and Center Cracked specimens
with respect to half of the notch length R, considering the CL of Fig. 7.3, along with
some experimental results.

8.4 Effects of the stacking sequence on the
measured Cohesive Law

As previously mentioned, the CL accounts for several energy dissipation mecha-
nisms during the FPZ formation and growth. In the case of fibre-reinforced composite
materials, most of these damage mechanisms depend of the fibre and matrix prop-
erties as well as the laminate properties. In the presence of a translaminar crack,
the CL accounts for the whole laminate. In such cases, the used stacking sequence
may influence the fracture events during the crack formation, even for laminates
with the same in-plane properties, causing a significant influence in the resultant
translaminar fracture energy.
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In order to study the influence of the stacking sequence on the measured translaminar
CL, some interply hybrid laminates were tested, combining two materials of a total
set of three type of plies: Unidirectional Carbon (UC) tape, woven Carbon fabric
(C) and woven Glass fabric (G). For each combination of two materials several
stacking sequences have been studied. The laminates have been chosen in order
to accomplish that, for each set, the in-plane properties and the laminate thickness
remained as constant as possible.

The measured CL for each laminate show that the stacking sequence does have an
impact on the total fracture energy as well as the CL shape. The results show that,
at least for the tested materials, ply-clusters made of laminae perpendicular to the
crack growth dissipate more energy than those laminates without ply-clustering.

8.4 Effects of the stacking sequence on the measured Cohesive Law
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Conclusions

The present thesis deals with the data reduction analysis of pure mode | translaminar
cracks of fibre-reinforced composite laminates, i.e, a crack that grows along the
laminate submitted to tension, breaking all the plies. The work focuses first on the
Linear Elastic Fracture Mechanics data reduction methods, extended to consider
any material orthotropy. It is followed by more complex approaches based on the
Cohesive Zone Model. The main conclusions of this work are grouped according to
five main blocks, found below.

The first contribution of the present work is the introduction of several data reduction
methods and design tools. These tools, based on the Linear Elastic Fracture
Mechanics theory, have been developed for the Compact Tension specimen, but
have been extended in order to account for the orthotropic behavior of the laminate.

» An analytic function of the form C (a, A, p) for the elastic compliance of a Com-
pact Tension specimen has been proposed, taking into account the material
orthotropy.

« An analytic function of the form K (a, A, p) for the Stress Intensity Factor of
a Compact Tension specimen subjected to a mode | loading at the pin holes
has been proposed, taking into account the material orthotropy.

» Both functions have been obtained from a wide range of FE simulations,
providing an excellent agreement with the tabulated isotropic solution as well
as for some particular orthotropic solutions available in the literature.

+ A failure criteria has been proposed for the Compact Tension specimen, taking
into account the laminate orthotropy. The strength-based criteria accounts for
compression failure at the specimen back-end and by the bearing load at the
holes.
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+ The failure criteria have been checked with two laminates, again resulting in
good agreement with the experimental results.

Linear Elastic Fracture Mechanics are not sufficient to properly predict this kind of
fracture in the presence of a large Fracture Process Zone, as is normally the case
of fibre-reinforced composite materials. Thus, the present thesis approaches this
kind of fracture by considering the Cohesive Zone Model point of view.

+ An analytic cohesive model has been proposed in order to solve the fracture
problem of a Compact Tension specimen subjected to a controlled displace-
ment and corresponding load. The model obtains the whole load-displacement
curve for a given translaminar Cohesive Law, while obtaining the cohesive
crack openings, cohesive stresses and the Fracture Process Zone length.

» The model has been validated with several FE simulations, assuming a linear
CL, while changing the specimen size. The results are in excellent agreement
with the simulations, while only taking fraction of the computing time with
respect to the FE simulations.

» With the use of the model, Linear Elastic Fracture Mechanics reduction meth-
ods have been put to test. The results of this study prove that the R-curve is
incompatible with the Cohesive Zone Modelling, resulting in a property that
depends on the specimen size and geometry.

An indispensable ingredient of the Cohesive Zone Model is the Cohesive Law of
the laminate. Several sophisticated attempts to measure this property are found in
the literature. The present work proposes a simple and objective methodology to
measure this property from a single fracture test.

+ A methodology has been proposed to measure the translaminar Cohesive
Law from a single Compact Tension fracture test by solving the inverse prob-
lem. The method obtains softening law by best fitting some points of the
experimental load-displacement curve using the analytic cohesive model.
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+ The algorithm is initialized with an unknown CL shape, defined as a piecewise
linear function, with unknown slopes and widths. Each segment is adjusted
in order that the predicted load-displacement curve best fits the selected
experimental points.

» The proposed methodology has proven to be efficient, as the obtained Cohe-
sive Laws shape do not depend on the selected points in the fitting process,
at least for the tested materials, laminates and geometries.

The next step has been to study how the stacking sequence can influence the
Cohesive Law shape.

+ Several interply hybrid Compact Tension specimens were tested to study the
effect of the ply stacking sequence on the measured translaminar Cohesive
Law. The laminates were obtained by combining two materials of a total of
three type of plies: Unidirectional Carbon, woven Carbon fabric and woven
Glass fabric.

» For each set of two materials, the laminates and stacking sequences were
chosen in order to maintain the in-plane elastic modulus and the laminate
thickness as constant as possible.

» The obtained Cohesive Laws showed that the laminates with ply clustering
dissipate more energy than the ones with more dispersed plies.

» The increase of the translaminar fracture toughness on the laminates with ply
clustering aligned perpendicular to the principal crack growth may be mainly
attributed to larger amounts of fibre pull-out and longer fibre pull-out lengths.
Some other fracture mechanisms that may add to the total fracture energy are:
the growth of transverse cracks, transverse cracking induced delamination
and blunting of the crack tip caused by the presence of the transverse matrix
cracks.
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The main hypothesis assumed in the Cohesive Zone Model approach is that the
Cohesive Law is a material property. This thesis has provided some evidence for
the tested laminates.

In order test how the specimen size affects the measured CL, it has been
measured from three geometrically identical Over-height Compact Tension,
tested by the University of Bristol. All the specimens were obtained from the
same laminate, maintaining the same geometry while varying the size.

The measured CL for each specimen are almost identical, following a unique
general shape for the given laminate, regardless the tested size.

The obtained Cohesive Law was then used to predict the nominal strength
of two additional geometries: the Center Cracked and Open Hole Specimen,
again made of the same laminate.

The predicted strengths are in good agreement with the existing experimental
results. It is plausible to assume the translaminar Cohesive Law a material
property, at least, for the tested range of specimen sizes.

The hypothesis may hold true only when the damage mechanisms are localized
in the fracture plane at the crack tip. If other typologies of damage, such a
large delaminations, take place away from the crack tip, the Cohesive model
is not be suitable to model them.

Chapter 9 Conclusions



Perspective and future work

This chapter presents some possible lines of future research and extension of the
work developed in this thesis.

10.1 Extension of the Cohesive Zone Model
for orthotropic laminates

The semi-analytic solution for the Compact Tension specimen introduced in Section
5.2, capable of solving the Cohesive Zone problem of a specimen subjected to a
controlled displacement and corresponding load, can only be applied for in-plane
quasi-isotropic laminates. This limitation is a consequence of the lack of availability
of the Stress Intensity Factor functions that consider other material orthotropies.

In order to analytically solve the problem to consider non quasi-isotropic laminates,
the algorithm needs to be fed with three different SIF functions that take into account
the material orthotropy:

» SIF caused by the bearing load applied at the pin holes.

+ SIF caused by a constant cohesive stress applied over a small surface inside
the Fracture Process Zone.

« SIF caused by a point load applied over a small surface inside the Fracture
Process Zone.

Of the three SIF, the first one has already been obtained for a wide range of or-
thotropies, as presented in Section 4.3. The other two remaining SIF could be
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obtained by means of parametric FE model using Python scripting together with
ABAQUS.

10.2 Translaminar Cohesive Law and damage
mechanisms relationship

The translaminar Cohesive Law of a fibre-reinforced laminate accounts for several
energy dissipation mechanisms during the Fracture Process Zone formation and
growth. These damage mechanisms can account for fibre breakage, matrix cracking,
fibre bridging, fibre pull-out and even small delaminations between plies around the
crack tip.

With the aid of the introduced means to measure the translaminar Cohesive Law,
the next logic step is to explore the relationship between the observed damage
mechanisms and the obtained softening law shape. For example, in the case of
laminates with large fibre-bridging regions, the tail of the measured CL is longer,
as this involves larger Fracture Process Zones. Having a better understanding
this relationship can lead to a better laminate design, benefiting certain damage
mechanisms over the others, depending on the required applications. Although this
research has begun during the writing of the present thesis, as exposed in Chapter
6, an in-depth research needs yet to be accomplished.

In order to research this relationship, a test campaign should be carried out with
several laminates, modifying the layup sequences to influence the development
of the different failure mechanisms. For each tested laminate the Cohesive Law
should be measured, and the specimens inspected in order to determine the damage
mechanisms it has experienced. The inspection can be performed on post-mortem
specimens, but also in the middle of the test if non-destructive techniques are used to
inspect the specimen. For instance, it is a known fact that thicker plies causes more
fibre pull-out at the perpendicular-to-the-crack-growth plies (Pinho et al., 2006), with
larger pull-out length as the distance to the interface is increased. Other example is
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the effect of the ply clustering on the matrix cracking, as briefly observed in Chapter
6.

10.8 Study on the interlaminar Cohesive Law

The proposed method to obtain the translaminar Cohesive Law could be implemented
for studying the interlaminar behaviour of fibre-reinforced composite laminates. An
ideal specimen candidate to carry this study is the Double Cantilever Beam (DCB),
as the required Stress Intensity Factor functions to analytically solve the cohesive
problem are already available in the literature (Massabo et al., 2003).

The procedure of obtaining the interlaminar Cohesive Law could be carried out
analogously to the procedure described in Chapter 5.3, by just needed to record the
load-displacement curve on the experimental test. Further, multiple DCB tests have
been accomplished by the scientific community during the last 50 years, resulting in
multiple available experimental curves waiting to be fitted.

10.4 Application to other materials

In the present work, the proposed methodology to measure the Cohesive Law has
only been applied to fibre-reinforced polymers. In reality, such methodology could be
applied to any quasi-brittle material provided the damage mechanisms are located
within the Fracture Process Zone plane.

The Cohesive Law could be measured from various quasi-brittle materials such as:

concrete, numerous types of woods, a wide range of polymer materials, metallic-
glasses, bone and dentin and also other bio-materials.

10.3 Study on the interlaminar Cohesive Law
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Appendix A: Polynomial fitting
functions

The polynomial function g(a, A, p) of Eq. 4.10 can be expressed in matrix form as
follows:

T 1 77 16128 89466 —20.688 18.786 —5.5381 ]

A —3.2808 32.523 —94.902 116.73 —51.736
p 0.71078 8.4546 —11.629 —3.8438  8.454 1
A2 0.34995 1.2604 15.834 —37.624 20.129 a
qgl@\p)=1| \p —2.1383 12.246 —29.195 37.859 —18.884 a?
P> —0.46023 15.616 —34.155 25.156 —7.1906 ad
A3 —1.4802 12.872 —33.187 30.728 —8.6936 at

25 —0.57399 7.1987 —34.221 54.132 —26.768

L M2 | | —3.0283 23.403 —54.343 41.271 —6.7808 |
(A.1)

where:

A=log\ , p=log(p+1) (A.2)

The polynomial function B of Eq. 4.10 is:
B = —0.24216 + 1.4018a — 0.0035055 + 1.4908a* — 0.058317ap (A.3)

where a is:
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The polynomial function p(a, A, p) of Eq. 4.11 can be expressed in matrix form as

follows:

p(a, A, p) =

0.30817
0.61118
0.098042

0.1443
—1.2451
0.85309
—0.14716
—0.16912

0.12556

2.1609
—4.5341
2.3871
0.098426
8.9848
—3.104
1.752
0.82943
—0.35037

—5.72 6.2711
12.698  —14.428
—8.6206  10.742
0.47793  —2.5788
—22.996 26.09
73777 —9.0334
—6.0346  7.7217
—2.7216  4.5667

—0.53346 0.90753

The polynomial function D of Eq. 4.11 is defined as:

D = —0.066112 + 0.75681a — 0.015p + 0.58136a> — 0.08451ap

—92.4512
5.5896
—4.3791
1.9266
~11.037
4.0197
—3.3008
—2.6053
—0.042327 |

(A.5)

(A.6)

The polynomial function r(a, A, p) of Eq. 4.12 can be expressed in matrix form as

follows:

r(a,\ p) =

6.7195
—0.15366
—1.1389
2.2165
—3.0204
—1.4327
—0.25291
—3.2837
4.5281

—47.349
4.1923
6.2549

—14.813
16.775
11.786
0.48823
24.238

—30.891

129.7  —150.03
—7.3129 1.6292
—12.787 14.461

32.255 —28.591
—40.317 44.5
—35.032  43.226

1.7188  —4.258
—60.512  63.226

78.302  —85.562
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66.291
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—7.2961
9.0782
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—23.799
33.658
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A solution for a Compact Tension (CT) specimen is proposed in order to obtain the linear elastic fracture
toughness, the stress intensity factor and the compliance at the load line. The solution applies for any ortho-
tropic material whose principal directions are defined by the crack direction, assuming that the crack
grows along the symmetry plane of the specimen. Given two dimensionless parameters, /. and p, that
define the orthotropy of the material, the elastic response is unique. With the aid of a parameterized
Finite Element Model (FEM), a solution is obtained for any orthotropic material. The results are fitted into

gei‘::;:f;"n an interpolating function, which shows excellent agreement with simulated data. Additionally, the initial
B' chtumpy crack length required to produce a stable crack growth under displacement control is studied for various

material orthotropies. Finally, some failure criteria are introduced regarding the failure at the holes of the
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CT and at the back end face of the specimen. Some design recommendations are given after analyzing the

D. Mechanical testing
failure mechanisms.
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1. Introduction

When Linear Elastic Fracture Mechanics (LEFM) were first
developed, metallic materials were the most widely used in indus-
try and this remains the case today. Since metals are considered to
be mainly isotropic, most standardized methods [1-4] for obtain-
ing the fracture properties, such as the critical fracture energy G
or the stress intensity factor (SIF) K,. are developed considering
isotropic materials. Despite this, most of the other materials used
in industrial applications are anisotropic in nature. Woods and
advanced materials, such as fiber reinforced composites, have been
used increasingly in recent years. Such materials are far from sat-
isfying the expectations of isotropy and, therefore, current stan-
dardized methods cannot be applied [5-7]. This situation means
new tools and procedures need to be developed in order to mea-
sure the fracture properties of anisotropic materials.

From an LEFM point of view, and assuming that there are no
inelastic energy dissipation mechanisms (except for those occur-
ring at the crack tip), the critical fracture toughness can be seen
as the elastic Energy Release Rate (ERR) per new unit area created.
In the case of the CT specimen, the crack length is normalized as
a = a/w, where a is the crack length measured from the load appli-
cation point and w is the span between the load point and the back
end face of the specimen, as seen in Fig. 1. Even though the
standard CT specimen has a normalized size of w =51 mm, the
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formulation and the methodology here presented can be used for
other sizes of w as long as the CT geometry is respected. With
the principal directions defined as x; parallel to the loading direc-
tion and x, aligned to the symmetry plane, and assuming that the
crack grows along the x, direction, a unique relation between the
specimen compliance (C) and the normalized crack length exists.
When this relation is known, it is possible to infer the crack length
from the experimental compliance curve and, in conjunction with
the load - load application point displacement (P;-u;), it is possible,
ultimately, to obtain G or K. This procedure cannot be applied if
the crack does not propagate along the x, direction, as occurs in the
case of some composite materials where the majority of the plies
are aligned in a direction different to x, [8].

Up to now, the general function C(a) has only been obtained for
isotropic materials [3,4]. For other types of anisotropy, current
methods involve optically measuring the crack tip length during
the test [7], measuring the crack tip location with the aid of the
Digital Image Correlation technique [6], or the use of a Finite Ele-
ment Method program [5,6,9]. Using the SIF isotropic solution on
orthotropics materials can lead to significant error. For example,
when computing the K; of a T300/913 carbon epoxy cross-ply com-
posite material with a laminate sequence of (90, 0), with the stan-
dard isotropic solution, an error of 11% results with respect to that
obtained by a FEM model, taking into account the orthotropy of the
laminate [9]. The aim of this paper is to obtain analytical expres-
sions of the linear elastic fracture toughness, the stress intensity
factor and the compliance of the CT geometry while taking into
account the orthotropy of the material. It is important to note that
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Fig. 1. Compact Tension (CT) specimen geometry, with all dimensions defined with
respect to the size w, where the dashed line represents the crack path.

the same methodology described here may be used to determine
the compliance and SIF functions of other specimen geometries,
although the equations and results presented are only valid for
the geometry of Fig. 1.

Expressions such as the ones presented here are useful to obtain
Gy or K from experimental results. As previously stated, they can
be found in many Fracture Mechanics handbooks [3,4] and in stan-
dardized procedures [1,2] only for the isotropic case. Obtaining the
expressions for the orthotropic case may improve the level of stan-
dardization on how to obtain fracture properties of non-isotropic
materials, instead of computing a particular FEM solution for every
different material that needs to be tested. Also, in some cases, an
explicit expression of the SIF in terms of the crack length is needed
when solving more complicated Fracture Mechanics problems,
such as crack-bridging models and cohesive models. A linear FEM
is not enough to solve this type of problems, and non-linear consti-
tutive models are needed, which require high computational time
and resources. The use of explicit expressions, like the ones pre-
sented in this paper, can help to reduce the computing times
drastically.

This paper is structured as follows: Section 2 defines the stress
field of a planar orthotropic solid as a function of two dimension-
less parameters, / and p, which define the orthotropy of the mate-
rial. Section 3 presents the procedure and assumptions of the FEM
models. Section 4 contains a parametric function of the compliance
and the SIF for a wide range of orthotropies. In Section 5, the sta-
bility of the crack growth is studied from a linear elastic point of
view. Section 6 presents some design recommendations based on
the proposed material failure criteria. Finally, Section 7 summa-
rizes the conclusions and describes the relevance of this work.

2. Stress field of a planar orthotropic solid

In a bi-dimensional problem defined by the x;-x, plane, the
stress state of an elastic body with its boundary conditions (BCs)
prescribed only by tractions depends solely on the BCs, the geom-
etry and two dimensionless parameters that define the anisotropy
of the material [10]. Consequently, for any given isotropic material,
these values remain constant and, therefore, the stress state does
not depend on the material. This property of the stress state means
it is relatively simple to generate C(a) and stress intensity factor
curves.

Given a general anisotropic material with a linear constitutive
relation, in a bi-dimensional problem, the stress-strain relation
can be expressed as:

&= Y bjo, i=126 1

j=126
where:

by — {sij,for plane stress ij=126 @

Sij — $i3Sj3/S33, for plane strain

It is known that for any anisotropic material, the solution of the

differential equation that defines the stress state depends on the
roots of the characteristic polynomial [10]:

by1p* — 2b1p® + (213 + bes)p? — 2bysp + by, = 0 3)

with four complex roots in p. If the material is orthotropic with the
principal directions x;-x, defined by the principal axes of the mate-
rial, only four independent elastic constants are needed:
by1, b1z = by, by and bes, since big = byg = 0. Hence, Eq. (3) is
reduced to:

ipt+20VipP+1=0 (4)
where p; and p, are the roots with positive imaginary parts and:
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In the plane stress case, 2 and p are expressed as:
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where E;; and E; are the elastic moduli, G, is the shear modulus,
and vy, is the Poisson’s ratio. In the plane strain case, Z and p are
obtained by replacing Ey;, E;; and v, in Eq. (6) by:
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To ensure the positive definiteness of the strain energy, it must
be ensured that:

/>0 and p>-1 (8)

The anisotropy of the material is easily described by the param-
eters Z and p. For an isotropic material, the parameters take the
values 2= p = 1. However, for a cubic material, it only needs to
be ensured that 2 =1 and that p # 1. Table 1 contains the values
of 2 and p for a number of materials. From the point of view of
composite laminates, the laminate anisotropy is determined by
the lay-up sequence; an in-plane isotropic lay-up may have its
principals axes oriented in any direction by definition. Some exam-
ples of laminate sequences that satisfy this condition are
[0, +60];, [0, +£45,90]; or [0,+36,+72];. On the other hand, cubic
materials have a principal axis every 45°. An example of cubic lam-
inate sequence is a cross-ply laminate.

Table 1

Values of / and p for seven different materials.
Material J p
T300/920 unidirectional lamina [19] 0.0657 3.7326
T300/920 [0, +60); isotropic 1.0 10
T300/920 [0, 90]; cubic 1.0 7.9302
‘Western White Pine wood [20] 0.0380 1.9635
Northern White Cedar wood [20] 0.0810 0.6642
Cu (FCO) [21] 1.0 0.03
Fe (BCC) [21] 1.0 0.20
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The relation between the applied load P and the load applica-
tion point displacement u is expressed by the compliance C which
depends on the normalized crack length a, 2 and p:

u=">P.C 9)

The compliance C can be expressed in terms of a dimensionless

function:
C@4p)
Cc=—"20 10
h Ey (10)

where C is the normalized compliance, h is the specimen thickness
and Ej; is the elastic modulus of the material along the loading
direction. This normalization has also been used by other authors
[3]. The normalized compliance C is unique for a given material
orthotropy and a normalized crack length.

The energy release rate is obtained as follows:

19U 1 PP ac

"“hoa 2 KE,woa
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where 9U/da is the rate of change of the stored elastic energy U
with respect to the crack length a and 9C/da is the rate of change
in the dimensionless compliance of the specimen with respect to
the normalized crack length a. Finally, for an orthotropic material,
the relation between the SIF and G; is defined as [11]:

2
K%:G,En,/Hp (12)

3. Numerical simulations

A parametric FEM model was created using Python scripting
together with ABAQUS/Standard 6.11-1 FEM software. The 4-node
bi-linear quadrilateral with reduced integration and hourglass con-
trol plane stress element (CPS4R) was used to mesh the model. This
type of element has been shown to properly capture the bending
properties when it is used as with a rectangular shape aligned with
the principal axes of bending [12]. Compared to other types of ele-
ments, the results obtained with CPS4R elements were the ones

(a) (0)
() (d)

Fig. 2. Pin hole loading configurations: (a) uniformly distributed, (b) uniform radial
stress, (c) contact interaction between pin and hole, (d) point load.

Fig. 3. Model mesh of half of the CT specimen and the applied boundary conditions,
with an average element size of 0.5 mm at the coarse mesh.

that best matched the tabulated isotropic solution, which is based
on the Boundary Collocation Method analysis [3]. Three different
average element sizes of 1.0 mm, 0.5 mm and 0.25 mm were con-
sidered for the coarse mesh, resulting in differences of less than 1%
for the computed compliance. An average element size of 0.5 mm
was chosen for the rest of the simulations. The geometry of Fig. 1
was respected, with w = 51 mm. Four different pin loading config-
urations, depicted in Fig. 2, were considered: uniformly distributed
stress, uniform radial stress, pin modeled as a rigid body with con-
tact interaction and a point load applied at the upper edge of the
hole. The resultant vertical forces were the same in all cases. As
already stated by other authors [13,14], the differences in the com-
pliance and SIF for the different loading configurations were insig-
nificant for @ > 0.4 . Despite this, for the rest of the numerical
simulations, the point load case was the one used because it gave
the smallest compliance error with respect to the isotropic case [3].
One half of the unit thickness CT specimen was modeled and sym-
metric conditions were assumed as can be seen in Fig. 3.

To obtain the compliance for a given 4 and p, a load of 1 N was
applied at the loading pin, while the crack nodes were released
gradually along the crack plane. The displacement u was captured
at the loading line. Also, the Virtual Crack Closure Technique
(VCCT) was applied along the crack nodes to compute the SIF.

To ensure accuracy and to validate the model, the compliance
obtained with FEM was compared with the CT isotropic solution
that can be found in various handbooks [3]. The model shows
excellent agreement with the known solution, as seen in Fig. 4,
with an error of less than 0.57%. In addition to the isotropic case,
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Fig. 4. C(a) against a for an isotropic material: comparison between known [3] and
the author’s FEM solutions. Also, C(a) against a for an orthotropic material with
4=0.902 and p = 7.92: comparison between a previous FEM solution [5] and the
author’s FEM model.
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Fig. 5. Dimensionless SIF (Eq. (14)) against a for an isotropic material: comparison
between known [3] and the author’s FEM solutions. Also, SIF against @ for a cubic
material with p = 7.64: comparison between a previous FEM solution [9] and the
author’s FEM model.

the FEM model was compared with the FEM compliance solution of
an orthotropic material computed by Laffan et al. [5]. The orthotro-
pic material is a composite lay-up of T300/920 material, with a ply
sequence of [(0/90)g/0]. The mechanical properties of the
unidirectional lamina in the longitudinal (L) and transverse (T)
directions of the fiber are E;; =135.10GPa, Er = 8.88 GPa,
Gir = 4.54 GPa and v;r = 0.32 [5], with laminate values for /4 and
p being 0.902 and 7.92, respectively. Although not important to
the overall results, in the FE model by Laffan et al. of Fig. 4, the
specimen hole configuration is modeled as a point load applied
directly to a node. Again, both FEM solutions are extremely similar,
as is clearly shown in Fig. 4.

The FEM SIF was also compared with the isotropic solution [3].
In this case, the error was less than 0.66%, as can be appreciated in
Fig. 5. Finally, the SIF of an orthotropic material was compared
against a previously published FEM result by Pinho et al. [9]. In this
case, the lamina properties are E;; = 131.7 GPa, Err = 8.88 GPa,
Gir =4.6GPa and v;r = 0.32. The laminate sequence is [0/90]g,
with 2=1.0 and p =7.64. Again, in the FEM model by Pinho
et al., the loading is directly applied to a node. As Fig. 5 shows,
the differences between both SIF FEM curves are trivial.

Once the numerical model had been validated, in order to
obtain the compliance and SIF for different orthotropies, a total
of 55 simulations were run, with different combinations of 2 and
p; there were 11 values of 4 ranging from 0.03162 to 10.0 in con-
stant logarithmic increments, and 5 values of p ranging from 0.1 to
10.0, also in logarithmic increments. The wide range of 55 combi-
nations of Z and p cover most of the orthotropic materials.

4.C liance and stress i ity factor

ric fitting

All the compliances obtained are fitted in an interpolating func-
tion to avoid computing C(a) from a FEM model. The dependence
of the dimensionless compliance with respect to a, 4 and p can
be approximated by a function of the form:

Fla s B oswszry | (1+8)°
C(a, 2. p)=q(a,z,p)- 7" (1+0.22698 - p! )- (ﬁ) (13)
where q(a, 4, p) is a fourth order polynomial of a, in which its coef-
ficients depend on / and p, and B is a polynomial that depends on
the normalized crack length a and p. The coefficients can be found
in A. Note that Eq. (13) is dimensionless and can be used for any size
of w as long as the CT geometry of Fig. 1 is respected.

The interpolating function was obtained as follows: first, all the
data points were divided by ((1 +@)/(1 —a))* to suppress the ver-
tical asymptote of C when @ = 1 (the CT stiffness becomes 0 when
the specimen is totally split). This asymptote is the same one pre-
viously published for the isotropic case [3]. When plotted in log—
log scale, a near linear relationship is observed between C and 4
for any a and p, with a slope B that depends on a and p. At the same
time, when plotting C with respect to p in log-log scale, it can be
seen that for small values of p the compliance is almost constant
whereas for high values of p the compliance has a constant slope.
This asymptote is described in Eq. (13) as C « (1 + ¢; p%). The tran-
sition zone is determined as p = (—1/c;)"/2. The remaining ten-
dency was fitted with the function g by using the least-squares
method. This simple but rather long procedure can also be used
to obtain C and SIF interpolating functions for other specimen
geometries.

The fitting shows good agreement with the FEM model data,
with a maximum error of less than 2.29% for a normalized crack
length ranging from 0.2 to 0.9 and for the 55 combinations of 4
and p. The fitted isotropic compliance curve differs by only
1.05% with respect to the known solution. Fig. 6 shows three
examples of fitted compliances with their respective FEM data.

The SIF function of the orthotropic CT specimen is normalized
as:

KP (a\'?
Ki=—/ (= 14
= () a4
where K; is the dimensionless SIF. Again, K; is unique for a given
a, 7 and p. It can be computed from the dimensionless compliance
as:
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The K; was fitted with a polynomial function to avoid comput-
ing the derivative of C with respect to a. The K fitting function is as
follows:
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where p(a, Z, p) is a fourth order polynomial of @, with coefficients
that depend on % and p, and D is a polynomial dependent on the
normalized crack length a and p. The coefficients are also found

ol

Fig. 6. Comparison between FEM and fitted C(a) curves for three examples of
orthotropic materials.
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Fig. 7. Comparison between FEM and fitted SIF curves for three examples of
orthotropic materials.

in A. Again, Eq. (16) is applicable to any size w where the normali-
zation defined in Eq. (14) is used.

The procedure for obtaining the interpolating function is very
similar to the one described for the dimensionless compliance.
Again, the vertical asymptote is the same as the one for the isotro-
pic case [3].

The SIF interpolating function has a maximum error of 2.37%
with respect to the FEM data, for the same range of @, / and p as
the compliance interpolating function. For the isotropic case, the
fitted SIF differs by only 0.93% from the known solution. Fig. 7
shows good agreement of the dimensionless SIF for three orthotro-
pic materials with their respective FEM data. It is important to
recall, once more, that when using crack lengths shorter than 0.4,
the SIF and compliance functions are affected by the pin loading
configuration, as stated in Section 3. For @ > 0.4, the solutions
remain unaltered. This is also true for the widely used classic iso-
tropic solution, and not particular to the proposed expressions.
Although this may be seen as an inconvenient for initial crack
lengths shorter than 0.4, in reality, to obtain G or K, from exper-
imental results, the crack growth must be self-similar, that is, the
FPZ must be completely developed. This occurs at longer crack
lengths than the initial ones. Thus, it is possible to use an initial
crack length shorter than 0.4 and use the proposed solution as soon
as the crack grows in an self-similar way for a > 0.4.

5. Stability of the crack growth

The CT specimen was specifically designed to measure the frac-
ture toughness of a material under stable crack growth conditions.
For this reason, it is very important to have a stable crack growth as
long as possible. In this section, this stability is studied with refer-
ence to the crack length. Most standard procedures [1,2] recom-
mend an initial crack a, of 0.5, whereas in reality it can be
shorter. It is important to remember that for a < 0.4, the compli-
ance and SIF are affected by the loading assumptions, as already
stated in Section 3.

Assuming that the material is elastic and exhibits a brittle or
quasi-brittle fracture propagation, a simple energy balance is suffi-
cient to determine the initial crack length in which the crack
growth is stable. From a LEFM point of view, the elastic ERR with
respect to the displacement is defined as:

1wE;, 1 oC
2w (a)da
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The ERR with respect to the load can be found in Eq. (11). The
condition of stability is satisfied while dG;/da < 0. This condition
can be understood as follows: given a crack length a, if 9G;/0a is
negative this implies that in order to increase the crack, it is neces-
sary to increase G;. If the test is performed under controlled dis-
placement, the stability condition is checked with Eq. (17),
whereas if it is performed under controlled loading, the stability
condition is checked with Eq. (11). In fact, very few geometries
are stable under controlled loading conditions.

To verify the lowest d, under stable growth conditions,
9G;/0a < 0 is evaluated with Eq. (17) in conjunction with Eq. (15):

o 1 aC\ o (2K} 1+p
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The term (1 + p)/24*% is always greater than 0, and does not

affect the positivity of the partial derivative. The condition is sim-
ply evaluated as:

o (2aK?
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Eq. (19) was reviewed for all the FEM compliance curves and pro-
duced some interesting results. All of the studied cases showed that
a stable crack growth was achieved with an initial crack length
smaller than a = 0.5. For the majority of the 55 combinations of /
and p, the lowest observed initial crack length that ensured a stable
test was do = 0 except for certain combinations of / and p where
the minimum crack length was slightly higher, a = 0.14. This
behavior is observed in orthotropic materials with relatively low
values of / and extremely high values of p, when 2 < 0.3162 and
p = 10.0.

Dimensionless load-displacement curve plots are useful to
illustrate the effect of the crack growth stability. Assuming that
the crack grows when K; = Kj, the normalization of the load P
can be obtained directly from Eq. (14) as:
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and given it = CP, the dimensionless displacement is defined as:
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Egs. (20) and (21) depend only on known problem variables. Fig. 8

shows 3 examples of load-displacement curves: the isotropic case;

2=10, p=0.1; and 7 =0.03162, p = 10.

0.5 4

Al
Fig. 8. Non-dimensional load (P) displacement (i) curve for various material
orthotropies.
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The normalized displacement has been scaled by / in Fig. 8, in
order to obtain comparable curves for the three examples. Notice
that this scaling is introduced by replacing Ey; = E»;// in Eq. (21),
and thus, obtaining the same displacement normalization but in
terms of the elastic modulus in the loading direction. Observe in
Fig. 8, in the first and second cases it can be clearly noticed that
the crack grows under stable conditions. The third case represents
a very stiff material in the x, direction with a very low shear mod-
ulus. It can be seen that the growth is stable until it reaches
P = 0.45. At this point crack growth becomes unstable and the load
drops suddenly to 0.23. The minimum load that ensures a stable
crack growth is P = 0.26, which corresponds to a = 0.14.

It is important to note that these recommendations are only
valid for materials that behave elastically. If the material exhibits
hardening, such as PMMA, the area ahead of the crack tip plasticiz-
es before the crack growth start. The plastically hardened area usu-
ally stores a high amount of elastic energy prior to the crack
initiation, which is released suddenly as the crack grows, resulting
in an unstable test. This phenomenon is not contemplated by the
recommendations in this section. Increasing the initial crack length
or the specimen size can reduce the instability of the test due to
the hardening of the material. In addition, the bearing effect on
the holes of the CT has not been contemplated during this analysis,
but will be covered in Section 6.

6. Design recommendations

Some undesired failure mechanisms may appear when testing a
CT specimen, preventing the experiment from being performed
properly. Blanco and Pinho [15] performed a FEM parametric anal-
ysis of the CT geometry for woven composite materials to avoid six
non-desired failure mechanisms. Five failure mechanisms were
predicted with failure criteria and the sixth was considered to be
collapse due to buckling. Others authors have also proposed some
failure mechanisms for CT of laminated composite material [16]. In
this section, we present a proposal of failure criteria which take
into account the orthotropy of the material, the specimen size, w,
and the initial crack length, a.

6.1. Failure criteria

According to the Theory of Elasticity, the stress at any point of
the specimen can be determined in terms of the load P being
applied as ¢ o P/(wh), for any component of the stress tensor. By
using Eq. (14), it is possible to express the stress state normalized
with respect to the fracture toughness and the specimen size as
follows:
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The material failure can be expressed as a function of the crack
length and the orthotropy, as follows:

(22)

2~ fr@.iop) @)
Ic

where fyr is the function of the considered failure mode and g, is
the material strength under a known stress state. It is important
to highlight that, in order to use this type of failure criteria, the
material toughness K;. must be known beforehand. To overcome
this problem, it is possible to simply use an approximate expected
fracture toughness of the specimen being tested.

Three failure criteria are considered in this study: two predict
collapse under compression and the third contemplates buckling
of the specimen.

6.1.1. Back end compression failure

Compression stresses at the back end of the CT appear during a
fracture test and they tend to increase as the crack grows. This may
cause the specimen to collapse under compression at the back end
before it has been completely split [16]. For some composite mate-
rials this failure can occur in the form of ply delamination. Such
phenomena have also been observed in some tougher materials
with large initiation or propagation loads and also in low compres-
sion strength materials.

The compression stresses at the back end (BE) are obtained as
follows:

(24)
where r(a, 4, p) is the dimensionless back end compression stress

function. The failure criterion for the back end compression (fg)
can be expressed as:

K > for (25)

where fg = r(@, 2, p)//a. This stress-based failure criterion predicts
the initialization of the material failure at the back face of the
specimen. For some materials, the failure may be controlled by a
stable process due to the formation of a Fracture Process Zone
(FPZ). When dealing with composite materials, the back end failure
normally appears in the form of a kink-band. Hence, the failure
criterion expressed in Eq. (25) is a conservative prediction of the
failure.

The dimensionless back end stress r(a, 4, p) was obtained by fit-
ting the results of the FEM models for a wide range of material
orthotropies with the least-squares method and using the defini-
tion in Eq. (24). The function is defined as a fourth order polyno-
mial of a, with coefficients that depend on 2 and p. The function
r(a, 4, p) is applicable for any CT size that respects the geometry
of Fig. 1, and can be found in A. The interpolating function is only
valid for orthotropic materials ranging from 0.3162 < 4 < 10.0 and
0.3162 < p < 10.0, and for crack lengths greater than a > 0.4. The
presented solution guarantees an error of less than 4.48% with
respect to the FEM results.

6.1.2. Bearing load at the holes compression failure

It has been shown in Section 5 that the fracture test is stable for
lower values of ao = 0.5. When the crack length is very small, the
bearing load required to propagate the crack may be so high that
it causes the collapse under compression in the area surrounding
the loading holes. The stress at the hole due to the bearing pin
can be defined as

P
Obearing = 3 < 00uc (26)

where d is the hole diameter and « is a parameter that depends on
the stress distribution between the pin and the hole. The value of o
is normally considered to be equal to 1 or 4/7. The standard proce-
dure recommends a hole diameter of d = 0.25w, but it has been
demonstrated in Section 3 that the loading configuration does not
affect the SIF of the CT specimen. Hence, the diameter can be
defined as d = w/n (with n = 4 in the standard recommendations).
The failure criterion for the bearing load (fiearing) can then be
expressed as:

Tuc /W
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where:

> foearing (27)
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Table 2

Laminate properties.
Laminate Ei1 (GPa) Guc (MPa) Kic (MPa mm'/?) h (mm)
Lc 423 392 1869 424
LG 16.0 405 1193 4.58

6.1.3. Buckling structural failure

The buckling criterion does not account for a material failure
but for a structural failure. Thus, the buckling stress does not
rescale as in Eq. (23). For a given crack length a and material ortho-
tropy, the critical buckling load is proportional to:

D

P ox =1t (29)
where Dy is the material stiffness along direction x,. The load P and
the SIF are obtained using Eq. (14). The failure criterion is defined
as:

Dy 1
Wiz m>fl§uc

(30)

where fy,c depends on a and the in-plane orthotropic and bending
constants, obtained from the roots of a characteristic polynomial
similar to the one in Eq. (3). Although a solution for fg, has not been
found, Eq. (30) can give some insight into how the specimen size
affects the structural failure, given that Dy; o h®. For example, if
the specimen size w is increased by a factor of 4, the buckling load
decreases by a factor of 8. On the other hand, if the specimen thick-
ness h is also increased by a factor of 4 the buckling load is reduced
by half, rescaling as a stress-based criterion. It should be noted that
any modifications of the thickness should be carried out with
extreme caution, because fracture toughness normally depends on
h, especially when dealing with materials that exhibit hardening.
Also, to prevent this structural failure mode, one possible solution
might be to use anti-buckling instrumentation devices [17].

6.2. Results and discussion

Two woven composite materials were tested to study the effec-
tiveness of the compression failure criteria presented. The two
woven materials used were Carbon (C) fabric type G0926 (5HS,
6K, 370 gsm) and Glass (G) fabric type S2 (style 6781, Z-6040,
303 gsm). Both materials were supplied by Hexcel and were used
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(a) LC laminate.

with HexFlow® RTM6 mono-component epoxy system. A laminate
of each woven composite material was manufactured. The lami-

nate made from woven carbon fabric, LC, has a ply stacking
sequence of [(OC/45C)3L, whereas the laminate made from glass

fabric, LG, has a stacking sequence of [(0“/455)5]5. The laminates

used were manufactured using a single material as described in the
work of Gonzalez et al. [18]. Each laminate was tested with a CT
specimen respecting the dimensions of Fig. 1, with a size
w =51 mm and a hole diameter of 8 mm. The initial crack length
in both cases was 26 mm, thus @ = 0.51. The properties of the
two laminates are given in Table 2. Due to the ply stacking
sequence used, both laminates have in-plane quasi-isotropic prop-
erties (A=p=1).

The fracture toughness of each laminate was obtained from the
CT fracture test. The load displacement curves of both laminates
are shown in Fig. 9. The K, of each laminate was obtained using
Eq. (14), evaluated at the maximum load value.

According to Eq. (23), the specimen will fail under compression
as soon as fyr > 1.49 for the carbon fabric laminate LC and as soon
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Fig. 10. fyearing and fzz material failure criteria for both the carbon fabric laminate
(LC) and the glass fabric laminate (LG).
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Fig. 9. Load displacement curves of the CT fracture toughness test.
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(¢) LG prior to BE collapse

(d) LG at the point of BE collapse

Fig. 11. CT specimens of woven carbon fabric laminate (LC) and glass fabric laminate (LG) at the instant of material failure due to the Back End (BE) compression stress. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

as fur > 2.42 for the glass fabric laminate LG. It was considered
that n =51 mm/8 mm = 6.375 and o =1 when computing the
bearing failure criterion. The failures caused by the bearing load
(fbearing) and the compression at the back end (fz) are shown in
Fig. 10.

According to the predictions, in the case of the LC and the LG
laminates, the minimum initial cracks that will prevent the failure
due to the bearing load are Gpeqring = 0.2 and @pearing = 0.068 respec-
tively. Since the initial crack length is @, = 0.51 in both CT speci-
mens, neither will fail due to the compression at the holes. On
the other hand, the failure at the back face will occur as soon as
age = 0.57 and ag: = 0.795, respectively.

After the completion of the tests, the experimental results were
found to be in accordance with the predictions. Neither of the
tested materials failed due to the collapse under compression at
the holes. Both specimens failed under back end compression
stress before the end of the experiment. A few images taken at
the instant of the BE failure are shown in Fig. 11.

The experimental BE failure occurred at a crack length of
age = 0.66 for the LC and ag: = 0.88 for the LG. These results are
in good agreement with the predicted results, which were slightly
lower. In detail, in the case of the carbon fabric laminate, the pre-
dicted crack length was about 14% lower than the experimental
result, while for the glass fabric laminate it was only about 10%
lower. It should be noticed that the predicted results do not indi-
cate when the material is actually going to collapse but rather
when the stress is going to reach the g, of the material. Beyond
this point a stable FPZ starts to develop which is still capable of
withstanding the stress and, therefore, the failure can occur at a
greater crack length.

From the test results, it is clear that the carbon fabric CT spec-
imen cannot be used to perform the test properly. Firstly, the initial
crack length could have been smaller than a, = 0.5 and the speci-
men would still be able to support the bearing load at the holes. In
fact, the initial crack length could have been as small as @y = 0.2.
On the other hand, in order to increase the ag, the size, w, should

have been increased. For example, ag: would be 0.74 with a speci-
men size of w = 102 mm.

As it has been shown, when designing a CT specimen, it is much
simpler and time-efficient to decide the specimen size w and the
pre-crack ao, to avoid the mentioned failures, with the aid of the
presented functions and proposed methodology, rather than by
iterating several FEM models an adjusting the values by trial and
error.

7. Conclusions

The compliance C and the stress intensity factor K; functions of
the CT specimen were obtained for a wide range of material ortho-
tropies. These functions are applicable to any specimen size w as
long as the geometry of Fig. 1 is respected. The proposed interpo-
lating functions have been shown to be highly accurate with
respect to the isotropic case as well as with previously published
results of orthotropic materials.

Because of the introduction of the two dimensionless variables
J-and p, it is no longer necessary to handle four elastic properties
(E11,E22,v12 and Gy) in order to fully describe the elastic state of
the material. Due to the fact that C and K; are completely defined
by 4 and p, the problem of computing two or more elastically
equivalent solutions can now be avoided. Additionally, because
of the introduction of the interpolating functions for C and K|, it
is no longer necessary to create a FE model every time a new ortho-
tropic material needs to be tested and, consequently, less comput-
ing time is required. Even for other specimen geometries different
from the standard CT, the same procedure presented in this paper
may be used in order to obtain their compliance and ERR functions.

The second part of this work has focused on providing tools to
help design CT specimens by varying the initial crack length ao
and size w. The stability of the crack growth was discussed in terms
of the initial crack length: it was proven, from a pure elastic point
of view, that tests with initial crack lengths as short as 0 would still
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perform stably, for the majority of the material orthotropies and
for the loading configuration defined in Fig. 1.

Stress failure criteria were introduced to take into account two
material failure mechanisms: the failure at the holes caused by the
bearing load, and the failure at the back end face caused by the
compression stress that appears during the test. Both criteria are
valid for a wide range of material orthotropies, have been shown
to be in very good agreement with experimental results, and have
proven to be a faster alternative that solving a FEM.
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Appendix A. Polynomial fitting functions

The polynomial function q(a, 2, p) of Eq. (13) can be expressed
in matrix form as follows:

17'[ 16128 89466 -20.688 18.786 -5.5381
7 -3.2808 32.523 -94.902 11673 -51.736
071078 84546 -11.629 -3.8438 8454 |[1
0.34995 12604 15834 -37.624 20129 ||a
q(a,7,p) = ~2.1383 12246 -29.195 37.859 -18.884||a’
046023 15616 -34.155 25.156 -7.1906 | |a®
7 ~1.4802 12.872 -33.187 30728 -8.6936 | |a*
7p| | -057399 7.1987 -34.221 54.132 -26.768
ip? —3.0283 23403 -54343 41271 -6.7808
(A1)
where:
=log’, p=log(p+1) (A2)
The polynomial function B of Eq. (13) is:
B = —0.24216 + 1.4018a — 0.003505p -+ 1.4908a*
—0.058317ap (A3)
where a is:
=loga (A4)

The polynomial function p(a, Z, p) of Eq. (16) can be expressed
in matrix form as follows:

1777030817 21609  -572 62711 24512
7 061118 -45341 12698 -14428 55896
p | | 0098042 23871 86206 10742 -43791 |[1
72 01443 0098426 047793 25788 19266 ||a
p@ip)=|7p | | -12451 89848 2299 2609 -11.037 ||a
P | | 085300 3104 73777 -9.0334 40197 ||a&
72| |-014716 1752 -6.0346 77217 -33098 | |a*
2p| | -016912 082943 27216 45667 —2.6053
7p] | 012556 035037 053346 0.90753 —0.042327

(A5)

The polynomial function D of Eq. (16) is defined as:
D = -0.066112 + 0.75681a — 0.015p + 0.58136a*
—0.08451ap (A.6)

The polynomial function r(a, 4, p) of Eq. (24) can be expressed in
matrix form as follows:

17'[ 67195 -47349 1297 -150.03 66.291
7 ~0.15366 4.1923 -7.3129 1.6292  3.1257
p ~1.1389 62549 -12.787 14461 -7.2961[[1
72 22165 14813 32255 -28591 9.0782 ||a
r@ip)=|ip | | -30204 16775 -40317 445 -18.129||a
P -14327 11786 -35032 43226 -19.277||a
7| |-025291 048823 17188 4258 2329 ||a*
~32837 24238 -60.512 63226 -23.799
45281 -30891 78302 -85.562 33.658
(A7)
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1. Introduction

When a material exceeds its elastic range, it develops an energy
dissipation zone where material toughening takes place. This zone
can be divided into two main regions depending on the nature of
the energy dissipation mechanisms. The first area, located ahead
of the crack tip, is where the intrinsic toughening takes place,
and it is primary associated with material plasticity. This is typical
of ductile materials such as most metals, and takes place in a
volume fraction of the material. The second area, located behind
the crack tip, is where the extrinsic dissipation mechanisms lie,
and it is the primarily source of toughening in brittle materials.
In this case the damage zone is confined to a plane [1].

Quasi-brittle materials, such as fibre-reinforced composite
materials, only exhibit extrinsic toughening, involving processes
such as fibre-bridging, fibre pull-outs and matrix micro-cracking,
which generally dissipate a high amount of energy [2]. This region
is known in the literature as the Fracture Process Zone (FPZ).
Classic fracture mechanics theories have tried to model this FPZ
to predict the structural response of quasi-brittle materials
through the use of Linear Elastic Fracture Mechanics (LEFM) in con-
junction with Resistance curves (R-curve) [3] or BaZant's Size
Effect Law (SEL) [4]. Unfortunately these methodologies are only
applicable when the FPZ is relatively small compared to other
problem dimensions. In the case of Large-Scale Bridging (LSB),
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E-mail address: adri.ort@gmail.com (A. Ortega).
1 Serra Hinter Fellow.

http://dx.doi.org/10.1016/j.compositesa.2016.01.019
1359-835X/© 2016 Elsevier Ltd. All rights reserved.

the R-curve has proven to be Specimen Geometry (SG) and Size
dependent [5-9].

In most quasi-brittle materials, LEFM cannot be applied, i.e., the
fracture problem is not uniquely defined from a single material
parameter such as the fracture toughness (G.) or a variable fracture
toughness defined by the R-curve. Under these circumstances,
more complex and usually non-linear models like the cohesive
zone model are needed to predict the fracture of such materials.
The cohesive model, derived from the works of Dugdale and
Barenblatt [10-12], postulates that inside the FPZ there are
cohesive stresses that tend to close the crack, and that they
decrease as the crack opens. The relation between the crack openings
and the cohesive stresses is known as the material Cohesive Law
(CL) (or laminate CL, in the case of fibre-reinforced composites)
[13]. An equivalent property related to the CL is the J-ccrop curve,
where mcrop stands for the crack opening measured at the initial
crack length, that relates the energy released inside the FPZ as
the crack opens [14,8]. Numerically implemented cohesive models
[13] have proven to properly match the experimental observations,
while at the same time being size and geometry independent.

The experimental measurement of the CL is still a problem of
interest to the scientific community, as there are still no standard-
ized methodologies to perform it. Ideally, it could be obtained as
the evolution of the stress measured at the initial crack tip position
(ao) as the crack opens, similarly to the methodology proposed by
Zobeiry et al. [15]. In this method, the displacement field of the
specimen is measured through the use of the Digital Image
Correlation (DIC) technique, and the FPZ boundary is estimated
where the material does not behave linear-elastically. The cohesive
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stresses are obtained by assuming the stress in the loading direc-
tion across the damaged material to be uniform and equal to the
stress of the undamaged material adjacent to the FPZ. Finally, an
optimization algorithm is used in order to find a softening function
that best fits the experimental curves. Despite the fact that this
method is time-consuming, it is capable of measuring any arbitrary
CL during the FPZ formation as well as during the self-similar crack
growth. Other common methods involve measuring the J integral,
either by measuring the strain field using the DIC technique [16,17]
or by using closed form solutions of the integral, in order to differ-
entiate it with respect to wcop [5,18,19]. Finally, an alternative
approach to measure the CL is through the use of an optimization
algorithm to solve the inverse problem [20-24]. The inverse anal-
ysis consists of three steps: firstly an experimental u-P curve is
recorded from laboratory tests or in situ tests; next, a computer
simulation of the test (direct method) is performed in order to find
the parameters that define the CL; finally, a suitable norm which
quantifies the discrepancy between the experimental data and
the corresponding values provided by the computer simulation is
minimized, with respect to the mentioned parameters. The present
work belongs to this last category of methodologies, and stands out
with respect to other inverse analysis based methods in two
aspects: the way the direct method is solved, and the approach
in which the CL is found. In order to so, the CL is expressed as a
piecewise function made of n linear segments, while the inverse
analysis finds the slopes and amplitudes of each segment. This pro-
cedure will be further detailed in the next section.

The paper is structured as follows: Section 2 provides the ana-
lytic solution to obtain the P-u curve for any given CL shape,
recently developed by the authors [9]. It also introduces the
methodology used in order to solve the inverse problem. Section 3
exposes the experimental setup and the specifications of the tested
laminates. Section 4 shows the results of the tests, as well as the
measured CL for two different laminates. Section 5 discusses the
results, and also proposes a simplified Cohesive Law shape for
one of the laminates. Also, the proposed CL is used for predicting
the nominal strength of a Center Cracked Specimen and an Open
Hole Specimen for a wide range of specimen sizes. Lastly, Section 6
exposes the Conclusions of the present work.

2. Methodology
2.1. Direct method: Dugdale’s condition

Before introducing the inverse methodology to obtain the CL, let
us first introduce the direct method, that is, a tool capable of pre-
dicting the P-u curve for a given general Cohesive Law [9].

Given a standard CT specimen of size W, like the one shown in
Fig. 1, under the action of a controlled displacement (u) and corre-
sponding load (P) applied at the pin holes, the analytic solution
presented here is capable of predicting the FPZ onset and develop-
ment, while obtaining the whole cohesive stress profile . and the
crack opening profile w inside the FPZ, by taking into account the
laminate CL, as a crack grows in pure mode-I along the symmetry
plane. The material is assumed to be isotropic, although the same
procedure may be used for an orthotropic one. More details about
this subject will be given at the end of this section.

The starting point of the problem solution comes from the Dug-
dale’s condition, i.e., the global Stress Intensity Factor (SIF) of the
problem, K, must be null. The problem SIF is a result of all the act-
ing loads: P and o.. By applying the superposition principle, the SIF
can be expressed as the superposition of the SIF caused by each
load. Applying Dudgdale’s condition, K of the global problem must
be equal to zero:

K=K"+K*=0 M

0.325W

251

0.3;

0.25T ag

Fig. 1. Compact Tension (CT) Specimen Geometry, subjected to a load P under
controlled displacement u.

where K” is the SIF caused by the point load P and K* is the SIF
caused by the whole cohesive stress profile .. Although the o, is
unknown and may change during the FPZ development, it can
always be discretized as a series of small constant stresses of value
equal to o; applied at the crack surface. The non-linear problem
expressed as a superposition of linear problems is shown in Fig. 2.

Given oy = P(Wh)" = syoy and o; = s;a,, the SIF functions are
defined as:

K" = g W'"2syK"; K = g, W' siK? (2)

where K? is the non-dimensional function of the SIF caused by the
point load P and K is a vector that defines the non-dimensional
function of the SIF due to a unitary constant stress ¢; of width equal
to the discretization, and centred at a distance a; from the load line.
The length (4 is the damaged length of the material, measured
from ao, and combines the FPZ plus the traction free crack surface
length, as shown in Fig. 2. Both SIFs are found in Appendix A. From
Egs. (1) and (2), if the cohesive stress profile o, is known, there is
only one load P that satisfies the Dugdale’s condition. Hence, using
Egs. (1)and (2) it is possible to obtain sy by knowing the normalized
cohesive stresses s

Bi = K{ /K" ®3)
with g; being a vector that relates each normalized constant stress
s; = 67/, with the normalized load sy = P(Wha,)™" applied at the
pin holes. The vector f; is uniquely defined by the SG and the nor-
malized length ag + .

In order to solve for the cohesive stress profile inside the FPZ,
the crack opening profile must also be found. Again, it is possible
to express the set of openings w; as a superposition of the opening
caused by each acting load

sy = Bisis

;= of + of (4)

where w;, ! and w{* are the total crack opening, the crack opening
caused by the point load P and the crack opening caused by the
cohesive stress profile ¢ at a position a;. These parameters can be
expressed as:

ol = J”WSN(}),!’ (5)
oW .,
= "E, Bioi (6)
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Fig. 2. Compact Tension (CT) specimen with a FPZ expressed as a superposition of linear problems.

where @' is the non-dimensional function of the crack opening
caused by the point load P and & is the non-dimensional function
of the crack openings at a position i caused by the constant cohesive
stress at a position j. Then, it is possible to express Egs. (3)-(6) as:
;= fysi; fy= B} + Wf; (7)
where @; = w;E'/(6,W) is the non-dimensional crack opening at
position i and s; is the non-dimensional stress at position j. At this
point, by knowing the CL of the material and using Eq. (7) it is pos-
sible to obtain the normalized cohesive stresses s; and the normal-
ized crack opening @; = w;E'(6,W) at the FPZ for a given /4qy, and
consequently any problem variable. The solution algorithm is out-
lined below. First, a ¢4, is selected. Then, from an iterative process
Eq. (7) is solved for a given CL, and as a result the stress profile and
the crack openings at the FPZ are obtained. At this point, the load P
is obtained by means of Eq. (3). Lastly, the displacement u is defined
as the crack opening at a; = 0, using again Eq. (7).

In order to solve the direct problem for an orthotropic material,
the SIF functions for the given orthotropy must be known. These
can be obtained from an algebraic function (an example of the
SIF function of a CT specimen subjected to a point load for an
orthotropic material can be found in [25]) or by using a FE model
[21]. Also, the load direction must be aligned with a principal
direction of the material, in order to ensure that the crack grows
along the symmetry plane.

2.2. Inverse method

The understanding of the FPZ formation within a cohesive crack
model is needed in the development of the inverse method pre-
sented in this paper. The FPZ is initialized as soon as a point of
the specimen reaches a stress equal to the material strength. Once
the g, is reached, the FPZ grows as the displacement is increased,
opening the cohesive crack and changing the cohesive stress pro-
file in relation with the laminate CL. When the crack opening at
a = ao reaches the critical opening ., the FPZ ends its develop-
ment. At this precise point the crack growth enters a steady state,
meaning that it dissipates a constant energy G., while the FPZ
moves along the crack path. During this steady state growth the
cohesive crack opening profile and cohesive stress profile remain
almost constant.

Since the peak load is reached while the FPZ is still being
formed, the analysis of the cohesive stresses inside the FPZ along
the crack growth is of great interest in predicting the nominal
strength of structures. Fig. 3 gives some more accurate insight, as
it depicts the progress of the FPZ growth, and its relation with
the CL. Given the Point 1 of the P-u curve, the cohesive stresses
range from ¢, at the FPZ tip (next to the undamaged material),
where the crack opening is w =0, to ¢ = g7 at a crack opening
; measured at the end of the FPZ (next to the traction free crack),
i.e., at a distance ap measured from the load line. In other words, to
describe the crack growth and the FPZ development until the Point
1, only a part of the CL needs to be known, i.e, the CL shape beyond

1 2
PI/\ PV\P
a
0 U 0 U 0

g2
71 T " ou
wy wa
b
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Fig. 3. Depiction of three states (1-3) during the FPZ growth: (a) the P-u position, (b) the FPZ stress and crack openings and (c) the dissipated energy inside the CL. The cracks
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Fig. 4. Inverse method approach: (a) three predicted P-u curves using the direct method obtained with (b) their corresponding Cohesive Laws. The experimental load is
overestimated with (A), underestimated with (B) and best fitted with (C). The obtained branch has an amplitude of 0.152 mm.

the point ;-0 is not needed. Observing Point 2, now the cohesive
crack opening increases to @, and the cohesive stress decreases to
0. In this case, to define the crack growth and the FPZ, the CL must
be known up to w,-0>. The same can be applied to Point 3, and to
every displacement increase. If all the cohesive model variables are
known during the crack growth, each point of the P-u curve has a
unique corresponding FPZ state, with the cohesive stresses defined
between 0 < w < @;, where ; is the Crack Tip Opening Displace-
ment (CTOD). In other words, every infinitesimal FPZ development
increase needs an additional infinitesimal portion of the CL. This
property allows to define a piecewise CL by fitting consecutive
points in the P-u curve.

The inverse method takes advantage of the progressive FPZ
development process, being able to determine the CL from a single
CT fracture test, that is, there is no need to test other SG or sizes.
Indeed, several additional factors need to be considered that may
alter the local behaviour of the material, such as the presence of
heterogeneities (voids or defects introduced during the manufac-
turing process, the fibre tow size, etc.) or the repeatability of the
test, that may finally lead to the need of multiple repetitions of
the test. For details on the tested materials, please see Section 3.
A step-by-step algorithm to solve the inverse problem is given
below:

e Select some experimental P-u points around the peak load,
which will be used to fit the CL. The points must be picked while
the FPZ is still being formed. That is, before the experimental
P-u curve matches the LEFM one. As an example, in Fig. 4a
the point that will be fitted is located at a displacement of
1.6 mm (marked with o).

The unknown CL is initialized with the first point at ¢ = g,
when w = 0. The ¢, is the laminate strength, which must be
obtained from an independent laminate tensile test. This is
shown in Fig. 4b.

The fitting process is illustrated in Fig. 4. The first branch of the
CL is fitted using the first experimental point P;-u; selected
from the curve. The unknown branch is initialized with a slope
of 0 MPa/mm (labelled with A in 4b). Then, the P-u curve
(labelled with A in 4a) is predicted with the direct method of
Section 2.1 for the given guessed slope. As it can be seen, the

first trial slope overestimates the load for a displacement of
1.6 mm. The iterative process is continued by changing the
slope to —2000 MPa/mm (labelled with B), resulting in a pre-
dicted load lower than the experimental one. The process is
iterated by changing the slope until the predicted load matches
the experimental one within a desired error (labelled with C). In
this case, the slope found is —1500.9 MPa/mm. To automate this
process, a numerical root-finding algorithm needs to be imple-
mented. For the present work the secant-method was used, as
the obtained convergence was fast enough.

Once the slope is found, the crack opening that defines the first
branch width w; (marked with a o in Fig. 4b) is obtained by
computing the crack opening at the initial crack position
a = ap with Eq. (4). In conjunction with the found slope, the
stress g; is obtained.

o The algorithm is continued for each selected point, until all the

branches that define the CL have been found.

In this manner it is possible to obtain a piecewise laminate CL.
Clearly, the number of branches obtained from this method will
depend on the number of chosen points in the P-u curve, as will
be shown in Section 4.

3. Experimental setup and test specimens

A standard Compact Tension specimen of size W =51 mm, as
the one shown in Fig. 1, was tested, with an initial crack length
of ap =25 mm and a pin hole diameter of d = 8 mm. As no stan-
dard procedure has been developed for the determination of the
translaminar fracture toughness of fibre-reinforced composite
materials using a Compact Tension specimen, the test was carried
out following the recommendations by Pinho et al. [26]. The test
was performed with a screw-driven universal testing machine,
loading the specimens at rates of 0.5 mm/min. The crack tip notch
was manufactured with a diamond coated disc, ensuring a radius
lower than 250 um, following the recommendations by Laffan
et al. [27]. The load cell signal and the extensometer signal were
acquired and recorded with a dedicated PC. The displacement
was measured with a displacement transducer placed at the crack
surface below the load line.
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Table 1
Laminate properties.
Laminate E (GPa) oy (MPa) h (mm)
LG 19.05 521.2 4.58
LCG 34.0 469.4 431

Two woven fibre-reinforced composite materials were tested in
order to measure the translaminar Cohesive Law. The two woven
materials used were Carbon (C) fabric type G0926 (5HS, 6K,
370gsm) and Glass (G) fabric type S2 (style 6781, Z-6040,
303 gsm). Both materials were supplied by Hexcel and were man-
ufactured with HexFlow® RTM6 mono-component epoxy system,
as described in the work by Gonziélez et al. [28]. The first laminate
(LG) was made only of Glass Fabric plies, with a stacking sequence

of [(05/455)5}5. The second laminate (LCG) was an hybrid one,
made of both Glass fabric and Carbon fabric plies, with a stacking
sequence of [(Of/45f)2/06/605/ - 60°¢ oA it can be seen, both

laminates are in-plane quasi-isotropic. The properties of the two
laminates are given in Table 1.

During each specimen test the crack was optically measured
with a videorecorder in order to observe any external damage.
Fig. 5 show both CT specimen tested, LG and LCG, where the dam-
age inside the FPZ is easily observable.

While performing the test and during the crack growth and
crack propagation, no specimen buckling was observed. Once the
tests were performed, the specimens were inspected by means of
C-scan ultrasonic technique, using an Olympus Omni-Scan MX sys-
tem. The inspection concluded that no significant delamination
areas were present. With such observations, the assumption that
there exists a Fracture Process Zone with closure stresses is appro-
priate for the studied specimens.

4. Results

In order to obtain the CL, two specimens of each laminate
were tested. Although the inverse problem could have been
applied to each of the tested specimens, the authors have
decided to approach the problem in a different manner. Because
the CL is supposed to be a material (or laminate) property, for
each pair of tested specimens, the average P-u has been
obtained. A Gaussian method is applied to the average curve
to reduce the experimental scatter. The main benefit of using
the Gaussian method is that, instead of averaging the values
around a given experimental point, the used points in the
smoothing are weighted according to a Gaussian function. In
that manner, the end points at the data window have less influ-
ence on the averaged value than the ones near the centre. To
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ensure that only a slight smoothing is performed, the data win-
dow is set to 100 experimental points, while the total data curve
is made of about 18,000 points.

As mentioned in Section 2.2, the number of branches of the
obtained CL depends on the number of points from the P-u curve
used to perform the fitting. In this manner, selecting just a single
point of the curve will result in a linear CL, whereas selecting
two points will result in a bi-linear CL. The influence of the number
of branches and the CL shape has been studied for the LG laminate.
The experimental P-u curves of both specimens are shown in
Fig. 6a, along the smoothed average curves. Three CL have been
obtained from the LG laminate, while changing the number of
points used in the fitting. The curves obtained with three (O), five
(o) and seven (x) points are shown in Fig. 6b. It is easily appreci-
ated that the three curves resemble the same shape, although
the higher number of points used, the more resolution the curve
has. It is important to notice that the fracture toughness (G.) of
each measured curve, i.e., the area under the CL curve, is nearly
identical regardless of the number of points used in the fitting.
The measured G, are 78.7 N/mm, 78.8 N/mm and 78.6 N/mm for
the curves with three, five and seven points, respectively, proving
that the proposed inverse method is sufficiently objective, and is
not dependent on the number of used points as long as they are
well distributed along the FPZ formation.

The CL has also been measured for the LCG laminate. Again, two
specimens were fractured, while using the smoothed average P-u
curve in the CL determination. The experimental curves and the
corresponding smoothed curve are shown in Fig. 7a. Again, three
different sets of points were used, with six (O), eight (v) and nine
(x) points. The CL measured with the inverse method are shown in
Fig. 7b.

It is again appreciated that, regardless of the number of points
used and their position, the average shape of the CL remains unal-
tered. Again, the fracture toughness was obtained from the area
under the curve for each CL. The measured G. are 105.0 N/mm,
103.8 N/mm and 105.0 N/mm respectively, once again proving
the objectivity of the inverse methodology.

5. Discussion

To validate the accuracy of the measured CL obtained with the
proposed inverse problem approach, a predicted P-u curve has
been obtained for each laminate using the proposed direct method.
In the calculation of the predicted P-u curves, the experimentally
measured CL have been used. For both cases, the CL measured with
the (x) set of points was used.

The predicted P-u curves are shown in Fig. 8. As it can be seen,
the obtained curves for each laminate fit accurately the experimen-
tal data, thus precisely reproducing the maximum load during the
FPZ formation.

Fig. 5. CT specimens of woven glass fabric laminate (LG), at a displacement of 1.86 mm and the hybrid laminate made of woven carbon fabric and woven glass fabric laminate

(LCG) at a displacement of 1.56 mm, during the FPZ formation.
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Fig. 6. (a) P-u curve for the two LG specimens and the corresponding smoothed average curve. (b) Three different CL obtained from three different sets of points.
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Fig. 7. (a) P-u curve for the two LCG specimens and the corresponding smoothed average curve. (b) Three different CL obtained from three different sets of points.

Although the experimentally determined CL are suitable for
predicting structural strengths, as they provide accurate results,
in general, they are not suitable to be implemented in any com-
mercial Finite Element Modelling program. Similarly to the work
of Zobeiry et al. [15], a better approach is to define a mathematical
function that keeps the main CL shape characteristics, while only
needing to define a few parameters. In this manner, an objective
way of comparing similar CL shapes of different laminates is pro-
vided. In the case of the LG laminate, the CL can be easily adjusted
with a trilinear CL. On the other hand, observing the LCG laminate
CL shown in Fig. 7b, several characteristic traits are easily observ-
able. Firstly, the stresses remain almost constant for relatively
small crack openings. As soon as that certain crack opening is
achieved, a sudden drop of stresses is observed, followed again

by a second stress plateau value. The CL shape can be adjusted with
a function of the form:

oy o< o
0(w) =1 (0u—0o1)exp[-A(@ - 1)+ 01 o1<O<o  (8)
0 w = O

where ¢ is the value of the second stress plateau-value, o, is the
crack opening that defines the end of the first stress plateau, o,
defines the crack opening at which the FPZ is totally developed
and A is a parameter that defines the exponential decrease of stres-
ses after the first constant branch. The parameters of the CL defined
in Eq. (8) have been chosen in order to adjust the LCG CL, taking the
values g; = 180 MPa, w; = 0.125 mm, @, = 0.35 mm and A = 50.
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Fig. 9. (a) Piecewise simplified CL shape for the LCG laminate along the experimental measured ones, with labelled crack openings at @ = 0.125 mm, ® = 0.24 mm and
@ = 0.35 mm. (b) Predicted P-u curve using the simplified CL, along the positions at which the crack opening at the initial crack length reaches the openings defined in (a).

With the selected parameters, the obtained G, matches the experi-
mental value of 105 N/mm. Fig. 9a shows the adjusted CL with Eq.
(8) along the experimental measured curves. The predicted P-u
curve using the suggested simplified CL is shown in Fig. 9b. As it
can be seen, it accurately reproduces the experimental results, espe-
cially during the maximum load along the FPZ formation. Moreover,
three characteristic cohesive crack openings have been labelled on
the simplified CL in Fig. 9. The first crack opening at
@ =0.125 mm (O) represents the end of the first stress plateau,
the crack opening at @ = 0.24 mm (o) has been chosen during the
stress drop, and lastly the crack opening at @ = 0.35 mm (A) shows
when the FPZ has been fully developed. The three crack openings
have also been plotted on the predicted P-u in Fig. 9b, showing
the natural progress of the FPZ formation. As it can be seen, the

deviation from the elastic compliance is first noticeable at (O). It
is also remarkable to show that at (A) the FPZ has been fully devel-
oped, as the P-u curve meets the LEFM one. This property is true for
almost all notched specimens, except for extremely small ones
where the FPZ is not able to be fully developed before the specimen
breaks apart.

The purpose of the CL determination using the present method
is not only to reproduce the P-u curves of the tested CT specimens,
but also to predict the structural strength of different specimen
geometries and structures. In order to test the applicability of the
measured CL, the nominal strength of an Open Hole specimen
(OH) and the Center Cracked Specimen (CCS) has been predicted
using the simplified LCG Cohesive Law. In order to do so, the direct
method described in Section 2.1 has been applied to the OH [29]
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and the CCS [30] geometry and the maximum strength has been
found for several specimen sizes. Both specimens are of infinite
width, where R is the hole radius for the OH specimen or half the
crack length for the CCS specimen. Fig. 10 shows the predicted
nominal strengths of both specimens for a wide range of sizes.

The nominal strength oy represents the average stress at the
failure plane of the undamaged material section when the maxi-
mum load is reached. The response of the CCS is typical of notched
specimens modelled with a cohesive model, as illustrated by
Maimi et al. [30]. For small specimens the response tends to the
plastic limit response, i.e., the entire failure plane stress is equal
to the material strength ¢,. From a cohesive model point of view
this can be understood as a FPZ that spans the entire specimen
width, with all the cohesive cracks placed at small openings with
stresses close to g,. As the specimens size grows, the relative
length of the FPZ with respect to the specimen width decreases,
causing, at the same time, a decrease of the average stress at the
failure plane. This tendency continues as the specimen size
increases. For a very large crack length R, the relative FPZ is so
small that it just takes a very small area ahead of the crack tip, hav-
ing the stress field defined by a K-parameter. Hence, for big speci-
men sizes the crack growth can be explained by the LEFM theory.
Fig. 10 also shows the point in which the initial crack opening for
each nominal strength achieves the values marked in Fig. 9a
(O, 0,A). In concordance with the previous statements, is can be
seen that for very small specimens the cohesive cracks openings
are below @ = 0.125 mm, i.e, the cohesive zone is defined only
by the initial part of the CL. Also, the moment in which the nominal
strength meets the LEFM limit is placed at the point in which the
initial crack opening is equal to @ = .

For the OH specimen the response is typical of unnotched
geometries [29]. Again, for small sizes the nominal strength is
equal to the plastic limit. As the size is increased, the relative FPZ
length at the maximum load decreases, along with a decrease of
the nominal strength at the failure plane. In the extreme case of
very large specimens, the nominal strength follows the elastic
response, defined by a stress concentration factor. The FPZ is never
fully developed at the maximum load regardless of the size. In fact,
for the studied size spectrum the crack opening never exceeds

LEFM Limit

on[MPa)

Elastic Limit

i
10' 10

R [mm]

Fig. 10. Nominal strength of a CCS and an OH made of the LCG laminate against the
specimen size, obtained using the simplified CL, where R is half the width of the
initial crack length for the CCS and the hole radius for the OH.

® = 0.125 mm (O). As highlighted by Maimi et al. [29], the nomi-
nal strength of such structures can by predicted by means of the
initial part of the CL. In other words, the nominal strength could
be predicted by just using a constant CL defined by the rectangle
a,~m;, with a fracture toughness G, = g,m;.

6. Conclusions

A novel inverse methodology to measure the translaminar Cohe-
sive Law has been proposed. The method is capable of obtaining the
Cohesive Law from a single Compact Tension fracture test by fitting
several points of the Load-Displacement distributed along the FPZ
formation. In order to apply the method, the only laminate proper-
ties needed are the elastic modulus, the laminate strength and the
specimen dimensions. The inverse method has been successfully
implemented, being able to obtain any arbitrary Cohesive Law
shape by just fitting the unknown CL shape in order to minimize
the difference between the experimental and the predicted P-u
curves. The proposed approach has been proven to be objective,
as the obtained Cohesive Law and fracture toughness are indepen-
dent of the location and number of the fitted points, provided that
they are distributed along the Fracture Process Zone formation.

Two laminates have been tested in the present work. The Cohe-
sive Law found for the first laminate (LG), made of woven Glass
Fabric plies, can be adjusted with a trilinear piecewise function
and with a G, of 78.6 N/mm. The found Cohesive Law of the second
laminate (LCG), made of woven Glass fabric and woven Carbon fab-
ric plies, can be adjusted with a piecewise constant-stress function
followed by an exponential decrease of the stresses. In this case,
the measured G, is 105.0 N/mm.

In order to objectively compare similar Cohesive Law shapes, a
simplified softening function has been proposed for the second
laminate, with only needing to define five parameters. The pro-
posed simplified Cohesive Law is capable of predict accurately the
P-u curve of the Compact Tension specimen, as the obtained results
are in an excellent agreement with the experimental results.

Lastly, the nominal strength of a Center Cracked Specimen and
an Open Hole specimen has been predicted using the simplified
Cohesive Law of the LCG laminate. The Size Effect on the nominal
strength has effectively been captured for both notched and
unnotched geometries. In the case of the Center Cracked Specimen
the response transitions from the plastic limit response for very
small specimens to the LEFM limit for large specimens. On the
other hand, for the Open Hole specimen, the geometry response
for large specimens tends to the classic elastic solution defined
by the stress concentration factor. It has also been concluded that
only the initial part of the Cohesive Law is needed to predict the
nominal strength of unnotched specimens, as the Fracture Process
Zone is never fully developed at the maximum load regardless of
the specimen size.
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Appendix A. Stress intensity factors equations

The non-dimensional stress intensity factor K” caused by the
load P is defined [31]

RP—_2t0 p

T (A1)
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F; = 0.886 + 4.64a — 13.32a* + 14.72a* - 5.6a* (A2)

The stress intensity factor K; ? caused by a point load Q applied at the
crack surface and at a distance of @; from the load line is defined
[32]

o Qe e (— 2\ A3)
TV R n@—a) 2

Fy= (1 +AA +A2A2) [1 —1.05(1—a)°(A/Ag)*| /(1 — A2

(A4)
A=a—a; Ap=08a+02 (A5)
A =36+125(1-a)";

A, =5.1-15.32a + 16.58a* — 5.97a° (A6)

The non-dimensional stress intensity factor K¢ caused by a constant
cohesive stress of normalized width Aa and centred at a; [33]

_ 1 5 -
Kf =——5———|2B(1+A; +A;)\/B + (1 -a)B
; (]_a)i,z(sm,/z[ A+ A+ A B +(1-a)

+(1-a)(5+A —3A4)\/B* + (1 -a)B

B=a-a;~Aa/2
+(1- a3~ A +34)In (VB+ VB +1-a)| ‘Hm M:/z
(A7)

The crack opening at a distance a; caused by the load P is obtained

P / 2K7Kda (A8)

The crack opening at a distance a; caused by a constant cohesive
stress of normalized length Aa and centred at g; is obtained

]
@y = / 2K?K2da (A9)
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Abstract An analytic model has been developed for a
Compact Tension specimen subjected to a controlled
displacement and corresponding load within a cohe-
sive model framework. The model is able to capture
the material response while the Fracture Process Zone
is being developed, obtaining the evolution of multi-
ple variables such as the crack opening and the co-
hesive stresses, for an arbitrary Cohesive Law shape.
The crack growth prediction based on the R-curve and
the nominal strength prediction based on Bazant’s Size
Effect Law have been implemented using the output
variables available from the proposed analytic model.
The minimum specimen size has been found in order to
properly apply R-curve based methods. The study has
concluded that only the cohesive model is able to prop-
erly capture the changes of the Specimen Geometry and
Specimen Size, as unlike in other theories, no Linear
Elastic Fracture Mechanics assumptions are made.

Keywords R-curves - Cohesive zone modelling -
J-integral - Bridging - Crack growth

1 Introduction

During crack nucleation and crack growth within a con-
tinuum solid, most materials develop a relatively large
Fracture Process Zone (FPZ) where energy is dissi-
pated. Fig. 1 schematically describes the FPZ present
between the traction free crack (between points a and
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b) and the elastic solid (beyond point d). This area
is divided in two regions based on the nature of the
dissipation mechanisms. The first region (bounded by
points ¢ and d) is located ahead of the crack tip, where
non-linear material hardening takes place. Also known
as intrinsic dissipation, it is typical of metals and other
ductile materials. The second region (bounded by b and
¢) is located behind the crack tip, where material soft-
ening or extrinsic dissipation occurs. The latter region is
typical of quasi-brittle materials, such as concrete, com-
posite materials and advanced ceramics (Ritchie 2011).
Depending on the relative sizes of these two zones and of
the structure, one may distinguish between ductile be-
haviour (intrinsic dissipation is dominant), quasibrittle
behavior (extrinsic dissipation is dominant) or brittle
fracture (the FPZ is very small compared to the struc-
ture size). The present work focuses on quasibrittle ma-
terials.

Linear Elastic Fracture Mechanics (LEFM) considers

o Oy \ Hardening

Traction i { Ty

free crack Bridging zone /
.

a 3
:b 1 d

les
lrpz

Fig. 1: Representation of the Failure Process Zone.

that the entire FPZ (bounded by the points b and d
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in Fig. 1) lies at a single point at the crack tip while
the rest of the solid behaves elastically, i.e., considers a
brittle fracture. In reality this zone must have some fi-
nite size. Irwin estimated the FPZ length (¢ppz) using
the elastic stress distribution around the crack tip, by
assuming that the £rpz is equal to the zone over which
the tensile strength has been exceeded (Irwin 1960). Ir-
win also introduced the term equivalent crack length: a
fictitious increase of the crack in order to maintain the
force balance when assuming the new stress distribu-
tion inside the FPZ.

The non-linearities that take place at the crack tip while
the FPZ is being formed can be predicted by using
LEFM in conjunction with an R-curve that defines the
apparent increase of fracture toughness as the crack
grows. This methodology can only be applied under
small-scale bridging (SSB) conditions for quasibrittle
materials or under small-scale yielding (SSY) for duc-
tile materials, i.e., when the ¢ppy is small compared
to other problem dimensions, particularly when com-
pared to the crack length. This limitation is obvious
for laboratory sized specimens (Bazant 1992), and be-
comes especially true for some natural materials such
as human bone (Yan et al 2007; Koester et al 2008b)
or human dentin (Koester et al 2008a), whose natural
size limits the specimen dimensions. This restriction is
also present in some newly developed materials such as
metallic-glasses and bioinspired ceramics (Bloyer et al
1998; Bouville et al 2014; Demetriou et al 2011) where
the specimen size is limited by the manufacturing pro-
cesses. In addition, it is known that the R-curve is not
a material property, as it depends on the specimen size
as well as the Specimen Geometry (SG) (Bao and Suo
1992; Suo et al 1992; Serensen et al 2008; Sgrensen and
Jacobsen 1998). Furthermore, the methodologies to pre-
dict the structural strength based on the R-curve are
only applicable for notched specimens, as they are not
able to predict crack nucleation on smoothed surfaces.
An alternative approach to describe the FPZ forma-
tion is through the cohesive model by introducing the
Cohesive Law (CL) of the material. This methodology
goes back to the Dugdale’s strip yield model (Dugdale
1960), who introduced a constant stress inside the FPZ,
and Barenblatt (Barenblatt 1962a), who introduced a
stress function with respect to the crack opening, and
those implemented later with finite elements by Hiller-
borg by using cohesive elements (Hillerborg et al 1976)
and Bazant in a smeared way (Bazant and Oh 1983). It
should be mentioned that Dugdale’s strip yield model
was developed for perfect plasticity, although, in fact,
the model is more suitable for quasibrittle fracture:
the energy dissipation is confined in a plane (bridging
stresses) instead of taking up a volume (material hard-

ening). The use of the CL accounts for the extrinsic
energy dissipation mechanisms typical of quasi-brittle
materials, by introducing a relationship between bridg-
ing stresses and the crack opening.

The present paper is structured as follows: Section 2
defines an analytic cohesive model for a Compact Ten-
sion (CT) geometry, considering the cohesive stresses
and crack openings inside the FPZ, that is used in fur-
ther sections throughout the paper. Section 3 explores
the characteristics of the FPZ formation and the rela-
tionship between the specimen size, the CL and how it
influences the nominal strength of structures. Section 4
reviews currently available methodologies to obtain the
CL from experimental results, and Section 5 compares
the cohesive model with the fracture models based on
the R-curves and size effect theories. Lastly, Sections
6 and 7 are focussed on the results discussion and the
conclusions, respectively.

2 Compact Tension cohesive model
2.1 Generalized Dugdale-Barenblatt model

An analytic model to solve the non-linear fracture prob-
lem has been implemented based upon the Dugdale-
Barenblatt model (Dugdale 1960; Barenblatt 1959, 1962b)
where the stress singularity at the crack tip is null
due to the presence of cohesive stresses located at the
FPZ. In this case, the model is adapted to consider any
general cohesive stress profile. Although the procedure
hereby described is applied to the CT specimen, the
same method can be used to solve other Specimen Ge-
ometries (Maimi et al 2012; Newman 1983; Williams
et al 2011).

Given a CT specimen of size W, as shown in Fig. 2, it
experiences a crack growth along the symmetry plane,
developing a FPZ with cohesive stresses o., under the
action of a controlled displacement (u) and correspond-
ing load (P). The non-linear problem can be solved as a
superposition of two linear problems: one case consider-
ing a CT specimen with a crack length of ag+ €gam and
a pair of loads P located at the pin holes and a second
problem only considering the CT with closure cohesive
stresses inside the FPZ. The superposition approach is
shown in Fig.3, where the damaged length ¢4, is the
length measured from the initial crack length ag to the
FPZ tip. While the FPZ is growing, {44, is equal to
the current length of the FPZ. Once the FPZ is fully
developed and the crack growth is self-similar, £4,,, ac-
counts for the FPZ length plus the traction free crack
length.

Due to the the presence of cohesive stresses in the
FPZ, no stress singularity is found in the model, in
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Fig. 2: Compact Tension (CT) Specimen Geometry,
subjected to a controlled displacement u and corre-
sponding load P.

other words, Dugdale’s condition must be fulfilled, and
the global SIF must be zero:

K=KF4+K% =0 1)

where K is the Stress Intensity Factor (SIF) produced
by the point load P and K¢ is the SIF caused by the
whole cohesive stress profile. Although the o, is un-
known and may change during the FPZ development,
it can always be discretized as a series of small constant
stresses of value equal to o; applied at the crack sur-
face. Defining oy = P(VVh,)f1 = syoy and o; = 8,0y,
where o, is the ultimate tensile strength of the material
and h the specimen thickness:

K'Y =0, WY2syKP K7 = o, W25, K7 2)
where K* is the non-dimensional function of the STF
caused by a unitary point load P and K¢ is a vector
that defines the non-dimensional function of the SIF
caused by a unitary constant stress applied at the crack
surface, of width equal to the one used in the o, dis-
cretization, and centred at a distance a; measured from
the load line, as shown in 3. The equations for both SIF
can be found in A.

Using Eq. 1 and Eq. 2 it is possible to obtain sy by
knowing the normalized cohesive stresses s;

sy =Bisi ﬂz:f(f/f(P 3)
with f8; being a vector that relates the discretized co-
hesive stresses with the load being applied at the pin
holes, uniquely defined by the SG and the normalized
length ag + Cgam. These lengths are normalized with
respect to the specimen size W as ag = ao/W and
Laam = Laam/W.

In order to solve the cohesive stress profile inside the
FPZ, the crack opening profile must also be found. It
is possible to express the set of openings w; as a super-
position of the opening caused by each acting load

wi =wf +wl (4)

where w;, w!” and w* are the total crack opening, the
crack opening caused by the point load P and the crack
openings caused by the cohesive stress profile o, re-
spectively. Each crack opening is obtained as

Piﬂ/au P

wp = B SNW; (5)
o Waou .,
Wit = i (6)

where E’ is the equivalent plane stress or plane strain
elastic modulus, @ is the non-dimensional function of
the crack opening caused by the unitary point load P
and @f; is the non-dimensional function of the crack
opening at a position ¢ caused by the unitary constant
cohesive stress at a position j. Both can be found in A.
At this point, it is possible to re-write Eq. 3 to 6 as

Wi = fijs; f,]:;3]®f+@§7]; (7)

where @; = w;E'/(6,W) is the non-dimensional crack
opening at position i and s; is the non-dimensional
stress at position j. By knowing s; (w;) of the material
and using Eq. 7 it is possible to obtain the normalized
cohesive stresses s; and the normalized crack profile &;
inside the FPZ for a given f44,, and consequently any
problem variable. The solution algorithm is outlined be-
low. First, a l4q,, is selected. Then, from an iterative
process Eq. 7 is solved for a given CL, and as a result
the stress profile and the crack openings at the FPZ
are obtained. Then the load P is obtained by means of
Eq. 3. Lastly, the displacement u is defined as the crack
opening at a; = 0, using again Eq. 7.

2.2 Cohesive Law and J — werop curve

Matrix cracking, fibre-bridging and fibre pull-outs take
place in fracture propagation of fibre-reinforced com-
posites. In concrete, micro-cracks appear in the cement,
and the aggregates produce friction as the crack faces
are opening (Ouyang and Shah 1993). Such quasi-brittle
materials do not exhibit hardening and have all the en-
ergy dissipation mechanisms confined in a plane. Under
these circumstances, fracture is accurately-enough rep-
resented with the use of a cohesive model, with the only
dissipation mechanisms taking place inside the FPZ
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Fig. 3: Compact Tension (CT) specimen with a failure process zone as a superposition of linear problems.

(Mai 2006). This cohesive model is not only able to cor-
rectly reproduce the crack growth, but also to predict
the crack onset and the structural strength. The Co-
hesive Law, considered to be a material property (Bao
and Suo 1992), relates the cohesive stresses inside the
FPZ with the cohesive crack openings. Because the en-
ergy being dissipated is entirely governed by the CL, it
is a key property necessary to properly model the frac-
ture mechanisms of quasi-brittle materials.

Some common CL shapes can be seen in Fig. 4a. Inde-
pendently of the shape, some features are shared among
all the possible CL types. The area under the curve
must be equal to the material fracture energy Gy, to
ensure the correct energy dissipation when the FPZ is
fully developed. The onset point of the Cohesive Law
must be equal to the material ultimate tensile strength
oy, and the FPZ is totally developed once the crack
opening at the initial crack tip has reached the criti-
cal value w.. Lastly, to ensure a localized crack, it is
necessary that do /0w < 0, i.e. the softening function
must be a non-increasing function, or, at least, that its
local maxima are lower than o,. Otherwise, after the
first crack had appeared, other crack would appear at
neighbouring points (Elices et al 2002).

The J-werop curve is a material property equiv-
alent to the CL. This curve expresses the energy be-
ing dissipated inside the FPZ as the cohesive crack
tip opens. Similar to the R-curve, the energy dissi-
pated grows as the FPZ is being formed, and achieves
a plateau value once the FPZ has been completely de-
veloped. It is related to the CL as (Rice 1968):

. /OWODU(W) dw o

where worop is the opening measured at the initial
crack tip, i.e., the opening measured at ag. Typical J-
werop curves can be seen in Fig. 4b, where J/Gp.
is the normalized J integral with respect to the total
fracture toughness.

It is possible to define a normalized cohesive law by
normalizing the stre o /0, and the crack openings
@ = woy/ (2Gr.). Hence, it is possible to define several

CL families classified by their general shape. In this
manner, all the linear CL are defined: s = 1 — & for
@ < 1; exponential: s = exp(—2®) or constant: s = 1
for @ < 1/2. It should be highlighted that the crack
opening normalization used in the CL (@) differs from
the one introduced in Eq. 7 (). Both are related as
& = 20y;@, where

i U

Iy = —

Gr.E'
W 2

where (=

)

u

£y is a material characteristic length.

2.3 Model output and normalization

Introducing the normalized material CL, it is possible
to rewrite Eq. 7 as

2nw; = fizs; 5 fij = Bior +af; (10)

It should be noticed that: (i) f;; is a function that only
depends on the Specimen Geometry, (ii) the relation
s (@) is entirely defined by the CL shape and (iii) 5
defines the relation between the material characteristic
length and the size of the structure. In other words, for
a given SG and CL shape, the model response is only
dependant on ;.

For a given lgam, the load, the displacement, the Frac-
ture Process Zone length (¢ppz), the cohesive stresses,
crack openings and the traction-free crack length are
known. Furthermore, the whole model can be defined
with just four inputs, hence, any dimensionless variable
X can be expressed as a function y (éid,,,m,(?Mﬁ CL, SG)A
Being the CT a negative-geometry structure, the crack
propagation is stable under controlled displacement,
meaning that any dimensionless variable can also be
expressed as X (4, {rr,CL, SG). The external load is
defined as P = syWho,, the displacements and crack
openings are w = w2G./0oy, = &, W/E'" and the crack
and FPZ lengths are {ppz = lepzW. Actually, any vari-
able can be rewritten as a function of m-times to the
n-power of £5;. This property is useful for comparing
the model outputs with respect to other particular so-
lutions.
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Fig. 4: (a) Constant, linear and exponential Cohesive Laws, and (b) their corresponding J/G. curves.

An interesting approach to normalize the load-displacement FPZ is small enough so that all the non-linearities can

curve is by taking into account the LEFM theory. The
load-displacement solution according to LEFM can be
expressed as

P 1 B

== and u C(a)
hK; W2 KP(a) K Wi/2 a

EA0)
(11)

where K (@) and C(a) are geometrical functions pre-
sented in A and B, respectively. In order to obtain
the same normalization with the available model out-
puts, the normalized load is obtained as sy / \/[71 while
the normalized displacement is obtained as 21/ or
a/ \/E , where @ and 4 are computed by evaluating
the normalized crack openings @ and @, respectively, at
load line a; = 0.

As previously mentioned, the response of the model de-
pends on the normalized shape of the CL and on nor-
malized material characteristic length fy;. Fig. 4 shows
several load-displacement curves normalized with re-
spect to the LEFM solution, for various £5; and for
a linear CL. As it can be seen, the response for small
Iy (large W) tends to the LEFM particular solution.
Each curve also features the point in which the crack tip
opening reaches a certain series of values werop = 0.1,
0.2 and 0.5. The corresponding position of each crack
opening on the CL are seen in Fig. 5b. The load peak
is achieved generally at small values of ©crop, with a
decreasing tendency as fj; increases, going as low as
@erop = 0.2 for £3; = 10. On the other hand, for ex-
tremely brittle responses, the peak load is achieved as
soon as worop = 1. Under these circumstances, the

be neglected.

To show the influence of the cohesive law shape on ma-
terial response, Fig. 6a shows three load displacement
curves for a linear, constant and exponential CL when
= 0.5. As it can be seen, the response around the
load peak is very sensitive to the CL shape. The outputs
related to the FPZ are also available for each point of
the load-displacement curve using the proposed model.

Fig. 6b illustrates the cohesive stress profile s; and cohe-
sive crack openings @; for a CT with ag = 0.5, £y = 0.5,
Lgam = 0.25 and a linear CL shape. It is easily observed
that, in this precise moment, the FPZ has already been
completely developed, and hence the crack growth has
become self-similar. The FPZ length is obtained from
measuring the cohesive crack surface length in which
s; > 0, that is, from a; = 0.54 to a; = 0.75. In the
example showcased in the Fig. 6b, the lppz = 0.21
or {ppy = 0.420);. Notice that this length is lower
than the predicted one for a Center Cracked Specimen
(CCS), being in this case {ppz = 0.732¢y; (Bao and
Suo 1992).

3 Measuring the Cohesive Law

Assuming the Cohesive Law as a material property, it
could be characterized by means of the experimental
measure of the function o — w. Ideally, it could be ob-
tained as the evolution of the stress measured at the
initial crack tip ao position as the crack opens, similarly
to the method applied to composite materials proposed
by Zobeiry et al (2014). In this method, the displace-
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(b)

Fig. 5: (a) Eight P-u curves with a linear CL and £ ranging from 0.01 to 10 in constant logarithmic increments
and the normalized crack openings @ = 0.1, 0.2 and 0.5. (b) A linear Cohesive Law with the indicated crack

openings at @ = 0.1, 0.2 and 0.5
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Fig. 6: (a) Normalized load-displacement curves for a linear, constant and exponential CL. (b) Normalized crack
opening profile wo, /2G|, and cohesive stresses s; for a specimen with ag = 0.5, a linear CL, £44m = 0.25 and

Iy = 0.5.

ment field of the specimen is measured through the use
of the Digital Image Correlation (DIC) technique, and
the FPZ boundary is estimated where the material does
not behave linear-elastically. The cohesive stresses are
obtained by assuming the stress in the loading direc-
tion across the damaged material to be uniform and
equal to the stress of the undamaged material adjacent
to the FPZ. Finally, an optimization algorithm is used
in order to find a softening function that best fits the
experimental curves. Despite the fact that this method

is time-consuming, it is capable of measuring any arbi-
trary CL during the FPZ formation as well as during
the self-similar crack growth. In practice, some prob-
lems arise when trying to perform this experimental
measurement. For instance, it is not feasible measure
the strain inside an heterogeneous region such as the
FPZ, where a material discontinuity is taking place,
e.g. matrix cracking, fibre bridging and fibre pull-out.
On the other hand, the crack opening could be mea-
sured with a displacement transducer placed at the ini-
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Fig. 7: Integration path I and normal traction vector
t for the J-integral.

tial crack tip or with the use of the DIC, although the
obtained data would probably suffer from high scatter-
ing.

Alternatively, instead of trying to obtain the stress, the
CL could be obtained by means of the o (w) integra-
tion, that is, using the J-werop curve (Segrensen and
Jacobsen 2003), where J is the fracture energy dissi-
pated inside the FPZ as the crack tip opens. The CL
is obtained with Eq. 8 by differentiating J-wcrop, ob-
taining ¢ = dJ/dwcrop. Experimentally, evaluating
the J integral can be a difficult task. Ideally, one would
like to measure the strain and stress field of the speci-
men during the whole crack formation and propagation.
Then, it would be possible to directly apply the J def-
inition

Ou;
J= ddry — t;—ds 12
/ ( e ) (12)

where @ is the elastic strain density, ¢; is the surface
traction vector and wu; is the displacement vector. The
surface traction vector is obtained as t; = g;;n;, where
n; is a unitary vector normal to the path I' and o;; is
the stress tensor. The J defined in Eq. 12 is a path-
independent integral, meaning that the measured en-
ergy that is being dissipated is invariant regardless of
the path I', provided it encloses the FPZ, as seen in
Fig. 7. As this method involves differentiating experi-
mental measurements, it suffers from high scattering,
and some sort of smoothing is normally needed. A so-
phisticated method to experimentally measure J is to
use the DIC technique to obtain the strain field of the
specimen during the whole fracture initiation and prop-
agation, provided that the measurement is done suf-
ficiently away from the FPZ (Catalanotti et al 2010;
Bergan et al 2014). The stress is once again obtained
with the measured strains in conjunction with the mate-
rial elastic properties. Once J-werop is known (some
example curves are showed in Fig. 4b for a constant,

linear and exponential softening curves), the CL is ob-
tained by differentiating J with respect to the crack
opening.

For some SG the closed form equation of the J-integral
can be analytically obtained from Eq. 12, resulting in
only needing to measure the acting load instead of mea-
suring the stress and strain field. For instance, when
evaluating J in a Double Cantilever Beam (DCB) sub-
jected to a bending moment M in pure mode I load-
ing the expression turns into a function of the form
J (M), with only needing to record the bending mo-
ment that is being applied as the FPZ progresses (Suo
et al 1992). Similarly, J can expressed analytically for a
DCB subjected to a pair of bending moments M; and
M in mixed mode I/II loading in the form J (My, Ms)
(Serensen et al 2006). When applying a point load P
in pure mode I loading, the expression is simplified as
J (P,0), where 0 is the rotated angle at the loading
end (Paris and Paris 1988; Olsson and Stigh 1989),
meaning that in addition to measure P, € needs also to
be recorded experimetally (Andersson and Stigh 2004).
Unfortunately, such closed-form J-integral expressions
do not exist for a CT specimen. In this case, the only
way to measure J would be by means of the more dif-
ficult and expensive DIC technique.

Finally, an alternative approach to measure the CL is
through the use of an optimization algorithm to solve
the inverse problem (Que and Tin-Loi 2002; Silva et al
2014; Ortega et al 2015; Roelfstra and Wittmann 1986;
Steiger et al 1995; Bolzon et al 2002; Ortega et al 2016).
The inverse analysis consists of three steps: an experi-
mental u-P curve collected from experimental tests; a
computer simulation of the test in order to find the pa-
rameters that define the CL; lastly, the minimisation
of a suitable norm which quantifies the discrepancy be-
tween experimental data and the corresponding values
provided by the computer simulation, with respect to
the mentioned parameters. When addressing the prob-
lem in this fashion it is important to choose the correct
specimen size W. The specimen needs to be sufficiently
large so that at the end of the experiment the FPZ has
been completely developed, and, at the same time, it
must be sufficiently small so that its response differs
enough from the LEFM one, allowing to properly cap-
ture the CL shape.

4 R-Curve

The R-curve is extensively used to predict the non-
linear fracture properties of materials. It defines the
apparent increase of the fracture toughness as a crack
grows along a continuous solid given the presence of an
initial notch. Instead of using a LEFM fracture criterion
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G = Gy, the crack growth condition is computed with
a variable toughness provided by the R-curve. Although
normally used as a material property, it is known that
depends on the SG and size (Bao and Suo 1992; Suo
et al 1992; Sgrensen et al 2008; Sgrensen and Jacob-
sen 1998). From a cohesive model point of view, the
apparent increase of the fracture toughness of the ma-
terial can be understood as the formation and propaga-
tion of the FPZ (Suo et al 1992; Jacobsen and Sgrensen
2001). The increase of Gy, takes place while the FPZ is
growing. During this process the cohesive zone is being
developed with the cohesive stresses and crack open-
ings being related by the CL. As a consequence, even
for the same £y, and SG, the R-curve depends heav-
ily on the CL shape (Gutkin et al 2011; Jacobsen and
Sgrensen 2001). When the FPZ has been completely
developed the R-curve achieves the fracture toughness
plateau value Gj.. At this point, the crack growth be-
comes self-similar with the FPZ moving along the crack
path.

To measure the R-curve, a fracture test needs to be
carried out, along with the recording of the P-u curve
and also some sort of crack length measure. The most
common R-curve is defined as a crack length function
R — Aa (Irwin 1960; Krafft et al 1961), although other
commonly used approaches to define the R-curve are
the R — wenmop and R — werop (Elices and Planas
1993; Planas et al 1993), where wcaop stands for the
opening at the crack mouth, that is, at the load line or
a = 0. A frequent practice is to use the LEFM defini-
tion of the Energy Release Rate (ERR) to measure the
increase of R, as in any fracture toughness reduction
standard procedure (ASTM 2006, 2001)

G- 10U (P,a) _ 19U (u,a)

h o da h 9a X (13)

Eq. 13 is based on the assumption that the specimen
behaves elastically and that all the energy dissipation
mechanisms lie in a very small area ahead of the crack
tip, thus expressing the ERR as the crack length a
increases. In reality, when large-scale bridging (LSB)
occurs in quasi-brittle materials the stress field differs
greatly form the LEFM one, as the FPZ takes a con-
siderably large portion of the specimen. Thus, in such
cases, the ERR is not well defined with Eq. 13.

Another problem arises when trying to measure a. Typ-
ically, in LEFM, the crack tip is defined as a sharp
through-the-thickness edge perpendicular to the crack
growth direction. In reality, even for brittle materials,
the crack tip profile is not straight, and its shape usu-
ally depends on the specimen thickness. Additionally,
taking the cohesive model as background, the definition
of crack length looses its definition due the existence of

the FPZ.
Generally, two methods for measuring the crack length
exist: one based on an optical measure and one based on
the equivalent elastic compliance. The main disadvan-
tage of the optical measure of the crack tip position is
that this is not an objective measure as the crack length
itself is not well defined because of the presence of the
FPZ. The second most typically used methodology to
estimate a is through the equivalent crack length a.,.
The equivalent crack length is obtained by equalling
the experimental compliance of the cracked specimen
to the pure elastic case (Bazant and Planas 1998)

u C
C= PR (14)
where C'is the normalized elastic compliance, uniquely
defined given a. The analytic expression of C' is found in
B for isotropic materials, and in (Ortega et al 2014) for
orthotropic materials. For specimens with low values of
lar it would be acceptable to apply this methodology,
as the FPZ length can be neglected, as is in the case of
SSB and SSY. In this case, though, the measure would
suffer from a high scatter, as the compliance C' would
remain almost constant during the FPZ development
(see Fig. 5a for low values of £pr).

Some R-curves have been obtained in order to illus-
trate the 7); dependence. To obtain the curves, the out-
put variables v and P have been obtained for a CT spec-
imen with a linear CL for £, = 0.05, 0.5 and 1, using
the analytic cohesive model defined in Section 2. First,
the compliance obtained from the model is equalled to
the elastic compliance of Eq. 14, in order to infer the
equivalent crack length a.q,. Then, the fracture tough-
ness is obtained from the LEFM definition of K7, found
in Eq. 2:
ox
E/
Fig. 8a and Fig. 8b show how the change of f5; af-
fects the R-curve. It is clearly observed that neither R-
werop nor R — Aa are material properties, as they are
ly dependant. There are several references in the lit-
erature that have also reflected this phenomena, either
experimentally (Mai and Hakeem 1984; Bolzon et al
2002; Koester et al 2008b; Bloyer et al 1998; Bouville
et al 2014; Demetriou et al 2011; Naglieri et al 2015)
or numerically (Suo et al 1992; Jacobsen and Sorensen
2001; Brocks et al 2002). Comparing R-werop with
the J-werop curve of Fig. 4b, it is seen that both are
equivalent only for small values of £y, that is, when
the FPZ is so small that LEFM can be assumed and
consequently JJ = G. On the other hand, for very small
specimens, the material fracture toughness is overpre-
dicted.

R=-NW(KT)? (15)
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(a)

Fig. 8: Three (a) R-werop and (b) R-Aaeq/ln curves with a linear CL for Oy = 0.05, 0.5 and 1.

To be able to discern when large-scale bridging and
small-scale bridging assumptions can be made, an ad-
ditional plot has been obtained, observed in Fig. 9a. In
this case the propagation values of R, i.e. the maximum
value Rpax, has been obtained for several £ values. As
it can be observed in Fig. 9a, the 5, values for which
the assumption of SSB is correct (and therefore LEFM
is applicable) are influenced by the CL shape. When
comparing the self-similar crack growth for a constant
CL against a linear CL, the former exhibits a shorter
FPZ length. Therefore, the assumption of SSB will be
possible for greater values of £ (smaller specimens).
In general, the longer the tail of the CL shape is, the
longer the fully developed FPZ length will be. On the
other hand, as ) increases, the R value becomes dis-
torted when LEFM assumptions are made, as seen in
the left region of Fig. 9a. Specifically, the standard pro-
cedure for the determination of the fracture toughness
of metallic materials ASTM E399 (ASTM 1997) and
of plastic materials ASTM D5045 (ASTM 1999) states
that the procedure to determine the R can only be ap-
plied for 3y < 0.4 (1 —ag), then for the CT specimen
presented [;11 > 5.

As it can be seen in Fig. 9a, for large enough specimens,
it is correct to assume SSB, resulting in an R-curve that
is not size dependant. Fig. 9b shows three R-curves for
a linear, constant and exponential CL, for [;11 =25, in
which case SSB can be assumed.

os o = 0.05

0 005 01 015 02 025 03 035 04 045 05

A(l/&w
(b)

5 R-curve from Size Effect Law

In order to prevent the dependence of f3; on the R-
curve determination, Bazant et al. (Bazant et al 1984)
suggested an alternative approach. The method con-
sisted on recording the structural strength of various
specimens of the same geometry for a wide range of
sizes, in order to obtain the resistance curve. As it has
been shown in the results of Fig. 5a, for small speci-
mens the peak load is achieved when the FPZ is barely
developed, i.e. for small crack openings, whereas for
large specimens the peak load is achieved when the
FPZ has been fully developed, i.e. for large crack open-
ings. This phenomenon is translated into an extremely
different mean stress distribution at the failure plane
for specimens of different sizes. Recording the nomi-
nal strength in such fashion makes Bazant’s R-curve a
size-independent property. In addition, this methodol-
ogy can also be applied to a SG unstable under con-
trolled displacement. However, one of the main disad-
vantages of using this method is that several specimens
of different sizes are needed in order to measure the R-
curve, while at the same the results are subjected to
the experimental scatter.

From a set of experiments it is possible to obtain a
function of the form oy (W), defined as the Size Effect
Law (SEL). For each experiment, the nominal strength
is recorded and the ERR is computed using Eq. 15.
Although the crack length defined in K* is needed to
compute R, it can be inferred by imposing the invari-
ability of R with respect to the specimen size, that is,
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Fig. 9: (a) Propagation values of R for several values of £ys. (b) Three R-curves with a linear, constant and

exponential CL and with £,; = 0.04.

OR/OW = 0, which results in the condition:

_ OKF _ 00N
P = _ 7P _
on <K =2 (g au)> +2WKP SN =0 (16)

By solving this equation, it is possible to obtain @, and
therefore the increase of crack length as Aa = (Geq —
ap)W. Hence, by just obtaining the function ox (W) it
is possible to completely define the R-curve for a given
SG.

Bazant’s Size Effect Law defines the nominal strength
of a notched structure as (Bazant 1985, 1997):

Bo,\*" w\"
=1 —_— 17
( ox ) - (%) an

where B, Wy and r are constants to be fitted from ex-
perimental observations. In the case of very small spec-
imens W — 0, hence o = Bo,,. This limit represents
the plastic limit solution, defined when the whole fail-
ure plane achieves a constant stress equal to o,. On
the other hand, for very large specimens W — oo,
thus obtaining the solution oy = o’uB(W'/W’O)fl/z.
This represents the LEFM nominal strength solution.
Matching Eq. 17 with the CT limit solutions, the pa-
rameter B can be obtained from the moment balance
at the failure plane with a constant stress equal to
ou: B=1/2(1— &0)2. The parameter W, can be ob-
tained through the use of the LEFM limit solution:
Wo = (y(BK{) 2, where K is K* (ao). For compar-
ative purposes, B and W, have been also obtained for a

Center Cracked Specimen (CCS) of infinite width, be-
ing B=1and Wy = £y (BKY)™2 = €5 /7, taking into
account that in this case W is defined as ag (Maimi et al
2012). As it can be seen, B is a scalar related uniquely
with the Specimen Geometry, whereas W) is geometry
and material dependent. The remaining parameter r
defines the shape of the transition between the plastic
and LEFM limits. It is usually defined as r = 1 since it
gives good enough results for most of the experimental
results (particularly when dealing with concrete, where
a high experimental scatter is present). When fitting
computer simulation results, however, they do not have
random scatter, and so small deviations become notice-
able. In this case, the values of r usually range from,
although not restricted to, 0.5 to 2 depending on the
SG and used CL.

Bazant’s SEL for r = 1 (standard solution) is shown
as a solid line in Fig. 10. The normalized variables
on/ (o,B) and W/ Wy = (BK{')?/lar are used, in or-
der to being able to compare the solution with other SG
and CL. Using these normalized variables, the represen-
tation of Bazant’s SEL only depends on r. Furthermore,
Bazant’s SEL plotted in Fig. 10b results in a straight
line for » = 1. The results obtained with the present
cohesive model are also represented in the same figure
for a CT and CCS specimens (Maim{ et al 2013) with
a linear and constant CL. The parameter r depends on
the SG as well as the CL, and has been determined by
best fitting Eq. 17 with the results obtained by the co-
hesive model. For the CT, r = 0.54 and r = 0.9 for a
linear and a constant CL respectively. In the case of the
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Fig. 10: (a) Bazant SEL compared to the nominal strength of a CT and CCS of infinite width specimens with a
linear and constant CL (b) and their respective linear representation.

CCS, it has been found that r = 0.89 and r = 1.88 best
fit the data, again for a linear and a constant CL. The
last value is in concordance with the value of r = 1.99
found by Bazant and Planas (1998).

The R-curve obtained from Bazant’s SEL is defined by
means of Eq. 15 and Eq. 17:

Aa_ay-a (K" NT
Oy (BED)? \2KF (deq — ao) '
R 5 g or_ 1, 1o\ 7 Aa
= B (2K (K") N —a0) ") 75 (18)
Ie M

Where K" is the derivative of the SIF with respect to
the crack length. Fig. 11 shows the R-curve obtained
with Eq. 18. In the figure, the R-curve has been com-
puted for a CT and a CCS, again for a linear and a con-
stant CL, using the corresponding parameter r found
from the SEL. For the standard case of r = 1 the equa-
tion is reduced to:
Aa B 1 KF _ _ .
i~ gy (s~ 0]
Y
Gre oY,

(19)

This particular solution is also featured in Fig. 11 with
a solid line for the CT and the CCS specimens. As it can
be seen, when comparing both specimen geometries for
a given CL shape, the SEL results in very distinct R-
curves, concluding that the resistance curve determined
by means of the SEL is not a material property. At this
point, it is possible to compare the R-curves of the CT

s, r=1

CT,r=1

‘‘‘‘‘ CT linear, r = 0.54

== =CT constant, .9
== CCS linear, r = 0.89

- = =CCS constant, r = 1.88

045

0 005 o1

02 025 03

Aa/ly

Fig. 11: Bazant’s R-curve for the CT and a CCS of
infinite width with the found values of r.

015 035 04 05

specimen for a linear and a constant CL, computed from
the classic LEFM definition (Section 4), seen in Fig. 9b,
and the one defined by the SEL (Section 5), seen in Fig.
11. As it can be seen, the curve defined form the SEL
slightly lies below the LEFM one. More concretely, for
the CT specimen with a constant CL, the R achieves
the propagation value Gj. when Aa/ly; = 0.125 ob-
tained from LEFM, whereas in the case of the SEL,
the propagation is observed when Aa/¢y; = 0.15. The
same behaviour is appreciated in the case of the linear
CL shape.
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Two advantages arise when obtaining the R-curve through agreement is mainly caused by the use of LEFM as-

the SEL: first, it is not required for the SG to be sta-
ble under controlled displacement as only the maximum
load needs to be recorded for each experiment; secondly,
it is not required to measure any crack length during
the experiments, since it is determined by the condi-
tion that the R-curve is size-independent, that is, the
condition defined in Eq. 16. However, some drawbacks
appear during the use of this methodology. Firstly, mul-
tiple specimens of different sizes must be tested in order
to measure the R-curve, with costs increasing with the
size. Also, it has been shown that ultimately, the shape
of the curve is heavily dependent of the SG and other
theories such as the Cohesive Model may predict more
accurately the fracture of such materials. Therefore, the
‘R-curve should not be considered a material property.

6 Conclusions

An analytic solution has been presented in order to ob-
tain the load-displacement curve for a Compact Ten-
sion specimen given any general Cohesive Law. The
solution is completely defined by the Specimen Geom-
etry, the normalized characteristic length £, and the
Cohesive Law. Along each point of the curve, several
model outputs are obtained, such as: the Fracture Pro-
cess Zone length, the cohesive crack openings, the cohe-
sive stresses and the traction free crack length, as well
as any other problem variable associated to the model.
From the available load and displacement outputs of the
proposed cohesive model, the R-curve has been com-
puted, from the load-displacement curve of a Compact
Tension specimen with a linear, constant and exponen-
tial Cohesive Laws. By comparing the propagation val-
ues of the R against the specimen size, it has been
determined the minimum specimen size for which it is
possible to obtain an R-curve independent of the spec-
imen size, avoiding to over-predict the material frac-
ture toughness. The specimen size recommendations
proposed by the ASTM standard have proven to be suf-

sumptions in the R-curve definition, and specially by
the LEFM definition of the crack length. On the other
hand, the cohesive model solved for the Compact Ten-
sion geometry does not assume any LEFM hypothesis.
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A Stress Intensity Factors equations

The Stress Intensity Factor K” due the load P is defined
Tada et al (2000)

_ 2+a
P _
K (17(1)3/21;‘1

(20)

F) = 0.886 + 4.64a — 13.32a> + 14.72a> — 5.6a* (21)

The Stress Intensity Factor K? due a point load @ at a dis-
tance of @; measured from the load line, positioned at the
crack surface, is defined Newman et al (2010)

Q = = 2 172 .
K?:WK? ; K?:(il)) Fy (22)

w(a

Fy = (14 A1 A+ A2A%) [1 - 1.05 (1 —a)° (4/40)%] / (1 — A)*/?
(23)

A=——"1 H

— Ap =0.8a+0.2 (24)
1—a;

Az = 5.1-15.32a+16.58a —5.97a>
(25)

A =3.6+125(1—a) ;

The non-dimensional stress intensity factor f(;’ caused by a
constant cohesive stress of normalized width Aa and centered
at a; (Mall and Newman 1985):

2B(1+ A1+ A2)/B2+(1-a)B

B2+ (1—-a)B

R
+(1-a)(5+ A1 —342)

ficient for materials with a constant CL shape, although o i VB _
they are not big enough for materials with a CL shape +=a) (3 - AL +342)In ( B+vB+1- a)} |B:a,—n,+Aa/2
with a long tail, such as the exponential shape, due to (26)

B=a—a,—Aa/2

the increase of the FPZ length.

The R-curve has been obtained from the Size Effect
Law, following the approach suggested by Bazant. It
has been shown that the results obtained from this
methodology are dependent on the Specimen Geome-
try, while also differing from the results obtained from
the load-displacement curve.

Lastly, it has been shown that the R-curve its a prop-
erty incompatible with the Cohesive Law. This dis-

The crack opening at a distance a; caused by the load P is
obtained

of :/ 2KPKPda (27)

a;
The crack opening at a distance @; caused by a constant

cohesive stress of normalized length Aa and centred at a;
is obtained

@iy :/ 2K K da (28)
a
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B Elastic CT compliance

The dimensionless elastic compliance for an isotropic material
is defined (Tada et al 2000)

o 1+a)? = -2 =3
C= 12z (2.1630 +12.219a — 20.065a~ — 0.9925a
—a

+20.609a* — 9.9314a°)  (29)

C Cohesive solution extended for orthotropic
materials

The differential equation that defines the stress state of an or-
thotropic material with the principal directions aligned nor-
mal to the crack growth direction depends on the roots of the
polynomial (Ortega et al 2014):
Apt 4+ 20V Ap% +1=0 (30)
Defining the principal directions as in Fig. 2, in the plane
stress case, A and p are expressed as:

Ea2 VA

“En 7T %G

(B11 — 2v12G12) (31)
where E1; and FEaz are the elastic moduli, G2 is the shear
modulus, and vy is the Poisson’s ratio. In the plane strain
case, X and p are obtained by replacing E11, E22 and vi2 in
Eq. (31) by:

B En B Ea2 o vi2 + V13Vs2
= T, Pay = » Vig =
1 —v13vs1 1 — va3vsa 1 —vi3vs1
(32)

To ensure the positive definiteness of the strain energy, it
must be ensured that:
A>0 and p> -1 (33)
The anisotropy of the material is easily described by the pa-
rameters A and p. For an isotropic material, the parameters
take the values A\ = p = 1. However, for a cubic material, it
only needs to be ensured that A = 1 and that p # 1.

In order to solve the cohesive model for an orthotropic ma-
terial, the SIF, and therefore, the other variables defined in
Section 2 need to be expressed as a function of the geometry,
A and p.
K" (@, p)

K2 @\p) ;i K7 (@Ap) (34)

Bi(aAp) ; @f @Ap) ; (35)

The equation K ¥ (a, A, p) is found in (Ortega et al 2014), as
for the rest of the Equations 34 and Equations 35, they can
be obtained using the finite elements or equivalent method.

f; (a, A, p)
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Abstract

This paper presents an experimental study of the translaminar fracture toughness under
tensile and compressive loads of interply hybrid polymer-matrix composite laminates. The
studied laminates were obtained by combining two of three different reinforcements: woven
carbon fabric, woven glass fabric and unidirectional carbon tape, manufactured using the
Resin Transfer Molding (RTM) process. The resulting in-plane quasi-isotropic laminates
were generated by changing each material location along the thickness.

Keywords: A. Laminate, B. Fracture toughness, C. Crack, C. Damage mechanics, C. Fibre

bridging

1. Introduction

During their life cycle, structures are subjected to traction and compression loads, which
are the most frequent cause of collapse. In the case of composite laminates under tensile and
compressive loads, fibers are responsible for transferring most of the loads. A translaminar
failure of a composite laminate is defined by the emergence of a crack that spans the entire
thickness, leading to a structural collapse. This phenomenon is usually triggered by the fiber

failure. Therefore, studying the fracture toughness of a translaminar crack is highly relevant
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to determining the damage tolerance of composite laminates.

Several studies have attempted to understand the translaminar fracture under tensile
[1-8] and compressive loads [9-13]. Some authors describe the crack growth in terms of
the Resistance curve (or R-curve, the rate of the dissipated energy with respect to the
apparent increase of crack length), while others describe it using the Cohesive Law (CL) or
its equivalent, the J-integral [14] (the rate of dissipated energy with respect to the crack
opening). Both approaches assume that all the dissipation mechanisms are confined to the
crack plane. Methods based on the R-curve are also only valid when the Fracture Process
Zone (FPZ) is very small compared to the rest of the problem dimensions.

Focusing on failure under tension, the damage onset is normally located at regions where
the stress concentration is maximum, i.e. near holes, notches, or material imperfections. The
damage mechanisms that take place at the FPZ involve fiber breakage, bridging and pull-out,
matrix cracking and delaminations. These damage mechanisms are usually confined to a small
region around the crack plane, although in some cases large matrix cracks and delaminations
may appear, defining larger damage zones. This is especially true of ply-blocked laminates
with unidirectional plies [15, 16].

On the other hand, failure under compressive loads is governed by micro-buckling of the
plies oriented along the loading direction, followed by a formation of a kink band. According
to experiments by Moran et al. [9] and Moran and Shih [10], three stages can be defined
during kinking. The first stage, called incipient kinking, is defined by kink band initiation.
When subjected to a critical load, fiber micro-bucking takes place, inducing the initiation
of a kink band. During the second stage, called transient kinking stage, the kink band
propagates across the specimen thickness, while the matrix undergoes severe shear strain. In
the third stage, known as steady-state kinking, the fibers are locked in their orientation, and
the kink band broadens by lateral propagation into softer (non-strain hardened) material.
Early kinking models such as the one by Rosen [17] are based on using traditional energy

methods to analyze the elastic buckling of fibers embedded in matrix, with a kink band



normal to the fiber direction, ignoring the plastic or nonlinear shear deformations. On the
other hand, Argon [18] based his model on the inherent fiber misalignment and shear yield
strength of the matrix, still for a normal to the fiber direction kink band. Later, Budiansky
[19] unified Rosen’s and Argon’s formulas for an elastic-ideally plastic composite, further
generalized by Budiansky and Fleck [20] to contemplate inclined kink bands. These complex
damage mechanisms that result in the kink-band initiation and broadening are localized in
a region where the material softens. This characteristic suggests that the Cohesive Zone
Model (CZM) can be an appropriate way to characterize the material response. Unlike in
the case of tensile loads, the process of steady-state kink-band propagation is not defined
by the formation of a new free crack surface, but by a constant transfer of stresses in the
kink-band broadening regime.

Structural notch sensitivity is heavily influenced by translaminar fracture toughness, ac-
cording to studies carried out since the early models of Waddoups et al. [21] and Whitney and
Nuismer [22]. From a Cohesive Model point of view, the role of the translaminar Cohesive
Law in the notch sensitivity and size effect of laminated composites has been analyzed under
tensile loads in [23-27] and under compressive loads in [28-30]. These models completely
define the characteristics of the Failure Process Zone for a given Cohesive Law. Additionally,
determining the translaminar CL is crucial to feeding several constitutive damage models
defined at the mesoscale, where the constitutive response is defined by means of the smeared
crack band model [31-35].

In this work, a large experimental campaign was carried out to determine the fracture
properties of several interply hybrid laminates under tensile and compressive loads. These
are made from combining three different plies: unidirectional carbon tape, glass fabric, and
carbon fabric. From these materials, thirteen quasi-isotropic laminates were manufactured:
four made using plies of the same material (pure laminates) and nine with interply hybridiza-
tion. The J curves of each of the thirteen laminates were obtained for both tensile (Compact

Tension specimen) and compressive (Compact Compression specimen) loads. An in-depth



analysis was performed, comparing the measured J curves for all the laminates, and how the
position of certain plies along the laminate thickness can influence the global performance of
the laminate.

The paper is structured as follows: in the next section the experimental campaign is
presented, along with the material and specimen specifications. The Methodology section,
the procedure used to obtain the J curve is explained. The following section contains the
results of each of the tested laminates. In the Discussion, the most relevant results are
analyzed, and the data are compared with the material response predicted by the mixing

theory. Finally, the document ends with general conclusions derived from the present work.

2. Experimental setup and test specimens

2.1. Materials

Three composite materials were tested in the experimental campaign: two woven fabrics
and a Unidirectional Carbon (UC) fiber tape, the same materials defined in the work of
Gonzélez et al. [36]. The three materials were supplied by Hexcel®. The fabric materials use
HexFlow® RTM 6 mono-component epoxy system. All composites were supplied with epoxy
binders on both sides (with the binder representing about 5% of the total fabric weight).
The woven fabric plies are Carbon (C) fabric type G0926 (5HS, 6K, 370 gsm), and Glass
(G) fabric type S2 (style 6781, Z-6040, 303 gsm), while the UC is type G1157 (UD, 6 K, 270
gsm).

The elastic properties of each lamina are given in Table 1. The ply thickness, which varies
for each material (C = 0.353 mm, G = 0.229 mm and UC = 0.247 mm), was obtained from

an average of six measurements of cured non-hybrid laminates.

Table 1: Ply properties of each composite material

Material E; (GPa) FEs (GPa) Gis (GPa) 112 our (MPa) oy, (MPa)

C 59.54 54.95 5.21 0.03 804.1 534
G 19.65 19.24 3.93 0.09 557.8 493
ucC 116.73 8.31 4.67 0.26 1477.1 708




2.2. Laminates

By joining two different materials per laminate, the hybrid laminates were divided into
three sets: C-G, C-UC and G-UC. Table 2 summarizes the stacking sequences, with the
fiber direction of 0° aligned with the loading direction. In order to achieve a comparative
analysis for each set, the ply sequences were chosen as symmetric, balanced and in-plane
quasi-isotropic (although the G-UC laminates are not strictly quasi-isotropic). The number
of plies of each material was also kept consistent. As a result, the in-plane stiffness is constant
for each set, although the bending stiffness may vary from laminate to laminate. The C-G
laminates are made of n = 14 plies, with a cured laminate thickness h of 4.31 mm. In the
case of the C-UC laminates n = 14 and h = 4.22 mm, whereas for the G-UC, n = 18 and
h =4.22 mm.

For comparative purposes, a set of laminates made of a single material was also studied. The
stacking sequences can be found in Table 3. The laminates denoted as LUC are made of UC
plies, with n = 16 and h = 4.25 mm. The laminate LC is made of C plies, with n = 12 and

h = 4.36 mm, while the laminate LG is made of G plies with n = 20 and h = 4.56 mm.

2.8. Test configurations

Tensile tests were performed on Compact Tension (CT) specimen geometries and com-
pressive tests on Compact Compression (CC) specimen geometries. These geometries are
depicted in Fig. 1, with a nominal size of W = 51 mm and a pin hole diameter of d = 8
mm. The initial crack length is ap = 26 mm for the CT and ap = 20 mm for the CC.
The tests were carried out following recommendations by Pinho et al. [12], as no standard
procedure has been developed for the determination of the translaminar fracture toughness
of fiber-reinforced composite materials using a CT or CC specimen. The test was performed
with a screw-driven universal testing machine, and the specimens were loaded at rates of 0.5
mm/min. The crack tip notch was manufactured with a diamond-coated disc, ensuring a
radius lower than 250 pm, following the recommendations by Laffan et al. [4]. The load cell

signal and the extensometer signal were acquired and recorded with a dedicated PC. The



displacement was measured with a displacement transducer placed at the crack surface below

the load line.
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Figure 1: (a) Compact Tension (CT) and (b) Compact Compression (CC) specimen geometries.

Table 2: Hybrid laminates stacking sequences. The 0° direction is aligned with the loading
direction.

Materials Laminates

C-G LO1: [0¢/60C/ — 60C/(0C /45C),]s
L02: [(0¢/45%),/0¢/60¢/ — 60%]s
L03: [0¢/(45°/0C),/60¢/ — 60%]s

c-uc L04: [90VC/ — 30U€/30VC€ /(0 /45C),]g

[
[
[
[
LO05: [(0€/459),/90U¢ / — 30U€ /30VC]g
[
[
[
[

G-UC  L06: [90UC/ — 45Y€ /0UC /45UC /(0C /455), /0C]
LOT: [(06/455)5/0C — 45UC /90UC /45VC J0UCq
LOS: 90UC/ _ 45UC/0(}/45(}/0UC/45UC/0G/45G/0G]S
L09: [0C /455 /0S /0UC /45Y€ /0C /456 /90UC ) — 45UC]g




Table 3: Single material laminates stacking sequences. The 0° direction is aligned with the loading
direction.

Materials Laminates

uUcC LUCI: [(90Y€/ — 45UC /UC /45VC)y]g
LUC2: [(90Y9)y/(—45Y9)5/(0V¢),/(4579)4]s

C LC: [(0°/45%)s]s

G LG: [(0%/45%)5]5

3. Determination of the translaminar Cohesive Law

When characterizing the resistance of a laminate to the growth of a crack, the most
important parameter is the critical fracture energy (G¢). Since the fracture energy usually
varies with the crack length, it is normally represented as the Resistance curve or R-curve, as
R(Aa). The R-curve is not a material property, as it depends on the specimen geometry and
size [37-39], which is especially true for laboratory sized specimens. According to the stan-
dard procedures, ASTM E399 [40] and ASTM D5045 [41], the specimen size must guarantee
0.2Wo2 > EG¢, where W is the normalized specimen size, shown in Fig. 1. Alternatively,
this kind of fracture is well represented by the Cohesive Zone Model, where the key material
property is the Cohesive Law (o(w)) or the equivalent J-integral curve (J(w)) [14]. The first
one defines the cohesive stresses that appear inside the Fracture Process Zone as the crack
tip opening (w) grows, while the second one defines the dissipated energy with respect to w.

Both properties are equivalent, and their relationship is defined as [14]:

J(w) = /Uw o(w)dw (1)

A method has been developed to measure the J(w) or o(w) curve from a single load displace-
ment curve. First, a semi-analytic model is used to obtain the load displacement curve for
any given Cohesive Law shape. Second, the laminate Cohesive Law is obtained by means

of the introduced model, by best-fitting some points of the experimental load displacement



curve. A detailed explanation of the method is presented in [6, 42].

3.1. Generalized Dugdale-Barenblatt model

The Dugdale condition [43] states that the Stress Intensity Factor (SIF) of an elastic body
in the presence of a Fracture Process Zone is null due to the existence of the closure stresses.
Hence, it is possible to relate the SIF due to the external load (P) with the SIF due to the

cohesive stresses (o.) as : K = K°. Each SIFs is expressed as:

KP = ZeRP and K7 = VWo,KY (2)

where o; is the cohesive stress at a position ¢ inside the Failure Process Zone and K* and
K¢ are non-dimensional functions that depend on the geometry. The external load is, thus,
related to the cohesive stresses as

P O'ik;y (3)

T KP

The crack opening displacements can be obtained as the superposition of the crack openings

caused by each acting load as: w; = w! + w?, where
P_ PP

N S Tc
wi = 3pw;  and  wi© =

W o~
FO’](JJ

v (4)
where @/ is the non-dimensional crack opening at position ¢ caused by a unitary external
load P and wf; is the non-dimensional opening at position i due to a unitary cohesive stress
at position j. Again, & and wf; are non-dimensional functions that depend on the geometry.
At this point, it is possible to define a set of algebraic equations such that:

w; =W fi;0i(w;)  where fi; = (f(P)f1 of + a7, (5)

These equations relate the crack opening displacements (w;) with the cohesive stresses profile

(0;). Hence, for a given Cohesive Law, it is possible to solve Eq. 5 and obtain the cohesive



stress and crack opening profiles at the Failure Process Zone. Lastly, once the cohesive
stresses are known, the external load P is obtained with Eq. 3.

The algorithm capable of obtaining the load displacement curve for a given Cohesive Law
is implemented as follows [42]: 1) an initial crack length is defined, which accounts for a plus
the FPZ length, 2) the cohesive stress and crack opening profiles inside the FPZ are obtained
by numerically solving Eq. 5, 3) the displacement u is obtained as the crack opening at the
load line by solving Eq. 5, and the applied load P can be determined with Eq. 3, 4) the
crack length is increased and the algorithm is repeated from point 2). This algorithm can be
implemented as a standalone code, capable of obtaining the load-displacement curve in just

a few seconds, provided that the geometrical functions of Eq. 2 and Eq. 5 are known.

3.2. Algorithm to define the translaminar Cohesive Law and the J—curve

The CL is obtained by means of an algorithm that is capable of solving the inverse
problem, i. e., guessing the CL shape in order to best fit an experimental u-P curve [6].
The algorithm solves the inverse problem with the following strategy: first, some points from
the u-P curve are selected around the peak load, since at this region the FPZ is still being
developed. The selected points are used to fit the u-P curve. Taking into account that both
the length of the Failure Process Zone and the crack tip opening displacements increase as
the external displacement is applied, it is possible to adjust consecutive parts (or branches)
of the Cohesive Law. The algorithm first fits a linear segment of the CL in order to fit the
smaller of the displacements from the experimental curve. At this point, the first portion
of the CL is found, and its width is determined by the cohesive crack opening at the initial
crack tip ag. The algorithm is continued by adding as many branches as points need to be

fitted, until the whole shape is found.

3.8. Example of the process of fitting the Cohesive Law from the load displacement curve

The process of fitting the load displacement curve of a CT or CC specimen starts from

properly selecting the points from the experimental response. The load displacement curve
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Figure 2: CT specimen of Laminate L04: (a) specimen image at a P = 4350N, close to the last
fitting point (n), where no back-end damage is observed. (b) Experimental load displacement curve
with the points used to fit the Cohesive Law.

of the CT L04 specimen is shown in Figure 2b. As previously stated, the n points used in the
fitting process must be selected according to several considerations. The only source of non-
linearity in the experimental curve is caused by the cohesive stresses being developed inside
the FPZ. The first point must be selected when the non-linearity in the load displacement
curve is appreciated, as shown in Fig. 2b. The last point to select, n, must be chosen around
the region where the FPZ has been completely developed and the crack growth enters the
self-similar regime (for a CT specimen this point corresponds to a zero cohesive stress at the
initial crack length ag, whereas for the CC specimen it corresponds to a constant crushing
stress that defines the kink-band broadening). In the present example, an image of the
damaged specimen at point n is shown in Fig. 2a. As can be appreciated, the only visible
damage is localized at the crack tip region. After this point the specimen fails due to back end
compression, which results in a sudden drop of the load. Furthermore, the displacement at
point n is small enough to consider small displacements while, at the same time, no buckling
is observed. The rest of the points used to adjust the material response must be selected
between the first and last point. Usually, the experimental curves have a saw-tooth shape.

Since the present model is only capable of measuring the global softening of the material, it
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is necessary to smooth the experimental curves. This is done in two phases. First, all the
experimental u-P curves of the same laminate are averaged. Second, a fine Gaussian smooth
is performed in the resulting averaged curve. The used points are then selected from this

smoothed experimental curve. In the example shown in Fig. 2b, n = 7 points are selected.
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Figure 3: Fitted and simplified (a) Cohesive Law and (b) J(w) curve of the L04 CT specimen.

Once the points to be fitted have been selected, the algorithm presented in the previous
section is applied. Initially, a first linear slope of the CL is found by fitting point 1. This
corresponds to line 1 in Fig. 3a. A second segment of the CL is obtained by fitting point
2, and therefore obtaining the segment 2, also shown in Fig. 3a. Once the n points have
been fitted the complete Cohesive Law, defined by n segments, is obtained. In the example,
although seven points have been selected, the obtained curve is defined by only six segments,
since the crack has already entered the self-similar growth regime after point six. The choice
of a different set of points results in a slightly different CL. Once the Cohesive Law has
been determined, the J(w) curve of Fig. 3b is obtained by integrating o(w). The resulting
J(w) obtained through this method is quite independent of the selected points from the load
displacement curve.

When observing the measured J(w) curves from the CT specimens, they all share some

features: firstly, large portions of energy are dissipated at relatively lower crack openings.
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Also, from a certain crack opening, the rate of dissipated energy is more subtle, until reaching
a plateau value that defines the total critical fracture energy Ger. This response is translated
as Cohesive Law with a region with high stresses for small crack openings and a region made
of a long tail with small cohesive stresses. This response can be simplified as shown in Fig.
3. The most relevant parameters of the simplified law are: the total critical fracture energy
(Gor), the critical fracture energy dissipated at small crack openings (Gor), which can be
identified with the onset energy, the crack opening that defines the transition from the high to
low cohesive stresses (wor) and, finally, the ultimate crack opening that defines the opening
required to create new net crack surface (wer).

On the other hand, for the Compact Compression specimens, the J(w) curves present a
characteristic that stands out with respect to the Compact Tension specimens: after the first
part of the curve, where large portions of energy are dissipated at small crack openings, a
second region follows, characterized by never achieving a plateau value and always increasing
the dissipated energy with a constant slope. This is translated in the Cohesive Law as a curve
with a large tail of infinite length and with a constant stress (o). This special characteristic
is only present in the compressive specimens and is caused by the kink band broadening that
is formed as the applied displacement is increased. To characterize the compressive response
of the material, three parameters are considered: Go¢ as the initial fracture toughness defined
until crack opening displacement, woc, after which point a constant stress remains o¢ in the

kink-band broadening regime.

4. Results

The methodologies introduced in the previous section were used to obtain the J(w) curves
under tensile and compressive loads of all the laminates of Section 2.2. Fig. 4 shows the
experimental load displacement curves and the fitted J-curves for the single material (pure)
laminates, found in Table 3. Figures 5, 6 and 7 show the experimental load displacement

curves and the fitted J-curve of the C-G, C-UC and G-UC laminates, respectively. The
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laminate nomenclature is presented in Table 2. The black dots featured in all the load
displacement experimental curves represent the first and last point used in the fitting process
of the Cohesive Law. In the case of the CT specimens, a minimum of six points were used,

whereas for the CC specimens more than fifteen points were used.
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Figure 4: Experimental P-u curves of the (a) CT and (c¢) CC specimens, along their measured
J(w) curves, (b) and (d) respectively, for the single material laminates.

Table 4 summarizes the parameters that define the simplified J(w) curves introduced in
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Figure 5: Experimental P-u curves of the (a) CT and (c¢) CC specimens, along their measured
J(w) curves, (b) and (d) respectively, for the C-G laminates.

Section 3. Gor and Goe are the onset energies and wor and wpc are the critical crack

openings where these onset energies end, for tensile and compressive loads, respectively. Gor

and wer are the total fracture energy and the total crack opening under tensile loads, whereas

o¢ is the constant stress in the kink-band broadening regime.

It is worth mentioning that the laminate LUC?2 fails due to excessive compression at
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Figure 6: Experimental P-u curves of the (a) CT and (c¢) CC specimens, along their measured
J(w) curves, (b) and (d) respectively, for the C-UC laminates.

the back-end of the CT specimen before the Failure Process Zone at the crack tip has been
completely formed. As a consequence, the J(w) curve cannot be completely defined. The
failure caused by the back-end compression has been observed in all the tested CT specimens,
although in the rest of the cases, the FPZ was completely developed prior to the specimen

failure. Because of this, the part of curve beyond the FPZ formation is not necessary to fit
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Figure 7: Experimental P-u curves of the (a) CT and (c¢) CC specimens, along their measured
J(w) curves, (b) and (d) respectively, for the G-UC laminates.

the tensile response of the laminate.

Observing the single material laminates shown in Fig. 4, the better performance of the
unidirectional laminates with respect to the woven carbon specimens is noticeable under
tensile loads. As for the compressive response, the woven glass fiber laminates stand out

the most, as observed in the simplified curve parameters found in Table 4. Among the C-G
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Table 4: Simplified Cohesive Law parameters for each laminate. Values with * were obtained prior
to the fully formation of the FPZ.

Mat. Lam. Ger Gor wor wer | Goo woc oc

uC LUC1 | 147 94 0.10 0.40 75 041 50
LUC2 | *150 116 0.12 *0.33 46 0.17 93

C LC 110 68 0.09 0.43 55 0.23 68
G LG 78 62 0.14 0.35| 107 043 67
C-G  Lo1 98 70 017 0.57 60 0.27 62
L02 106 70 0.17 0.37 82 0.38 66
L03 98 72 015 0.53 63 031 57

C-UC Lo4 123 87 0.15 0.49 82 0.53 68
L05 111 99 0.17  0.45 71 026 71

G-UC Lo06 102 87 0.17 043 80 0.38 63
LO7 166 99 0.16 0.52 67 0.23 59
L08 94 70 0.10 0.54 79 037 66
L09 113 83 0.16 0.50 54 0.18 62

laminates shown in Fig. 5, laminate L02 presents the best performance. This laminate is
characterized by having woven glass fibers in the central plies, whereas the laminate LO1 has
them in the outer plies. The worst performing laminate in this set, L03, has both material
plies mixed along the thickness.

Regarding the response of the C-UC laminates presented in Fig. 6, no improvement is
observed by the relative position of each type of ply in the laminate. Lastly, observing the
G-UC set of laminates shown in Fig. 7, the excellent performance of L07 under tensile load
is evident. The reason for this behavior is analyzed in the next section. Additionally, under
compressive load, both laminates L06 and LO8 perform slightly better than their counterparts
LO7 and L09. This is mainly because L06 and L0O8 have woven glass fiber plies in the center

of the laminate, similar to the observed response of L02.

5. Discussion

When analyzing the results of the G-UC set, laminate LO7 shows an outstanding response

under a tensile load with respect to the rest of the laminates, which are made with the same
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plies but with different stacking sequences. The critical fracture energy of L0O7 is about
166N /mm, significantly larger than the rest of the G-UC specimens, with an average critical
fracture energy of 100N/mm. The stacking sequence of the LO7 has a unidirectional thicker
0° ply at the center of the laminate, resulting in outstanding performance, mainly caused by
two phenomena. First, it is known that the fiber pull-out contributes to the laminate energy
dissipation, being a desired failure mode when a translaminar crack is present. It is also
known that thicker plies cause the fiber pull-out length to be increased, hence dissipating
more energy [44], as is in the case of L07. The second damage mechanism phenomenon is the
appearance of larger amounts of matrix cracks and delaminations in the presence of thicker
plies [15, 16]. Fig. 8 shows the X-ray image of both laminates L06 and L07. In the case of L07,
the damage zone is characterized by having larger matrix cracks and larger delaminations
which are not present in the case of L06. These matrix cracks have two significant impacts
during the damage process: first the matrix crack growth itself, which contributes to the
laminate dissipated energy, and second, the laminate crack blunting produced by the presence
of these matrix cracks, which leads to a reduction of the energy release rate of the specimen.
It should be pointed out that the J(w) curve and CL are obtained assuming that all the
dissipation mechanisms are confined in the fracture plane. This hypothesis does not hold
true for the laminate LO7, where these cracks and delaminations occur outside the fracture
plane. Hence, the determined J-curve, for this case, must be considered only qualitatively.
The mixing law, proposed by Camanho and Catalanotti [45], suggests a methodology to
predict the tensile laminate fracture toughness from the properties of each ply that makes
up the laminate. This hypothesis is also implicitly present when the fiber fracture toughness
is defined from a cross-ply specimen [4, 12, 44], when it is considered that the plies in the
loading direction are responsible for the energy dissipation, while the transverse plies only
enforce the path of the crack. Observing the stacking sequences of the laminates of each
set (LO1 to LO3 for C-G, L04 and L05 for C-UC, and L06 to L09 for G-UC), it can be

appreciated that the only difference is the ply position along the thickness, while the number
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Figure 8: X-ray of the laminates L06 and L07 for the CT specimens. In the laminate LO7 several
matrix cracks can be observed.
of plies of each material and their orientations remain invariant. The measured J-curves show
small differences between the laminates of each set, with the exception of the aforementioned
L07. This suggests that the mixing theory will only give a rough estimate of the laminate
toughness. Therefore, despite the differences originating from the relative position of each
ply with respect to the others, it is still possible to define a mixing equation to predict
the fracture properties as a combination of each ply. Based on the work of Camanho and
Catalanotti [45], it is possible to define the mixing equation as:
- ;. hpap

J = Z T (6)
where Jpy, is the dissipated energy of a single ply, hp/hy is the relative thickness of each ply
with respect to the whole laminate, and ap/ay, is the ratio between the dissipated energy per
unit crack length at the ply level with respect to the laminate. Camanho and Catalanotti
[45] considered ap/a;, = 0 for unidirectional 90° plies and 1 for any other ply orientation.
This assumption is implicit when testing cross-ply laminates, where it is considered that
only the 0° plies contribute to the energy dissipation [4, 12, 44]. In the present work, it
is assumed that this ratio is proportional to the number of broken fibers with respect to a
unitary increase of the translaminar crack. Therefore, the ratio of broken fibers can be defined

as ap/ay, = cosf for unidirectional plies, and ap/a; = cosf + sinf for woven fabric plies
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(with cubic symmetry), where 0 is the angle between the loading direction and the normal
of the crack plane in absolute value. Focusing on the total fracture toughness Ger of the
single material laminates (LUC1, LC and LG), it is possible to determine the critical fracture
energy under tensile load for each ply by means of Eq. 6: G%}; = 244N/mm, Ggly = 91IN/mm
and Ggly = 65N/mm. With the values of each material ply toughness, it is possible to reuse
Eq. 6 to predict the critical fracture energy of the hybrid laminates: G&F = 97N/mm,
GEFC = 123N/mm and GV = 107N/mm. These values can be compared with the average
critical energy of each set of hybrid laminates: 101N/mm, 117N/mm and 103N/mm (not
including LO7 laminate), for the C-G, C-UC and G-UC sets, respectively.

Additionally, it is possible to define a J(w) curve using Eq. 6, if a relationship between
the crack opening at the laminate level and ply level is assumed. When a translaminar crack
grows the elongation of each fiber in the FPZ is equal to the total crack opening: w = wpy,
regardless of the ply orientation. Then, using Eq. 6, it is possible to obtain the J-curve of
each material ply from the pure laminate tests, while also obtaining the predicted J-curves
of the hybrid laminates. Fig. 9 shows the experimental J(w)-curves from each specimen
along the predicted J(w)-curve obtained from the mixing theory using the properties of each
material ply. The results show that the mixing theory is able to produce a rough estimate of
the hybrid laminate response. The only specimen that significantly deviates from the results
obtained in this manner is the L07, because of the presence of the ply-blocking. For the
compressive response, the mixing theory overestimates the material response for the C-G

and G-UC laminates, and underestimates the response for the C-UC laminates.
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Figure 9: Experimental and predicted with the mixing law J(w)-curves for G-C, C-UC and G-UC

laminates, measured from the CT and CC specimens.

6. Conclusions

The translaminar fracture properties of nine interply hybrid laminates were studied exper-
imentally. The laminates were obtained by mixing two of three different plies: woven carbon
fabric, woven glass fabric and unidirectional carbon tape. The data reduction method uti-

lized is capable of measuring the translaminar J(w) and Cohesive Law from a single Compact
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Tension and Compact Compression test.

An analysis of the obtained translaminar fracture properties was performed for all the
specimens under tensile and compressive loads. The obtained response from the Compact
Tension and Compact Compression specimens show that, in general, the influence of the
position of each material ply along the thickness is minimal. When woven glass and woven
carbon plies are mixed together, and the carbon fibers are placed in the outer plies of the
laminate, a small improvement is appreciated for the case of the Compact Compression spec-
imen. In the case of unidirectional plies, blocking several plies in the loading direction leads
to an increase of the dissipated energy for the Compact Tension specimen. This phenomenon
is explained by the increase of matrix cracks and larger delaminations when ply blocking is
present, dissipating more energy during the formation, while at the same time, reducing the
stress intensity factor at the crack tip.

The ability to use the mixing theory to predict the toughness of interply hybrid laminates,
using single material ply properties, has been analyzed. The results show that the mixing
theory roughly predicts the toughness of the hybrid laminates, although the methodology is
limited, since it is not capable of capturing the influence of each material orientation with
respect to the others and explaining how the laminate stacking-sequence impacts the overall

translaminar crack growth.
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